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THEORY   OF   EQUATIONS. 


SECTION  I. 
ON  THE  GENERAL  PROPERTIES  OF  EQUATIONS. 

DEFINITIONS  AND  PRINCIPLES. 

1.  EVERY  equation  under  a  rational  form  involving  the 
powers  of  only  one  unknown  quantity  x,  may,  by  dividing 
its  two  members  by  the  coefficient  of  the  highest  power  of  x, 
and  transposing  the  terms,  be  reduced  to  the  form 


=  0  ; 

where  #",  the  highest  power  of  x,  is  positive,  and  its  coeffi- 
cient is  unity;  and  pv  p^...pn,  the  coefficients  of  the  other 
powers  of  x,  are  known  quantities  which  may  be  positive,  or 
negative,  or  zero.  * 

The  equation  is  said  to  be  of  the  number  of  dimensions, 
or  of  the  degree,  which  is  expressed  by  the  index  of  the 
highest  power  of  x  which  it  involves  ;  and  to  be  complete, 
when  it  contains  all  the  other  inferior  powers  of  x,  and  a  con- 
stant or  absolute  term  ;  otherwise,  to  be  incomplete. 

Every  quantity  or  expression,  real  or  imaginary,  which, 
when  substituted  for  x  in  the  expression  xn+pjX*~l  +  ...+pn, 
makes  the  whole  vanish,  is  called  a  root  of  the  equation 

x"  +P.X"-1  +p2x"^  +  .  .  .  +pn.lx  +pn  =  0. 
To  solve  an  equation  is  to  find  all  its  roots. 

OBS.  To  effect  the  general  solution  of  equations,  would 
be  to  find  the  expressions  for  all  the  roots  of  an  equation  of 

1 


any  Mngoed  degree  in  terras  of  its  coefficients,  the  coefficients 
brinjr  general  symbols.  Tliis  has  hitherto  been  done  only 
for  equation*  of  a  degree  not  exceeding  the  4th;  and  even  for 
cubic  ^nations,  it  will  be  seen  that  the  functions  of  the  co- 
efficient* which  express  the  roots,  are  insufficient  to  give  the 
numerical  value*  of  the  roots  when  they  are  all  real;  hence 
we  are  led  to  suppose  that  if  we  could  obtain  general  formula? 
for  the  root*  of  equations  of  the  5th  and  superior  degrees,  we 
•hould  be  unable  to  obtain  from  them  the  numerical  values 
of  the  root*  by  the  simple  substitution  of  the  numerical  values 
of  the  coefficient*. 

Thi*  supposition  has  been  confirmed  by  the  successive 
investigation*  of  Geometers,  who  have  shewn  that  the  general 
aolution  of  an  equation  whose  coefficients  are  indeterminate, 
and  whose  root*  have  no  particular  relations  to  one  another, 
U  impowublc  beyond  the  fourth  degree.  It  has  also  been 
•hewn  by  Abel  that,  if  two  roots  are  so  connected  that  one 
of  them  can  be  expressed  rationally  in  terms  of  the  other, 
thr  equation,  if  it*  degree  be  a  prime  number,  is  solvable  by 
ndiffrU ;  and  if  a  comjxisiti'  number,  its  solution  depends  on 
that  of  equations  of  inferior  degrees.  And  more  recently 
(i  »lloi*  luu»  demonstrated  that,  in  order  that  an  irreducible 
equation,  whose  degree  is  a  prime  number,  may  be  solvable 
by  radical*,  it  i*  necessary  and  sufficient  that,  any  two  of  its 
root*  being  given,  the  others  can  be  obtained  rationally  from 
them. 

S.     It  ha*  therefore  become  necessary  to  invent  methods 
f.»r  obtaining,  either  exactly  or  approximately,  the  roots  of 
numerical  equation* ;  and  which,  although  only  applicable 
lo  *uch  equation*.  dejK-nd  for  their  demonstration  upon  cer- 
tain prtwral  proj>crties  of  equations.     The  investigations  con- 
stituting the  Theory  of  Equations,  which  may  in  general  be 
by  proceatte*  purely  algebraical  and  elementary, 
i  affording  a  knowledge  which  will  have  its  use  in 
*  errry  branch  of  Analysis,  will  be  found  particularly 
nrablc  aa  an  cxercwc  to  the  mathematical  student;  they 
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naturally  distribute  themselves  under  these  three  heads,  1st 
those  relating  to  the  general  theory  of  equations,  that  is,  to 
the  properties  which  are  common  to  all  equations ;  2ndly,  to 
the  solution  of  numerical  equations,  that  is,  to  the  determina- 
tion of  values  either  exact  or  approximate  of  the  roots  of  an 
equation  whose  coefficients  are  given  numbers ;  and  3rdly,  to 
the  algebraical  solution  of  equations,  that  is,  to  the  determi- 
nation of  an  expression  composed  of  the  coefficients  of  a  given 
equation,  which,  substituted  for  the  unknown  quantity,  shall 
identically  satisfy  the  equation.  These  investigations  it  is 
the  object  of  the  following  Treatise  to  exhibit ;  not  under  the 
separate  heads  above  named,  but  intermixed  in  such  a  manner 
as  shall  seem  most  convenient  to  the  learner. 

3.  If  the  signs  of  the  terms  of  any  equation  be  all  posi- 
tive, it  cannot  have  a  positive  root ;  and  if  the  signs  of  a  com- 
plete equation  be  alternately  positive  and  negative,  it  cannot 
have  a  negative  root. 

For,  in  the  former  case,  every  positive  quantity,  substi- 
tuted for  x,  will  give  a  positive  result,  instead  of  making  the 
whole  vanish,  and  therefore  cannot  be  a  root;  and  in  the 
latter  case,  every  negative  quantity,  substituted  for  x,  will 
give  a  positive  or  negative  result,  according  as  the  degree  of 
the  equation  is  even  or  odd,  instead  of  making  the  whole 
vanish,  and  therefore  cannot  be  a  root. 

4.  If  a  quantity  a  be  a  root  of  the  equation 

xn  +p1xn~1  +pzxn-*  + . . .  +  pn  =  0, 

the  first  member  is  divisible  by  x  —  a  without  a  remainder, 
and  conversely. 

Suppose  the  expression  xn+plxn~l+p^xn~^+  •.•+£„,  which 
we  shall  hereafter  denote  by  /(#),  to  be  divided  by  x  —  a ; 
now  since  x  —  a  is  only  of  one  dimension  with  respect  to  x, 
the  division  may  be  carried  on  till  we  obtain  a  remainder  in- 
dependent of  x ',  let  Q  be  the  quotient,  in  which  only  positive 
powers  of  x  will  enter,  and  R  the  remainder ; 

.'.f(x)=Q.(x-a)+K (1). 


!„  this  identical  equation  write  a  for  x,  then  the  first 
MbvbeeoMicro,  because  a  is  a  root  of/(x)=0;  also 
tfe  term  Q.  (x  -  a)  vanishes,  since  one  of  its  factors  vanishes 
and  the  other  cannot  become  infinite;  therefore  R  =  0 ;  and 
•M0  R  doe*  not  contain  x,  it  is  not  altered  by  substituting 
•  for  x,  and  therefore  zero  is  the  value  of  £  in  equation  (1), 
whatever  be  the  value  of  x;  that  is,  /(x)  is  exactly  divisible 
by  x-o. 

Conversely,  if  the  expression  x"  +  p,xn~l  +  ...  +pH  be 
divisible  by  x-a  without  a  remainder,  a  is  a  root  of  the 

equation 

x"  4-  PI  x""1  +ptx     +•••  +P*  —  0* 

For,/(x)  =  Q.(x-a],  where  Q  is  a  polynomial  containing 
only  positive  powers  of  x ;  if  therefore  x  =  a,  /(a)  =  0,  or  a  is 
a  root  of  the  equation /(x)  =  0. 

5.  Hence,  since  a  is  evidently  a  root  of  x*  —  a"  =  0, 
x*  -  a"  is  divisible  by  x  —  a,  whether  n  be  odd  or  even ; 

and  the  quotient  =  x*"1  +  ox"~*  +  aV"3  +  . . .  +  a""1. 

Also,  when  n  is  even,  x"  —  a*  is  divisible  by  x  +  a ;  since  in 
that  case,  —  a  is  a  root  of  x*  —  a"  =  0. 

When  n  is  odd,  —  o  is  a  root  of  x"  +  a"  =  0 ;  therefore  in 
this  case,  x"  +  a"  is  divisible  by  x  +  a,  but  not  by  x  —  a.  If  n 
is  even,  x*  +  a"  is  divisible  by  neither  x  +  a  nor  x  —  a. 

6.  To  find  the  quotient  and  remainder,  when  the  ex- 
pWMioo  x"  4-  />,x*~1  +  ...  4-  pn  is  divided  by  x  —  a,  a  being  any 
quantity. 

Lrt  the  division  be  carried  on  till  the  remainder  is  in- 
dependent of  x,  and  let  Q  be  the  quotient  and  R  the  re- 
mainder ; 

•  •r*+/>|X*"l+/vr*~l+  ...+pn=  Q(x  —  a)  +R (1), 

B  wbich  identical  equation,  since  R  does  not  contain  x,  and 
Q  contains  only  positive  powers  of  x,  if  we  write  a  for  x, 


that  is,  the  remainder,  after  dividing  f(x)  by  x  —  a,  is  equal 
to  /(a),  the  value  assumed  by  f(x]  when  in  it  a  is  written 
for  x. 

Next,  substituting  this  value  of  E  in  equation  (1)  and 
transposing,  we  have 

xn  -an+Pl  (aT1  -  a""1)  +pt  (aT2  -  O  +  .  .  . 

+p*-i  (x  -  «)  =  Q  (x  -  «)  ; 

but  the  quantities  x"  —  a",  xn~l  —  a"'1,  .  .  .  are  all  divisible  by 
x  —  a;  therefore,  effecting  the  division,  we  get  (Art.  5) 

aT1  +  axn~*  +  a  V-3  +  .  .  .  +  a"~x 

+Pi  (a'n~8+  ax"^  +  aV-*+  ...  +  a""2)  +  ...  +^  =  Q\ 
or,  arranging  the  result  according  to  powers  of  x, 

Q  =  xn~l  +  (a  +pt)  xn~*  +  (a9  +^a  +p}  a;""8  + 
(a8  +^a8  +pza  +  ps)  aT4  +  .  .  .  +  (a"'1  +.p1a<rt 


that  is,  in  the  quotient  of  f(x]  divided  by  x  —  a,  the  coefficient 
of  the  first  term  a;""1  is  unity  ;  and  the  coefficients  of  the  other 
terms  are  formed,  one  from  the  other,  by  multiplying  the 
coefficient  of  the  preceding  term  by  a,  and  adding  the  co- 
efficient of  that  term  in  f(x),  which  involves  the  same  power 
of  a;  as  the  preceding  term  does. 

EXISTENCE  OF  BOOTS  AND  FACTORS. 

7.  If  two  quantities  a  and  b,  when  substituted  for  x 
in  the  expression  f(x),  give  results  affected  with  different 
signs,  one  root  at  least  of  the  equation  /(a;)  =0  lies  between 
them. 

Suppose  a  <  5,  and  suppose  a  to  give  a  positive  result,  and 
b  a  negative  result,  when  substituted  for  x  in  the  expression 
f(x}.  Let  P  be  the  sum  of  the  positive,  N  the  sum  of  the 
negative  terms  in  f(x)  ;  then  when  x  =  a,  P—  N  is  positive 
orP>^,  and  when  x  =  5,  P—  N  is  negative  or  P<N',  let 
x  change  by  insensible  degrees  from  a  to  b,  then  P  and  N 
both  increase,  but  P  increases  slower  than  N,  since  when 


.6  P<-V;  consequently,  for  some  intermediate  value  of 
*  between  .  and  6,  JU  or  P-.V-O,  or/(»)  becomes  equal 
to  KM  ;  thin  value  therefore  is  a  root  of  the  equation. 

If  the  smaller  quantity  a  gave  a  negative  result,  the  proc 
would  be  precisely  similar. 

Al*o  since  the  first  member  of  the  equation  may  pass 
^.rcr.1  t'inx*  from  positive  to  negative,  or  from  negative  to 
retire  by  the  substitution  of  gradually  ascending  values 
between  a  and  b,  it  follows  that  several  roots  of  /(«)  =0 
may  be  comprised  between  a  and  b,  and  we  are  certain  that 


• 


8.  Hence,  if  there  exist  no  real  quantity  which,  sub- 
stituted for  x,  will  make  /(*)  vanish,  f(x]  must  be  positive 
for  crcry  value  of  x;  for  if  f(x)  became  negative  for  any 
raluc  A,  since  by  putting  it  under  the  form 


and  substituting  GO  ,  that  is  a  quantity  indefinitely  large,  for  x, 
we  necessarily  obtain  a  positive  result  (co)n  (the  quantity 
within  the  brackets  being  reduced  to  unity),  the  equation 
f(r)  -  0  would  have  a  real  root,  lying  between  I  and  co 
(Art.  7),  which  is  contrary  to  the  supposition. 

Abo,  if  in/(x),  we  substitute  -co  for  a,  we  evidently 
prt  a  result  (-»)";  i.e.  +00  ,  or  -co,  according  as  n  is 
even  or  odd. 

9.  It  is  always  possible  to  assign  such  a  finite  positive 
raloe  to  jr,  that  for  that  and  every  greater  value,  f(x)  shall 
be  positive ;  and  such  a  finite  negative  value,  that  for  that  and 
rvrnr  grratcr  negative  value, /(ar)  shall  be  positive  or  negative, 
•cronling  as  n  is  even  or  odd. 

Ix-t  p  be  the  greatest  coefficient  without  regard  to  signs; 
if 


we  ahall  ofooww  have 


because  in  the  latter  inequality  some  of  the  terms  may  be 
negative,  and  no  positive  term  is  greater  than  the  correspond- 
ing term  in  the  former  case.  Now  the  inequality 

xn  >  p   is  satisfied,  if  xn=  or  >  xn     "     , 

r    X  —  1  07  —  1' 

or  if  x  =  or  >p  +  I  ;  therefore  p  +  1,  and  every  greater  number, 
is  a  value  of  x  which  makes  the  first  term  of  xn  +  plxn~1  +... 
+pn  greater  than  the  sum  of  all  the  other  terms ;  or  makes 
the  value  of/ (a?)  positive. 

Again,  let  x  =  —  y ;  then,  according  as  n  is  even  or  odd, 
xn  +^?1x*-1  +  ...  +p»-lx  +pn  becomes 

y*  -p^y"'1  +  v  - 

or  -  (yn  -ptf-1  + 

Now  by  what  has  already  been  proved,  the  value  p  +  1 , 
and  every  greater  value  for  y,  makes  the  former  expression 
positive,  and  the  latter  negative ;  but  this  value  of  y  corre- 
sponds to  —  (p  +  1)  for  x,  at  the  same  time  that  the  preceding 
functions  of  y  correspond  tof(x] ;  therefore  the  value  —  (jp+1), 
or  any  greater  negative  value  for  x,  makes  xn+p1x"~l  +  ...+pn 
positive  or  negative,  according  as  n  is  even  or  odd. 

This  proposition  shews  what  term  in  f(x]  is  the  most  im- 
portant, when  very  large  values  are  given  to  x ;  viz.  the  term 
which  involves  the  highest  power  of  x ;  since  a  moderate  value 
p  + 1  for  x  makes  xn  exceed  the  aggregate  of  the  remaining 
terms  of /(a?). 

10.  Every  equation  of  an  odd  degree  has  at  least  one 
real  finite  root  of  a  sign  contrary  to  that  of  its  last  term ;  and 
every  equation  of  an  even  degree  with  its  last  term  negative 
has  at  least  two  real  finite  roots  of  different  signs. 

First,  let  the  equation  be  of  an  odd  degree  with  its  last 
term  negative;  then  x  =  0  gives  a  negative  result,  and  x=p  +  I 
gives  a  positive  result  (p  being  the  greatest  coefficient  with- 
out regard  to  signs) ;  therefore  the  equation  has  at  least 


8 


„*  real  positive  root  between  0  and  p  +  1.     If  the  last  term 
be  positive,  then  x=0  gives  a  positive  result,  and  *=  -(JH 
grfiTii  negative  result;  therefore  the  equation  has  at  least 
one  real  negative  root  between  0  and  -  (p  +  1). 

Secondly,  let  the  equation  be  of  an  even  degree  with  its 
Ust  term  negative;  then  *  =  0  gives  a  negative  result,  and 
Meh  of  the  values,  *  =  />  +  !,  x  =  -(p  +  l],  gives  a  positive 
result  ;  therefore  the  equation  has  at  least  two  real  roots,  one 
positive  between  0  and  p  +  1,  and  the  other  negative  between 
Oand-(jJ+l). 

Ons.  The  mere  existence  of  the  roots  may  be  proved, 
without  reference  to  Art.  9,  as  follows. 

In  an  equation  of  an  odd  degree,  if  the  last  term  be 
negative,  x  =  0  gives  a  negative  result,  and  x  =  00  gives  a 
positive  result  ;  therefore,  there  is  at  least  one  real  root  be- 
tween 0  and  x  ,  or  one  positive  root.  Similarly,  if  the  last 
term  be  positive,  x=  0,  x  =  -  co  ,  gives  results  with  different 
signs,  and  therefore  include  between  them  at  least  one  real 
negative  root 

If  the  equation  be  of  an  even  degree  with  its  last  term 
negative,  then  x  =  0  gives  a  negative  result,  and  x  =  ±  oo  , 
m  I*  ..-it  i  \v  result  ;  therefore  the  equation  has  at  least  two  rea 
root*  of  different  signs. 

11.  If  an  equation  have  only  one  change  of  signs,  it  car 
only  have  one  positive  root. 

Since  the  equation  has  only  one  change  of  signs,  it  wil 
have  one  or  more  positive  terms,  and  all  the  rest  will  be  nega 
live;  therefore  (Art.  10)  it  will  necessarily  have  a  positiv< 
root  a  ;  let  /v**"  be  the  last  positive  term,  and  let  the  equa 
lion  be  divided  by  xm~rt  and  it  will  be 


thon  when  z»  n,  the  two  parts  become  equal,  but  if  x>  a 
the  rir»l   part  increases  and  the  second  diminishes;  and  i 
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x<a  (continuing  positive),  the  first  part  diminishes  and  the 
second  increases  ;  therefore  it  is  impossible  that  for  any  posi- 
tive value  except  x  —  a,  the  two  parts  should  be  equal,  or  that 
the  equation  should  have  more  than  one  positive  root. 

12.  Hence,  we  are  certain  of  the  existence  of  a  real  finite 
root  in  every  equation  unless  it  be  of  an  even  degree  with  its 
last  term  positive,  in  which  case  it  may  have  no  real  root  ; 
but  then  there  may,  and,  as  will  hereafter  be  shewn,  must 
exist  an  impossible  expression  of  the  form  a  4-  ft  V—  1  (a  and 
ft  being  possible  quantities)  which,  substituted  for  x  inf(x), 
will  make  the  whole  vanish.     We  shall  therefore,  for  the 
present,  assume  that  every  equation  admits  a  root  of  the  form 
a  4-  /9V—  1,  a  and  ft  being  real  finite  quantities,  or  either 
of  them  being  zero  ;  that  is,  we  shall  assume,  not  only  that 
every  equation  has  a  root  expressible  by  algebraical  symbols, 
but  that  a  +  ft  V—  1  is  the  form  which  the  root  necessarily 
takes. 

13.  Every  equation  has  as  many  roots  as  it  has  dimen- 
sions, and  no  more. 

Since  every  equation  has  necessarily  a  root  real  or  ima- 
ginary, let  a,  be  a  root  of  f(x)  =  0  ;  then  f(x)  is  divisible 
by  x  —  «j  ;  let  /J  (x)  be  the  quotient, 


£  (x)  denoting  a  polynomial  of  n  —  I  dimensions,  exactly 
similar  to  f(x],  and  having  therefore  the  same  properties. 
Hence  /t  (x)  =  0  must  have  a  root  real  or  imaginary  ;  let 
this  be  a2,  and  let^(a;),  a  polynomial  of  n  —  2  dimensions, 
be  the  quotient  offl(x)  divided  by  x  —  «2; 

/.  fl(x)  =  (x  -a2)/2(x), 
and  f(x)  =  (x-  <z,)  (a;  -  a2)  f9(x). 

Similarly,  fz(x]  =  (x-  as)  fs(x)  ;  and  proceeding  in  this 
manner,  we  shall  at  last  come  to  a  quotient  of  only  one 
dimension  in  x,  (x  —  an}fn(x),  where  fn  (x)  is  numerical,  and 
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mo*  equal  unity,  because  the  coefficient  of  *"  mf(x)  is  unity, 
•othat 

/_(*)  -  (*-O/-i(*)  =  fc-O  (*-*J  > 
therefore,  by  successive  substitutions,  we  have 

/(*)  -  (x  -  a,)  (x  -aj(x-a3}...(x-  O  (a;  -  a,). 

Now  in  order  that  the  product  of  n  simple  factors  may 
ranish,  it  is  sufficient  that  any  one  of  the  factors  should 
vanish;  therefore  we  shall  satisfy  the  equation f(x)  =  0,  by 
pi  ring  to  x  any  one  of  the  n  values  a,,  ag,  «3, ...  an. 

Neither  can  we  satisfy  it  by  any  other  values;  for,  if 
powible,  let  e  be  a  root  of  f(x)  =  0,  e  being  different  from 
each  of  the  quantities  a,,  as,  ...  aB;  then /(e)  or  (e  -  aj 
(f-aj  ...(«- a.)  must  be  equal  to  zero;  but  this  is  im- 
poMiblc  since  not  one  of  the  factors  is  so ;  therefore  e  is  not 
a  root.  Therefore  every  equation  of  the  71th  degree  has  n  roots, 
and  no  more ;  and  every  polynomial  of  the  n^  degree  is  re- 
aolrablc  into  one  determinate  system  of  n  simple  factors. 

OBB.  In  the  above  proposition,  the  divisors  are  not  neces- 
aarilr  different  from  one  another ;  any  number,  or  all,  of  them 
may  be  alike :  and  it  is  in  this  sense  that  an  equation  is  said 
to  have  as  many  roots  as  it  has  dimensions,  namely,  that  its 
first  member  is  resolvable  into  as  many  simple  factors,  equal 
or  unequal,  as  it  has  dimensions,  each  of  which  equated  to  zero 
will  furnish  a  root ;  so  that  as  many  times  as  any  factor  x  —  a 
occurs  in  its  first  member,  so  many  roots  equal  to  a  will  the 
equation  have.  As  the  existence  of  equal  roots  in  an  equation 
can  be  easily  detected,  and  the  equation  cleared  of  them,  we 
ihall  in  general  suppose  that  to  be  the  case ;  in  order  to  get 
if  exceptions  to  which  several  of  our  conclusions  would 
r-fbcnruc  be  liable. 

14.     If  a  polynomial  of  the  n*  order, 

/(*)  ~PJ  +;>,*"'  +;>,*""'  +  &c.  +fn_lX  +pn, 

identically  equal  to  zero  by  more  than  n  different 
then  each  coefficient^,  Pl,  &c.  must  be  separately 
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equal  to  zero,  and  f(x)  must  be  identically  equal  to  zero  for 
every  value  of  x'}  for,  otherwise,  the  equation  f(x)  =  0,  would 
be  satisfied  by  more  than  n  different  values  of  x,  which  is 
impossible. 

Hence,  also,  if  we  have,  for  more  than  n  different  values 
of  x, 

pjf  +P&"-1  +  &c-  +P»  =P«X*  +p'lx*~1  +  &c. 
since  this  equation  may  be  written 


we  must  have  ^>0  =p'0,  _ft  =jp'1,  &c.,  ^?n  =p'n  ;  and  the  two  poly- 
nomials will  be  identical  for  every  value  of  x. 

15.  Hence,  if  we  know  a  root  a  of  the  equation/(a;)  =  0, 
we  may  divide  the  first  member  by  x  —  a,  and  the  quotient 
put  equal  to  zero,  will  be  an  equation,  one  dimension  lower, 
containing  the  remaining  roots  ;  or  we  may  form  the  reduced 
equation  immediately,  without  the  trouble  of  division,  by  the 
rule  of  Art.  6.  Similarly,  if  we  know  two  roots  a  and  b  of 
f(x)  =  0,  by  dividing  its  first  member  by  (x  —  a)  (a;  —  &),  and 
putting  the  quotient  equal  to  zero,  we  shall  obtain  an  equation, 
two  dimensions  lower,  containing  the  remaining  roots.  And 
in  general,  if  we  know  n  —  r  roots  of  f(x)  =  0,  by  dividing 
f(x)  by  the  product  of  the  simple  factors  corresponding  to 
these  roots,  we  may  form  the  reduced  equation  of  r  dimensions, 
<£  (x)  =  0,  containing  the  remaining  roots  ;  and  if  f(x)  =  0 
has  only  n  —  r  real  roots,  then  all  the  roots  of  <£  (x)  =  0  are 
imaginary,  and  in  this  case  $  (a;)  is  a  polynomial  of  an  even 
number  of  dimensions  with  its  last  term  positive,  and  is 
incapable  of  being  made  negative  by  any  real  value  of  x, 
(Arts.  8  and  12). 

Hence  also,  if  all  the  real  roots  alt  og,  ...  a^P,  of  an  equation 
of  n  dimensions  have  been  obtained,  the  equation  will  be 

(x  -  aj  (x  -  a2)  ...(x-  tO  .£(«)=  0, 
where  <j>  (x)  is  such  as  has  been  described. 
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16  Impossible  root*  enter  equations  by  pairs,  each  pair 
contending  to  a  real  quadratic  factor  of  the  polynomial 
forminjf  the  first  member. 

Let  a  +  £  v^i  represent  one  of  the  imaginary  roots, 
and  lot  it  be  substituted  for  x  in  the  first  member  of  the 
equation  /(JT)-O.  The  result  will  consist  of  two  parts, 
pottiblc  quantities  which  involve  the  powers  of  a  and  the 
even  powers  of  £v^l,  and  ^impossible  quantities  which 
involve  the  odd  powers  of  ^V^;  let  P  be  the  sum  of  the 
possible  quantities,  and  Q&  v^l  that  of  the  impossible  quan- 
tities ;  therefore  the  whole  result  is 


where  P  and  Q  contain  only  even  powers  of  ft. 
Now  since  a  +  /3  vr^l  is  a  root, 

P+  Q&  v^T  =  0  ; 

and  as  no  part  of  P  can  be  destroyed  by  $/3V—  1,  this 
TBtohres  itself  into  P  =  0,  Q  =  0.  Now  for  x  substitute 
a  —  /9  >/  —  1  ,  or  change  the  sign  of  $  in  the  former  result  ; 
then  since  P  and  Q  contain  only  even  powers  of  $,  the 
re«ult  is 

P-  Qfftt, 

which,  since  P=0,  #=0,  is  equal  to  zero;  therefore  a-/3V^l 
u  •  root  of/  (x)  =  0.  Therefore  the  proposed  equation  admits 
a  pair  of  roots  a  -|-  /9  V^l  anda-£\/^l,  which  are  said  to 
be  conjugate  to  one  another  ;  and  its  first  member  admits  the 
two  factor* 


and  will  therefore  lx«  divisible  by  their  product  which  equals 

(x-af  +  fl1  orx*-2ax+as+£2. 
wn«-  manner  it  might  be  shewn  that  when  the  co- 
nt*  arc   rational,   surd-roots  of  the  form  a  ±  *Jb  enter 
y  pair*. 
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17.  Hence  the  total  number  of  impossible  roots  in  any 
equation  will  always  be  even ;  and  every  equation  of  an  even 
degree  may  be  resolved  into  real  factors  of  the  second  degree ; 
for  every  pair  of  impossible  roots  will  produce  a  real  quad- 
ratic factor;  and  the  possible  roots,  since  there  is  an  even 
number  of  them,  may  also  be  divided  into  pairs,  each  of  which 
will  produce  a  real  factor  of  the  second  degree. 

Also,  since  f(x),  a  polynomial  of  the  %th  degree,  always 
admits  n  divisors  real  or  imaginary  of  the  first  degree,  it  will 

VI    («,   — -   1    J 

admit  — — •  different  divisors,  real  or  imaginary,  of  the 

1  •  a 

n(n  —  \}(n  —  2)     £    ,       ,  .  ,    ,  s 

second  degree;    — - — of  the  third  degree;   &c. ; 

1  .  a  ,  O 

,    .                 ,    .       .,,      ,    .  .n  (n  —  1)  ...  (w  —  r  +  1)      ,,    , 
and,  in  general,  it  will  admit  — s of  the 

JL  •  A  •  o  . . .  /* 

rth  degree,  as  each  of  these  will  be  a  combination  of  r  out  of 
the  n  simple  factors.  Also  the  total  number  of  divisors  of  all 
degrees  will  be  2n  —  1. 

18.  To  actually  decompose  the  first  member  of  a  given 
equation  f(x)  =  0,  into  its  real,  simple  or  quadratic  factors, 
is  the  great  problem  to  the  solution  of  which  all  enquiries  in 
this  subject  are  directed ;  but  the  inverse  problem,  to  form 
the  equation  when  the  roots  are  given,  offers  no  difficulty ; 
for,  knowing  the  component  factors  of  the  polynomial  forming 
its  first  member,  we  can  determine  that  polynomial  by  the 
common  process  of  multiplication.     Thus,  to  form  the  equa- 
tion whose  roots  are  a,  —  b,  c,  c,  a  ±  /3  V—  1,  we  must  mul- 
tiply together  the  factors 

x-a,  x  +  b,  (a;  — c)2,  a2  -  2oa?  +  a2  +  /S2. 

RELATIONS  BETWEEN  THE  COEFFICIENTS  AND   ROOTS. 

19.  To  find  the  relations  between  the  coefficients  and 
roots  of  an  equation. 

We  must  first  ascertain  the  law  of  formation  of  the  pro- 
ducts of  any  number  of  binomial  factors  x  +  a,  x  +  b,  x  +  c, 
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hich  have  all  the  same  first  term  x.  but  different  second 
a.  ft,  e,  &c- 

BT  actual  multiplication  we  get 
(x  +  a) 


+  (ab  +  ac  +  bc)  x  +  abc 


+  (abc  +  abd+acd  +  bed)  x  +  abed. 

In  these  products  we  observe  that  the  index  of  x  dimi- 
nishes by  unity  in  each  term,  from  the  first  term  where  it  is 
the  same  as  the  number  of  factors,  to  the  last  where  it  is  zero  ; 
alflo  the  coefficient  of  the  first  term  is  unity,  that  of  the  second 
il  the  sum  of  the  second  terms  of  the  binomial  factors,  that  of 
the  third  term  is  the  sum  of  the  products  of  every  two,  that 
of  the  fourth  term  is  the  sum  of  the  products  of  every  three, 
and  the  last  term  is  the  product  of  all  the  second  terms  of  the 
binomial  factors.  To  prove  these  laws  of  the  indices  and  co- 
efficients generally  true,  we  must  shew  that  if  they  be  true  for 
»  —  1  factors,  they  will  be  true  for  n  factors.  Let  therefore 
the  product  of  a  —  1  factors 

...  (*  +  *)  =  aT* 


wnere  S,,  fi,,  Ac.  denote  the  sum,  the  sum  of  the  products  of 
eray  two,  Ac.,  of  the  n  -  1  quantities  a,  b,  c  ...  Jc.  Now  in- 
troduce another  factor  x  +  ?,  and  we  find  for  result 


•"—1. 

\\  ith  respect  to  the  indices,  the  law  is  unchanged ;  with 
P«t  to  tke  coefficient*,  that  of  the  first  terra  is  stiU  unity ; 
fetrf  feted 

-  8t  + 1  =  sum  of  the  »  quantities  a,  b,  c, ...  7; 
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that  of  the  3rd 

=  8a  +  ISi  =  sum  of  the  products  of  every  two  ; 
that  of  the  (r  +  1)* 

=  Sr  +  lSr-l  =  som  of  the  products  of  every  r; 

and  the  last  term 

=  lSm_l  =  the  product  of  the  n  quantities. 

If  therefore  the  law  of  formation  of  the  product  be  true  for 
n  —  1  factors,  it  is  true  for  n  ;  but  it  is  verified  for  2,  3,  &c., 
factors,  therefore  it  is  generally  true. 

Now  let  a,  b,  c,  ...  7  be  the  n  roots  of  the  equation  ^(x)  =  0  ; 
then 


=  (a;  —  a)  (x  —  b)  (x  —  c)  ...  (x  —  /) 
=  x"  + 


where  8lf  Ss,  &c.  denote  the  sums  of  the  various  combina- 
tions (taken  singly,  two  and  two,  &c.)  of  —  a,  —  b,  &c.  ;  that 
is,  of  the  roots  with  their  signs  changed  ;  therefore,  equating 
coefficients, 

Pi  =  ^k»  A  =  £«»  —Pr=  &J  Pm=£Li 

or,  coefficient  of  2nd  term  with  its  proper  sign  =  sum  of  the 

roots  with  their  signs  changed; 
coefficient  of  3rd  term  with  its  proper  sign  =  sum  of  the 

products  of  every  two  roots  with  their  signs  changed  ; 
coefficient  of  the  (r  -f  1)*  term  with  its  proper  sign  =  sum  of 
the  products  of  every  r  roots  with  their  signs  changed  ; 
and  the  last  term  with  its  proper  sign  =  the  product  of  all  the 
roots  with  their  signs  changed. 

Or,  if  we  choose,  which  is  more  convenient,  to  employ  in 
the  enunciation  both  the  roots  and  the  coefficients  with  their 
proper  signs,  we  have 

—  pv  =  sum  of  the  roots, 

j^=  sum  of  the  products  of  every  two, 

—  pa  =  sum  of  the  products  of  every  three  ; 
and  generally, 

(—  l)r^>r  =  sum  of  the  products  of  every  r  roofs. 
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20.  These  relations,  which  furnish  n  equations  between 
the  root*  and  the  coefficients,  do  not  afford  any  immediate 
means  of  finding  the  roots  ;  and  if  we  wished  to  employ 
thorn  t>  find  one  of  the  roots  by  the  elimination  of  the  n  -  1 
others,  we  should  always  arrive  at  an  equation  similar  to  the 
proposed. 

Let,  for  example,  the  equation  be  of  the  third  degree, 

+  Pi  =  °>  roots  «5  ^  c  5 


py  =  db  +  ac  -f  be, 

Ps  =  -  aj)c  5 

to  eliminate  b  and  c  between  these  three  equations,  multiply 
the  first  by  a*,  and  the  second  by  a,  and  add  them  to  the 
third,  and  we  find 


21.  But  although  not  leading  to  the  determination  of  the 
roots,  the  above  relations  will  enable  us  to  discover  many  of 
their  properties  ;  and  they  are  to  be  regarded  as  constituting 
one  of  the  fundamental  propositions  of  the  Theory  of  Equa- 
tion*. At  present  we  shall  employ  them  to  find  the  values 
of  some  of  the  more  common  symmetrical  functions  of  the 
loots;  that  is,  of  functions  in  which  each  root  is  alike  in- 
volved, so  that  their  values  are  unaltered  when  any  two  of 
the  roots,  are  interchanged. 

(1)  To  find  the  sum  of  the  squares  of  the  roots  of 
/(*)-o. 

...  +1; 


=  sum  of  squares  +  2/>2  ; 

/.  sum  of  squares  =  pf  —  2p3. 
To  find  the  sum  of  the  reciprocals  of  the  roots. 
~  >  )""';».-,  =  br...  t  +  nc  ...  J  +  ab  ...  ?  -f  ... 
(-!)>.  -ok...*; 
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I 


(3)     To  find  the  sum  of  ?  +  -  +  -  +  - 
o     a     c     a 


77 
/'« 


22.  The  following  are  examples  of  depressing  an  equa- 
tion when  one  or  more  of  its  roots  are  known  ;  or  of  forming 
it  when  all  its  roots  are  known;  also  of  resolving  certain 
polynomials  into  their  factors. 

(1)     To  find  the  roots  of  #3  -  1  =  0. 

One  root  is  x  =  1  ;  dividing  by  x  —  1,  we  get  the  quad- 
ratic 3?  +  x  +  1  =  0  containing  the  other  two  roots,  and  which 
gives  for  their  values 


- 

(2)     To  find  the  roots  of  a?-9st?  +  a?-  9  =  0. 

The  first  member  =  x5  (a;2  -  9)  +  a2  -  9  =  (x*  +  1)  (a;2  -  9) 

=  (x  +  1)  (cc2  -  x  +  1)  (x  +  3)  (a;  -  3)  ; 
therefore  the  five  values  of  x  are 


,        f     , 

(3)     A  root  of 

xg  +  x9  -  9x7  +  3ic6  -  8x*  +  Sx*  -  Zx5  +  9x*  -  x  -  1  =  0 

3 
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U  unity;  it  U  required  to  form  the  equation  containing  the 
remaining  root*  ;  it  is  (Art.  6) 

- 


s 


(4)    To  form  the  equation  whose  roots  are 
4,  -1,  i(-3±V-31). 


or  xi-3x-4a:-      =    . 

Similarly,  the  biquadratic  with  real  coefficients,  one  of 
whoec  roota  is  i  (V§  +  V^T),  is  *4  -  a2  +  1  =  0. 

(5)  The  equation  of  eight  dimensions  (in  which  the 
coefficients  are  dependent  upon  one  another  by  particular 

relations) 

x»  +  4na*  +  2x4  -  47W?  +1=0, 

may  be  solved  as  a  quadratic  ;  for  it  becomes  successively 


- 

and  by  reason  of  the  double  values  of  the  radical  quantities 
involved,  the  eight  roots  are  expressed  by  one  formula 

a-  =  V(Vn  +  l  -  Vn)  (Vn  -  1  +  Vn). 

SOLUTION  OF  BINOMIAL  EQUATIONS  WITH  THE  HELP  OF  A 
TABLE  OF  SINES. 

(6)  The  preceding  is  an  instance  of  what  must  happen 
whenever  the  general  solution  of  any  equation  can  be  effected, 
»•  »talr*l  in  Art.  2.  We  shall  next  give  an  example  of  an 
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equation  of  the  /1th  degree,  where  it  is  possible  to  get  a  for- 
mula expressing  the  n  roots  and  no  other  quantities,  viz.  the 
binomial  equation 

x"  ±  1  =  0. 

This  is  almost  the  only  extensive  class  of  equations  that 
has  been  solved  by  a  general  method  ;  and  the  discussion  of 
the  nature  and  properties  of  the  roots  is  of  great  interest 
and  importance  in  the  Theory  of  Equations.  It  is  con- 
venient to  consider  the  two  cases  a;"  —  1  =  0  and  x*  +  1  =  0 
separately. 

(7)  All  the  roots  of  x"  —  1  =  0  are  impossible,  except  one 
when  n  is  odd,  and  two  when  n  is  even. 

If  we  expel  the  factors  x  —  1  or  a?2  —  1  according  as  n  is 
odd  or  even,  the  depressed  equations  are 

a;n"1  +  a;n~2+...  +  x  +  1  =  0, 


of  which,  the  former  cannot  have  a  positive  root,  and  it  cannot 
have  a  negative  root  since  the  proposed  cannot  have  a  nega- 
tive root,  n  being  odd  ;  and  the  latter,  since  it  contains  only 
even  powers  of  x,  can  neither  have  a  positive  nor  a  negative 
root;  therefore  the  depressed  equations  have  all  their  roots 
impossible. 

Since  the  proposed  equation  is  the  same  as  x"  =  1,  the  con- 
dition which  it  expresses  is,  that  the  arithmetical  or  algebraical 
values  of  x  are  such,  that,  being  raised  to  the  71th  power,  they 
produce  unity.  On  this  account  the  roots  of  xn  —  I  =  0  are 
called  the  wth  roots  of  unity. 

(8)     To  solve  the  equation  xn  —  1  =  0. 

Since  the  equation  can  only  have  the  real  roots  1  and  —  1, 
we  may  assume  x  =  cos  6  ±  V—  1  sin  6  ;  for  this  value  will 
coincide  with  the  real  roots  when  6  is  zero  or  a  multiple  of  TT, 
and  in  all  other  cases  will  be  imaginary.  Then  De  Moivres 
formula  gives 

xn  =  cos  nd  ±  v7—  1  sin  n6  ; 
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therefore  all  values  of  6  determined  by  the  condition 

COS/J0  + V^T  sin  7i0  =  l, 

will  give  values  of  x  which  are  roots  of  the  proposed ;  there- 
fore we  must  separately  have 


and  consequently  n6  must  be  an  even  multiple  of  ir,  =  2X-7T 
guppose,  where  X  is  any  integer  whatever.  Hence  all  values 
of  x  comprised  in  the  formula 

2X?r       / — 7    .    2X?r  ,.,v 

x  =  cos +  v— 1  sin (I) 

n  n 

are  roots  of  x"  - 1  =  0,  or  are  n*  roots  of  unity. 

Moreover,  this  expression  has  n  different  values  and  no 
more. 

For,  taking  X  from  zero  to  £  (n  -I)  or  %n  according  as  n 
is  odd  or  even,  we  find  in  the  first  case,  one  real  value  + 1 
when  X  =  0,  and  £  (n  —  1)  pairs  of  imaginary  values  corre- 
sponding to  values  of  X  from  1  to  ^  (n  —  1),  or  n  values  on 
the  whole ;  and  in  the  second  case,  we  find  one  real  value  + 1 
when  X  =  0,  one  real  value  —1  when  X  =  ^w,  and  \n  —  1 
pain  of  imaginary  values  corresponding  to  values  of  X  from  1 
to  \n  —  1,  or  n  values  on  the  whole. 

And  all  these  imaginary  values  are  different  from  one  an- 
other, because  the  series  of  angles  involved  in  them, 

2*     47T     GTT         (n-l)Tr        (n  -  2)  TT 

are  all  different  from  one  another,  and  all  less  than  TT. 
AUo  the  formula  (1)  has  no  more  than  n  values. 

rot  if  we  take  X  negative,  the  two  values  are  not  altered 

'  interchanged ;  and  if  we  take  X  =  or  >  n,  the  effect 

1  a  multiple  of  2?r  to  one  of  the  angles  (2)  which  alters 

B  cosine  nor  sine ;  and  lastly,  if  we  consider  the 
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values  of  x  corresponding  to  values  of  X,  m  and  n  —  m  equally 
distant  from  0  and  w,  we  shall  find  them  the  same ;  for, 
taking  \  =  n  —  m, 


2(w-m)7r       /—      .    2(n  — • 
a;  =  cos  — '—  ±  v  —  1  sin  -J 


/  —  -    .    —   »i7r  2mir  _    /  —  „     . 

=  cos—      -+v  —  Isin  -  =cos  --  +  V—  Ism  -  , 
n  n  n  n 

the  same  as  when  X=ra  ;  so  that  we  can  get  no  new  values 
by  taking  X  greater  than  ^n. 

Therefore  the  formula  can  never  assume  any  other  values 
than  the  n  different  ones  resulting  from  taking  X  from  0  to 
i(w  —  1)  or  ^n,  according  as  n  is  odd  or  even  ;  since  therefore 
the  formula 

2\7T  /  —  -       .      2X-7T 

x  =  cos  -  +  V  —  1  sin  - 
n  n 

equally  expresses  all  the  roots  of  xn  —  1  =  0,  and  no  other 
quantities,  it  is  the  complete  solution  of  that  equation. 

(9)  Hence  we  observe  that  for  any  value  of  X,  except 
zero,  or  \n  when  n  is  even,  the  two  corresponding  roots  are 
conjugate,  and  one  is  the  reciprocal  of  the  other  ;  for 

2X-7T        /—     .    2X7TW       2X7T       /—  -    .    2X?r\ 
---  h  V—  1  sin  --     cos  --  v  —  1  sin  -  =1. 


cos 

n  i  \        n  n  J 

Also,  since 

2X-7T        /—  ;     .    2X?T      /       2?r       /—  -    .    27r\±X 
cos  -  +  V—  Ism  -  =    cos  --  h  v—  1  sin  —      , 
n  n        \       n  n  J 

we  observe  the  remarkable  relation  among  the  imaginary  roots, 
that  they  are  all  powers  of  the  first  imaginary  root  correspond- 

ing to  X=  1,  viz.  cos  --  1-  V—  1  sin  —  ;  so  that  if  we  denote 
n  n 

this  by  a,  the  series  of  imaginary  roots  will  be 
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•i _ 

a,   a',   a'.-.a*    or  a 

1      1^     J_       J_  or  J_ . 

or,  since  a'  =  1.  the  lower  line  may  be  replaced  by 
a-'1,   a^...oT  or  of*8; 

therefore,  since  a*  =  -  1  when  n  is  even,  all  the  roots  of 
x"  —  1  =  0  are  contained  in  the  series 

1,  a,  as, ...  a""2,  a""1. 

(10)  We  next  come  to  the  case  of  #"+1  =  0,  all  whose 
roots  arc  impossible,  except  one  when  n  is  odd.     For  if  n  be 
even,  it  is  manifest  that  every  real   quantity,   positive  or 
negative,  when  substituted  for  x  gives  a  positive  result,  and 
therefore  cannot  be  a  root ;  and  when  n  is  odd,  expelling  the 
factor  JT  +  1 ,  the  depressed  equation  is 

which  cannot  have  a  negative  root  (Art.  3),  and  it  cannot 
have  a  positive  root  because  the  proposed  cannot  have  a 
positive  root,  therefore  all  its  roots  are  imaginary. 

(11)  To  solve  the  equation  x*  + 1  =  0. 
AH  before,  we  may  assume 

x  =  cos  0  ±  V—  1  sin  8, 
.-.  x*  =  cos  nd  ±  V^i  gin  nQ . 
hence  all  values  of  6  which  satisfy  the  condition 
cos  nd  ±  v^T 


will  give  value*  of  x  which  are  roots  of  the  proposed ;  hence 

P  munt  Bt-parntdy  have  sinn0  =  0,  cos«0  =  -l;  therefore 

be  an  odd  multiple  of  „-,  =  (2X  +  1)  TT  suppose,  where 

integer  whatever.     Hence  all  values  of  x  comprised 

in  Ihc  formuln 
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(2X+l)7r        /—  •    .    (2\+l)7r 
'     +  v  -  1 


x  =  cos  J  -  —  +  v  -  1  sm 

w  w 

are  roots  of  xn  +  I  =  0,  or  are  »tu  roots  of  negative  unity. 

Moreover,  this  formula  will  give  for  x,  n  different  values 
and  no  more. 

For,  taking  X  from  0  to^(n  —  1)  or  \n—  1,  according 
as  n  is  odd  or  even,  we  find,  in  the  former  case,  %(n  —  1) 
pairs  of  imaginary  values  corresponding  to  values  of  X  from 
0  to  ^(n  —  1)  —  1,  and  one  real  value  —  1  for  \  =  %(n  —  1), 
or  n  values  on  the  whole  ;  and,  in  the  latter  case,  we  find 
%n  pairs  of  imaginary  values  corresponding  to  values  of  X 
from  0  to  %n  —  l,  or  n  values  on  the  whole.  And  all  these 
imaginary  roots  are  different,  because  the  angles  involved 
in  them 

TT      3?r     5-7T       (n  —  2)  TT       (n  —  1)  TT 

-,    —  ,    —  .,.-  -  —  or^  -  '—  ............  (3) 

n       n        n  n  n 

are  all  different,  and  less  than  TT.  And  the  above-mentioned 
n  values  are  all  which  the  formula  can  give  for  x.  For  if 
we  take  negative  multiples  of  TT,  the  values  of  x  are  the 
same  as  if  those  multiples  were  positive;  and  if  we  take 
\=  or  >  n,  the  effect  is  to  add  a  multiple  of  2?r  to  one 
of  the  angles  (3),  which  alters  neither  the  cosine  nor  sine. 
If  X  =  n-l, 

(2n  -  1)  TT       [—  -     ,    (2n  -  1)  TT 
x  =  cos  v  --  '—  +  V-l  sm  — 

n  n 

—  If    .       I  -  ;       •      —  7T  IT  _      /  -  -       .     If 

=  cos  —  ±  v  —  1  sm  -  =  cos  —  +  v  —  1  sm  —  , 
n  n  n  n 

the  same  as  when  X  =  0; 
and  if  X  =  n  —  1  —  m 


x  =  cos 


=  cos 


r~         (2w-2m-l)7T 
+  V  -  1  sm  J  -  — 


_    /—  -    „ 
+  v  -  1  s 
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the  name  u  when  X  =  m;  so  that  values  of  X,  equally  distant 
from  0  and  n  -  1,  give  the  same  values  of  »,  and  therefore  we 
can  get  no  new  values  by  taking  X  >  \  (n  - 1). 

Therefore  the  formula  can  never  assume  any  other  values 
than  the  «  different  ones  resulting  from  taking  X  from  0  to 
i  („  _  i)  or  $  n  -  1,  according  as  n  is  odd  or  even ;  since  there- 
fore the  formula 

(2X  +  1)  7T          /—      .      (2X+1)7T 

j-  =  cos  —  -  +  v  — Ism , 

n  n 

equally  expresses  all  the  roots  of  x*+ 1=0,  and  no  other 
quantities,  it  is  the  complete  solution  of  that  equation. 

(12)     As  in  the  former  case,  it  may  be  shewn  that  if 

a.  denote  the  first  imaginary  root  cos  —  +  V—  1  sin  —  ,  all  the 

n  n 

imaginary  roots  may  be  represented  by 

a,   a',   as,  ...adorer1, 

ill         l         J_ 

a'   a"   a"'~tf=*OT~^i' 

or,  since  a"  =  -  1,  and  therefore  a2"  =  1,  the  lower  line  may  be 
replaced  by 

a*'1,   al"-3...an+2oran+1; 

therefore,  since  a"  =  -  1  when  n  is  odd,  all  the  roots  of 
**  +  1  —  0  are  contained  in  the  series 

a,   a8,. ..a8-3,   a4-1. 

It  may  be  observed  that  the  case  of  af  +  l  =  0  (n  odd), 
might  have  been  reduced  to  that  of  /-!=<),  by  making 
*--y. 

We  shall  now  give  the  resolution  of  x"  ±  1  into  its  factors. 
(IS)     To  reaolvc  af  -  1  into  its  factors. 
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Put  ^"-1=0; 
.*.  x*  =  1  =  cos  2X-7T  +  V—  1  sin  2X-7T,  X  being  any  integer  ; 

2\7T  ,—  -     .      2X-7T 

.*.  x  =  cos  —  -  +  v  —  1  sm  --  , 
n  n 

a  pair  of  values  (except  when  2X  =  0  or  any  multiple  of  n, 
when  there  will  be  only  one  value)  to  which  corresponds  the 
quadratic  factor 

2X7T 

x  —  2x  cos  --  h  1  , 
n 

where  X  begins  from  1  . 

First,  let  n  be  even,  then  +  1  and  —  1  are.  roots,  and  x9  —  1 
a  factor;  and,  by  taking  X  from  1  to  \n  —  1,  we  obtain  the 
other  quadratic  factors, 

—  +  I)(x2-2cccos  —  +  1).., 
n  n 


If  we  take  X  greater  than  \n—  1,  or  less  than  1,  the  fac- 
tors recur. 

Secondly,  let  n  be  odd,  then  +  1  is  a  root,  and  x  —  1  a 
simple  factor  ;  and  by  taking  X  from  1  to  \  (n  —  1),  we  obtain 
all  the  quadratic  factors, 

2*77*  4?r 

/.  xn-  1  =  (x  -  1)  (x*-  '2x  cos  —  +  I)  (y?  -  2x  cos  —  +  1)  ... 

n  n 


(14)     To  resolve  xn  +  1  into  its  factors. 
Let  xn  +  1  =  0  ; 

/.  xn  =  -l=  cos  (2X  +  1)  TT  +  V^l  sin  (2\  +  1)  TT, 
X  being  any  integer  ; 

(2X+1)7T  ,—  -     .      (2X  +  1)7T 

/.  x  =  cos  -  -  '  —  +  v  —  1  sm  -  —       -  , 
n  n 

4 
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•  pair  of  values  (except  when  2X  +  1  is  any  multiple  of  n, 
when  there  will  be  only  one  value)  to  which  corresponds  the 
quadratic  factor 

(•2X+1)7T    . 

-  -  -hi, 


n 


where  X  begins  from  zero. 

First,  let  n  be  even,  then  taking  X  from  0  to  %n  -  1,  we 
have  all  the  quadratic  factors, 

...  x-+i  =  (x*-2.cco3-  +  l)  (jt?-2xcos  —  +  1)... 

(n—  1)  TT     „, 

.  .  .  [x*  -  2x  cos  -  --  —  +  1}. 
n 

Secondly,  let  n  be  odd,  then  -  1  is  a  root,  and  x  +  1  a 
simple  factor;  and  by  taking  X  from  0  to  %(n  —  1)  —  1,  we 
find  the  \(n  —  \]  quadratic  factors, 

/.  xm+  1  =  (x  +  1)  (a?  -  2x  cos  -  +  1)  (a?-  2x  cos  —  +  1)... 

?i  72- 

«  —  2 
...  j^ 


We  shall  next  give  the  resolution  into  its  factors  of  an- 
other remarkable  expression,  which  includes  the  preceding 
as  particular  cases;  and  deduce  from  it  several  important 
result!. 

(15)  To  resolve  x*"  -  2  cos  0z*  +  1  into  its  quadratic 
factors. 

Solving  the  equation 

z*"  -  2  cos  ftp"  +  I  =0,  ...............  (1) 

we  find 

x"  -  cos  6  ±  V-  1  sin  6  =  cos  (2X?r  +  0}  ±  V^T  sin  (2Xir  +  0), 
\  being  any  integer  ; 

2X7T  +  0  ,  -    .      2X7T  +  0 

.'.  x  =  cos  -iV-lsin-^^,  ......  (2) 

»i  n 

a  formula  which  gives  the  2;i  values  of  x,  and  no  other  quan- 
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tities.  First,  taking  \  from  0  to  n  —  1,  we  obtain  2w  different 
values ;  for  if  two  of  them  were  alike,  for  instance  when  \  =p, 
\  =  q,  as  two  angles  cannot  have  their  sines  and  cosines 
identical  unless  they  differ  by  a  multiple  of  2-7T,  it  would  be 

necessary  that  —42 — ^-  should  be  a  multiple  of  2?r,  which 
is  impossible,  since  p  and  q  are  both  less  than  n. 

Again,  suppose  X  =  np  +  r,  where  p  is  any  positive  or 
negative  integer,  and  r  is  a,  positive  integer  less  than  n,  so 
that  \  falls  beyond  the  limits  0  and  n  —  1 ,  and  may  represent 
any  number  whatever ;  then 


/  2r7r  +  0\        ,—-    .    f  2rTr  +  0\ 

x  —  cos    2p7T  H +  v—  1  sin   2»7r  +  - 

\f  n      J  ~  V  n      ) 


=  cos  -  +     —  1  sm 


i  -  . 
+  V—  1  s 


the  same  as  when  \=r.  Hence  the  formula  can  never  acquire 
any  other  values  than  the  "2n  different  ones  which  result  from 
taking  \  from  0  to  n  —  1;  it  is  therefore  the  complete  solution 
of  equation  (1). 

To  the  pair  of  values  (2),  corresponds  the  quadratic  factor 

2X7T+0    , 

x  —  %x  cos h  1 ; 

n 

and  by  taking  X  from  0  to  n  —  1,  we  shall  obtain  the  n  quad- 
ratic factors  required ; 

Q 

.'.  x*"-2  cos  Oxn  +  I  =  (re2  -  2x  cos  -  +  1)  x 

n 
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OBS.     When  n  is  even,  since 

*  +  0  ''2\TT  +  0 

=  — COS hTT 

fl  \        » 


•      - 

it  appears  that  the  factors  corresponding  to  X  and  to  X  +  \n 
will  only  differ  in  the  sign  of  the  second  term;  therefore, 
when  we  have  obtained  the  first  half  of  the  factors  by  taking 
X  from  0  to  \n  —  1,  we  may  find  the  next  half  corresponding 
to  values  of  X  from  \n  to  n  —  1,  by  changing  the  signs  of  the 
second  terms  of  the  former. 

(16)  Also,  since  x**— 2cos&e"+l  remains  unaltered  when 
we  change  the  sign  of  0,  its  quadratic  factors  may  be  arranged 
in  pairs  under  the  general  form 

af-Zx  cos  — = — h  1, 
n 

where  X  is  to  be  taken  from  0  to  %n  or  %(n  —  1)  according  as 
*  is  even  or  odd ;  it  being  observed  that  each  of  the  values 
X  «  0,  X  =  \  n,  gives  only  a  single  factor,  and  not  a  pair. 

To  resolve  sin  n0,  cos  n0,  into  their  factors,  n  being 
any  integer. 

\Vc  know  that  these  can  be  expressed  by  polynomials 
containing  only  powers  of  sin  0,  and  of  which  in  certain  cases 
TO*  0  is  also  a  factor ;  our  object  is  to  determine  the  factors  of 
those  polynomials. 

First,  suppose  n  odd ;  then,  both  signs  being  taken, 

a 

JL      —  2  COS  ftr"  -1-1    =  (  T*  _  O^v.  nne,  __    I     1\   v 

i  —  T  A  J   X 

n        ' 
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a 

Now  make  x=l.  and  for  -  write  20,  and  for  —  ,  2a ;  and 

n  n 

extract  the  square  root  of  both  sides ; 

.'.  sin  nd  =  2"'1  sin  0  sin  (2a  +  ff)  sin  (4a  ±  0) . . . 
...sin{(n-l)a±0}; 

7T 

and  changing  nO  into  —  +  nO ;  that  is,  6  into  6  +  a,  we  get 

2 

cos  n0  =  2"-1  sin  (a  +  0)  sin  (a  -  6}  sin  (3a  +  6}  sin  (3a  -  0)  . . . 
...  sin  f  (n  -  2)  a  -  0)  sin  (no.  +  0), 

7T 

or,  since  net  =  -  , 

1 

cos  7i0  =  2"-1  cos  0  sin  (a  ±  0)  sin  (3a  ±  0)  . . .  sin  { (n  -  2)  a  ±  0}. 
Now  transform  each  pair  of  sines  by  the  formula 
sin  0  +  0)  x  sin  (£  -  0)  =  sin2  /3  -  sin2  0, 

and  we  have  the  required  resolutions  of  sin  nd  and  cos  w0  into 
their  factors  (n  being  odd), 

sin  7i0  =  2""1  sin  0  (sin2  2a  -  sin2  0)  (sin2  4a  -  sin2  0)  ... 

...{sm2(w-l)a-sin20} 

cos  710  =  2"'1  cos  0  (sin2  a  -  sin2  0)  (sin2  3a  -  sin2  0)  ... 
...{sin2(n-2)a-sin20}. 

Similarly,  when  n  is  even,  we  find 
sin  7i0  =  2""1  cos  0  sin  0  (sin2  2a  -  sin2  0)  (sin2  4a  -  sin2  0)  ... 

...{sin2(w-2)a-sin20} 
cos  w0  =  2"-1  (sin2  a  -  sin2  0)  (sin2  3a  -  sin2  0) ... 
...{sin2(w-l)a-sin20]. 

(18)     Hence  we  can  resolve  sin  0  and  cos  0  into  their 

factors. 

a 
If  we  change  0  into  -  ,  we  have,  n  being  odd, 

7v 

sin  0  =  2r'~1  sin  -  [sin2  2a  —  sin2  - )  (sin*  4a  —  sin2  -)...; 
n  \  nj  \  nj 
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therefore,  making  6  =  0,  since  in  that  case  ^  =  n,  we  get 

sin- 
n 


n  =  2"~l  sin*2a  sinMa...  ; 


Now  make  n  =  oo  ,  and  observe  that  a  =  —  ,  and  therefore 
that 

.e.0         .   e 

sin  —     sin  -     a      sin  —       4 

n  —       n  —  n  —    —   & 

sin  2a  ~    •    TT     TT'    sm  4a      2?r' 
sin- 
n 


The  same  values  of  sin  0  and  cos  6  may,  of  course,  be 
obtained  from  the  formulae  for  sin  nd  and  cos  nO  when  n  is 


even. 

7T  . 


Putting  0  =  -  in  the  resolution  of  sin  0,  we  get 


'  8      l.3.3.5.  5.7  ...(2»- 
which  i*  Wallia's  formula. 

[19)  If  we  develope  these  values  of  sin0  and  cos^ 
•rcording  to  aacending  powers  of  6,  and  compare  the  results 
with  the  common  formula 
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we  find 


f! 

6  ' 


(20)    By  making  x  =  l  in  the  result  of  example  15,  we 
may  deduce  two  important  formula?  :  first,  we  have 

=  2    1  -  cos  ^   2    1  -  cos  27r+      x 


2(1-  cos  6}  =  2    1  -  cos       2    1  -  cos 

V  nj      \  n     J 

/  47T  +  0N  f  2(w~l)7r  +  0\ 

21  -cos  -    ...  2    1  -cos  —  -  -  '-  -    : 
V  n     j  \  n  J  ' 

a 

therefore,  replacing  1  —  cos  6  by  2  sin2  -  ,  &c.,  extracting  the 

A 

square  root  of  both  sides,  and  changing  6  into  20,  we  get 


,   .    0    .    7T  +  0   .    27T  +  0        .    (n-l)>jr  +  0 
0  =  2      sin  -  sm  --  -sin  —   -  .  .  .  sm  -  -  -  -  ; 


sm 

n       •        n 


*7T 

and  writing  -  +  0  for  0, 
& 

.  .     .       7T  +  20     .      37T  +  20     .      5?T  +  20 

cos  0  =  2  nlsm-     —  sm  —  -  -  sm  —  -  -- 
2n  2n  2n 


The  formulas  which  result  from  these  by  putting  0=0,  are 
sometimes  of  use  ;  they  are,  since  in  that  case 

sin  0  -j-  sin  -  =  n, 
n 

..7T.27r.37r        .    (n—l}ir 
n  =  2      sm  —  sin  —  sin  —  ...  sm  -  , 
n         n          n  n 

..7r.37r.57r         .    (2n—  1)  TT 
1  =  2"    sin—-  sin—  -  sin—  ...  sin-^  —  -  —  —  . 
2n        2n        2n  2/t 


(21)     If  in  the  expression  x*  -2rx  cos  <£  +  ra,  we  write 


+  ±  for  x,  and  1  -  £  for  r,  it  becomes 


If  then  <f>  =  -X7r  ±  g-  ,  the  expression  just  found  is  th 
n 

general  form  of  the  quadratic  factor  of 

" 


and    this  quantity  therefore,    taking  X  from   0   to   \n   or 

K—i). 

.    t    0       ,     •    ,  27T  ±  0 

=  4sms  —  .4sin2  —  -  -  ... 
2n  2w 


Now    make     ?i  =  co  ,     observing    that,     in    that    case, 
i  JL^    =  e*«  (e  denoting  the  base  of  Napier  s  system  of 


logarithms),  2«  tan  —  =^,  and  that,   by  putting  «  =  0,  we 

lira 

have 

.     a    0  .    2ir  +  ^  ,   .    0 

2  sin  —  .  2  sin       ~     ...  =  2  sm  -  ; 
2n  2/i  2 


where  both  signs  are  to  be  taken.  The  particular  cases  of 
0.0,  0-w,  may  be  noticed.  Several  of  the  preceding  results 
are  unrful  in  the  higher  branches  of  Mathematics,  especially 
in  the  Integral  Calculus. 


SECTION  II. 
ON  THE  TRANSFORMATION  OF  EQUATIONS 


23.  IN  discovering  the  properties  of  f(x]  =  0,  and  deter- 
mining its  roots,  one  method  of  great  value  is  to  transform  it 
into  another  equation,  <£  (y)  =  0,  whose  roots  have  given  rela- 
tions with  its  roots.     We  thus,  without  knowing  the  roots  of 
a  proposed  equation,  make  them  undergo  certain  changes, 
such  as  all  to  be  increased  or  diminished  by  a  given  quantity, 
or  all  to  be  multiplied  or  divided  by  the  same  number  ;  which 
render  the  determination  of  the  roots  easier,  or  the  equation 
in  its  new  form  more  convenient  for  solution. 

The  problem  of  transforming  an  equation  is,  in  its  most 
general  state,  to  eliminate  x  between  the  equations 

/(a)=0,  ^(aj,y)  =  0, 

the  latter  being  the  equation  which  expresses  the  relation 
which  the  roots  of  the  transformed  are  required  to  have  with 
those  of  the  proposed  equation. 

At  present,  we  shall  confine  ourselves  to  a  few  simple 
cases  which  are  necessary  in  the  actual  solution  of  equations, 
reserving  the  others  to  the  Section  on  Elimination. 

24.  To  transform  an  equation  into  one  whose  roots  are 
those  of  the  proposed  equation,  with  contrary  signs. 

Let  a,  6,  c,  ...  ?,  be  the  roots  of  the  equation 

=  0  ; 


.-.  x 
(x-a)  (x  —  fy  (x  -  c)  ...  (x  —  I). 


34 


In  this  identical  equation  change  x  into  -y  ;  then,  whether  n 
be  odd  or  even,  the  result  is 


which  shews  that  the  first  member,  put  equal  to  zero,  is  an 
equation  in  y,  whose  roots  are  —a,  —b,  —c,  ...  —  ?.  Hence, 
if  the  signs  of  the  alternate  terms,  beginning  with  the  second, 
of  any  complete  equation  be  changed,  the  signs  of  all  the 
roots  are  changed. 

Before  this  theorem  can  be  applied  to  incomplete  equa- 
tions, the  deficient  terms  must  be  replaced  by  cyphers.  Thus 
the  equation 

x'-qx  +  r  =  Q,  or  x*  +  (te8  +  Oa;2  -  qx  +  r  =  0, 
i*  one  whose  roots  differ  from  those  of  x*  +  qx  +  r  =  0  only  in 
sign. 

25.  To  transform  an  equation  into  one  whose  roots  are 
those  of  the  proposed  equation,  each  diminished  or  increased 
by  the  same  given  quantity. 

Let  a,  J,  c,  ...  Z,  be  the  roots  of  the  equation 
xn  +Plx"-1  +  ...  +pn_lx  +pn  =  0  ; 


=  (x  -  a)  (x  -  b)  (x  —  c)  ...  (x  —  I). 
In  this  identical  equation,  change  x  into  y  +  h  ; 


which  shews  that  the  first  member,  put  equal  to  zero,  is  an 
equation  in  y,  whose  roots  are  a  -h,  b-h,...l-h;  or,  ex- 
panding by  the  binomial  theorem,  and  arranging  it  according 
to  powers  of  y,  we  have  the  transformed  equation 
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To  increase,  on  the  contrary,  all  the  roots,  we  must  change 
x  into  y  —  h,  and  therefore  we  must  take  the  odd  powers  of  h 
in  the  above  equation  with  a  contrary  sign. 

26.     If  we  arrange  the  transformed  equation 


according  to  ascending  powers  of  y,  we  shall  see  the  law  of 
formation  of  its  coefficients  more  distinctly  ;  for  we  then  have 

A"  +p1hn-1  +p2hn^  +...  +p«_J?  +Pn_Ji  +pn 
+  {nhn~l  +(n-  l)pjin^  +  (n  - 


+  {w(w-l)  ...  3.  2}^-  =  0, 

where  [n  denotes  1 . 2  .  3  . . .  n. 

The  first  coefficient  is  the  original  polynomial  with  h  in- 
stead of  a?,  and  will  therefore  be  represented  by  f(h) ;  the 
second  coefficient  is  derived  from  the  first  by  multiplying 
every  term  in  f(h)  by  the  index  of  that  power  of  h  which  it 
involves  and  diminishing  the  index  by  unity,  and  may  be 
represented  by  f'(h) ;  the  third  is  found  from  the  second,  by 
repeating  the  same  process  upon  f'(h),  or  performing  it  twice 
upon /(A),  and  may  therefore  be  represented  by/" (h) ;  and 
in  like  manner  all  the  other  coefficients,  being  formed  by  the 
same  uniform  law,  may  be  represented  by  f'"(h),  .../""'(A) ; 
therefore  the  transformed  equation,  arranged  according  to  as- 
cending powers  of  y,  is 

2  ° 

^  y 
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27.     Hence  it  follows  that  if  in  f(x)  we  change  x  into 
x  -I-  A,  the  result,  arranged  according  to  powers  of  h,  is 


=/(*)  +/'(*)  *  +/"(*)     a  +  - 


f(x),f"(x),  ...fm~l(x)  being  derived  from  f(x)  according  to 
the  law  explained  above ;  they  are  called  derived  functions 
relative  to  the  given  function  f(x),  or  derivatives  off(x). 

On*.  Those  who  are  acquainted  with  the  Differential 
Calculus,  know  that  the  above  result  can  be  immediately 
obtained  from  Tnylors  theorem;  and  that  f'(x),  f"(x),  &c., 
are  the  first,  second,  &c.,  differential  coefficients  of  f(x),  which 
all  vanish  after  the  ntt,  f(x]  being  here  a  rational  integral 
function  of  the  n*  degree. 

28.  Hence,  to  increase  or  diminish  the  roots  of  a  pro- 
posed equation,  f(x)  =0,  by  a  given  quantity  A,  we  must 
write  down  f(x)  and  all  the  derived  functions,  f(x)t  f'(x), 
f"(f)  •••/"~I(J?)»  and  substitute  in  them  —A  or  4  A  for  x, 
according  as  the  roots  are  to  be  increased  or  diminished; 
the  resulting  quantities  are  the  coefficients  of  the  transformed 
equation. 


Ex.  1.  To  transform  x*  +  5x*  +  xs-  16x2-20a;-16  =  0, 
into  one  whose  roots  shall  be  the  same,  except  that  each  is 
increased  by  unity. 

Here  y  =  x 41,  orx  =  y-l; 
therefore  the  transformed  equation  is 
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but/  (*)=iC5 

/'  (JB)  =  5z4  +  20*3  +  3x8  -  32ar  -  20         /'  (-  1)  =  0 
f"(x)  =  20x8  +  60a?  +  6aJ  -  32  /"(-  1)  =  2 

=60aj2  +  120x  +  6  /"(-I)  =-54 

=  120a;  +120 


or  y_9y  +  3f-9=0, 
the  roots  of  which  were  found  (p.  17). 

Ex.  2.     To  increase,  and  dimmish,  by  3,  the  roots  of 

xs  -  2x*  -  x  +  2  =  0. 
The  transformed  equations  are 


29.  One  use  of  this  transformation  is  to  take  away  any 
term  of  an  equation  ;  by  which  means  it  is  sometimes  reduced 
to  a  form  more  convenient  for  solution,  as  in  the  former  of  the 
preceding  Example. 

Thus,  to  transform  /(a?)  =0  into  one  which  shall  want  the 
second  term,  we  must  have  (Art.  25)  nh  +p^  =  0,  or  h  —  —  —  !  , 


and  therefore  x  =  y—*-1;   i.e.,  the  roots  must  be  increased 

/*• 

by  ^ ,  pl  being  the  coefficient  of  the  second  term  with  its 

TV 

proper  sign,  and  n  the  degree  of  the  equation.  We  may 
arrive  at  this  result  immediately,  by  observing  that  if 
o,  b,  c,  ...  I  be  the  roots  of  a?+p1x*~1+  ...  =0,  and  a  +  h, 
b  +  h,...l  +  h  those  of  the  transformed  equation  yn  +  qly*~l 
+  ...  =  0,  then  —  qt  =a  +  b  +  ...  I  +  nh  =  —pl  +  nh;  and  if 

this  =  0,  then  h=^,  the  quantity  by  which  the  roots  are  to 
be  increased. 
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To  Uke  away  the  third  term,  we  must  diminish  the  roots 
by  a  quantity  h  determined  from  the  equation  (Art.  25) 


and,  in  general,  to  take  away  the  (r  +  l)to  term,  we  must 
diminish  the  roots  by  a  quantity  h  determined  from  the 
equation  (Art.  26) 

/-(*)  =0,  or  f,'+r-PJ'"+  $r$fJT'+  ...  =0. 

To  take  away  the  last  term,  we  must  have 

h"+plhr*  +  ...  =  0; 

i.  e.,  we  must  solve  the  original  equation.  In  effect,  the  trans- 
formed equation  would  have  one  root  =  0,  and  therefore  h  =  x. 

OBS.  If  all  the  roots  of  f(x)  =  0  be  real,  it  will  be  seen 
further  on  that  all  those  of  f*~r(z)=Q  are  so;  therefore  the 
equation  rnay  be  transformed  in  r  different  ways  so  as  to  want 
the  (r-f-l)1"  term;  but  if  all  the  roots  of  f*~r(x)=Q  be  im- 
possible, in  which  case  its  dimension  r  must  be  even,  f(x)  =  0 
cannot  be  transformed  into  another  with  real  coefficients  so  as 
to  want  the  (r  +  1)*  term;  and  in  the  latter  case,  the  proposed 
equation  will  have  at  least  r  imaginary  roots. 

Ex.  1  .  To  transform  x*  -  6x*  +  4a:  -  7  =  0  into  one  which 
shall  want  the  second  term. 

IIercp,  =  -6,   «  =  3;    /.  x-y—^  =  y-\-  2; 


or  y"-8y-15  =  0. 

Ex.  2.  To  transform  x8  +  5a?  +  8x  -  1  =  0  into  two  others 
which  »hall  each  want  the  third  term.  The  transformed 
equations  are 


To  transform  an  equation  into  another,  of  which  the 
a  arc  equal  to  those  of  the  proposed,  each  multiplied  by 
llir  name  given  quantity. 
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In  the  identical  equation 

xn  +p1xn~1  +p^  +  .  .  .  +pn_lx  +pn 
=  (x  —  a)  (x—b)  ...  (x-T), 

change  x  into  —  ,  and  then  multiply  both  sides  by  mn, 

.-.  yn  +  «npl3r*  +  mfoy*-*  +...+  m^p^y  +  mnp* 

=  (y-ma)  (y  -mb)  ...  (y  -  ml)  ; 
therefore  the  roots  of 

yn  +  mptf'1  +  rn*p^yn-*  +  .  .  .  +  m^p^y  +  m*pn  =  0, 

are  ma,  mb,  me,  ...  ml',  and  it  is  formed  from  the  equation, 
supposed  complete,  whose  roots  are  a,  b,  c,...  I,  by  multiplying 
the  coefficients,  beginning  with  that  of  the  second  term,  by 
m,  m?,  ms,  ...m*. 

The  use  of  this  transformation  is  to  get  rid  of  the  coeffi- 
cient of  the  first  term  ;  or  to  make  the  fractional  coefficients 
of  an  equation  disappear,  without  affecting  the  first  term  with 
any  coefficient  except  unity. 

Thus,  if  mxH+p1xn~1+pzxn~^+  ...  =0  have  roots  a,  b,  c,  &c., 
then  myn  +  mp^  +  m*pzyn~*  +  .  .  .  =  0 

or  y*  +piyn~l  +  mp,y^  +  .  .  .  =  0 
has  roots  ma,  mb,  me,  &c.,  and  is  of  the  usual  form. 


Also,  if  xn  +  &  xn~l  +  &  x"-2  +  &  x"-*  +  .  .  .  =  0  have  roots 

?!  &  ?3 

a,  b,  c,  &c.  ;  and  if  m  be  the  least  common  multiple  of  all  the 
denominators  qt,  qz,  q3,  &c.,  then 


has  roots  ma,  mb,  me,  &c.,  and  all  its  coefficients  are  integers. 

Similarly,  an  equation  may  be  transformed  into  another 
of  which  the  roots  are  equal  to  those  of  the  proposed,  each 


1 


40 


divided  by  the  same  given  quantity,  by  dividing  the  second, 
third,  fourth  terms,  &c.  (supposing  the  equation  complete) 
by  m,  mf,  m3,  &c.  respectively. 

31.  By  taking  >n  =  the  least  common  multiple  of  the 
denominators,  we  do  not  always  get  the  transformed  equation 
with  coefficients  the  least  possible.  All  that  is  necessary  is 
to  determine  m  so  that  m,  m8,  m*  ...  are  divisible  respectively 
by  y,,  yt,  y,,  ...  ;  and  therefore  that  m,  m2,  ws,  &c.  contain  the 
prime  factors  of  y,,  qt,  qs,  ...  raised  at  least  to  as  high  powers 
as  they  occur  in  the  respective  denominators. 

EX.I.         *._i..-f,  +  JL=0. 

The  transformed  equation  is 

,         4   ,        ,  3  5 

-  3 


and  the  factors  which  the  successive  terms  require  in  m  are 
3,  21,  3.2,  which  is  satisfied  by  w  =  12;  and  the  transformed 
equation  becomes 


y  -  Ify*  -  5iy  +  120  =  0,  where  y  =  I2x. 

E,,      ^- 


The  transformed  equation  is 
y-25y  +  375y-l26<>y- 11700  =  0,  where  y  =  SOx. 

32.    To  transform  an  equation  into  one  whose  roots  are 
ttprocmli  of  the  roots  of  the  proposed  equation. 

If  in  the  identical  equation 


we  change  x  into  -  ,  we  get 
y 
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y 


-at     \\-lt     IN 

=  —  (y  —  .  —  (y  —  T 
y    \y     a)     y  \y      bj 


or 

.f'n 


which  shews  that  if  we  write  -  for  x,  and  then  multiply  by  yn, 

if 

the  resulting  expression  put  =  0,  has  roots  -  ,  j-  ,  ...  T  . 

a    o        c 

33.  This  transformation  fails  if  the  transformed  equation 
be  identical  with  the  original  one  ;  that  is,  if  the  coefficients 
be  such  that 


Hence  pn  —  ±  1  ;  and  according  as  we  take  the  upper  or 
lower  sign,  we  have 


or,  p^  =  -p^  ,  pn_v  =  -pt,  &c. 

that  is,  the  coefficients  of  corresponding  terms  taken  from  the 
beginning  and  end  must  be  equal  and  of  the  same  signs  ;  or, 
they  must  be  equal  and  of  contrary  signs  ;  only  it  must  be 
observed  that  if  the  equation  be  of  an  even  number  of  dimen- 
sions 2r,  there  will  be  a  middle  term  prxr,  and  we  shall  have 
Pr  =prp*  5  which,  forpyr  =  -l,  gives 


so  that  when  the  equation  is  of  an  even  degree  and  the  cor- 
responding coefficients  have  contrary  signs,  there  must  be  no 
middle  term. 

C 
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It  is  easy  to  sec  that  when  these  conditions  are  satisfied, 
the  equation  remains  the  same  when  1  is  substituted  for  *; 
but  when  the  corresponding  coefficients  have  contrary  signs 
it  will  be  necessary,  after  the  substitution,  to  change  the 
sicna  of  all  the  terms;  and  the  above  investigation  shews 
that  these  are  the  only  conditions  under  which  an  equation 
can  have  the  property.  Equations  of  this  sort,  that  is,  which 
remain  the  same  when  x  is  changed  into  i  ,  are  called  Reci- 
procal  Equations. 

34.    Every  reciprocal  equation  will  have  its  roots  in 
pairs  a,  -,  b,  £,  &c.;  but  when  the  degree  is  odd,  there 

will,  besides,  be  a  root  +1  or  -1,  according  as  the  last 
term  is  negative  or  positive ;  and  when  the  degree  is  even 
with  the  last  term  negative,  there  will  be  two  roots  +  1 
and  -1. 

For  if  a  be  a  root  of  the  proposed  equation,  -  will  be  a 

root  of  the  transformed  equation ;  but  the  transformed  equa- 
tion coincides  with  the  proposed,  therefore  -  will  be  a  root  of 

Cb 

the  proposed  equation ;  and  so  on  for  every  other  root.  Also, 
since  1  and  —  1  are  the  same  as  their  reciprocals,  each  of  these 
may  enter  any  even  number  of  times. 

Again,  we  may  write  the  reciprocal  equation  of  an  odd 
degree,  collecting  the  terms  from  the  beginning  and  end, 

*"  ±  1+^*  (aT*  ±1)  +  ...=0; 

and  since  every  term  is  divisible  by  x  ±  1,  it  will  have  a 
root  -f  1  or  —  1  according  as  its  last  term  is  negative  or 
positive. 

A l*o,  the  reciprocal  equation  of  an  even  degree  with  its 
last  term  negative  may  be  written 
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which  is  divisible  by  #8  —  1 ;  therefore  it  has  two  roots  + 1 
and  —  1. 

In  both  cases,  when  the  factor  x  ±  1  or  a?  —  1  is  expelled, 
the  equation  is  reduced  to  a  reciprocal  equation  of  an  even 
degree  with  its  last  term  positive,  which  may  therefore  be 
taken  as  the  standard  form  of  reciprocal  equations. 

Ex.  Reduce  to  a  reciprocal  equation  of  an  even  degree 
with  its  last  term  positive,  each  of  the  equations 

s      1   4     43   3  ,  43   2     1 

x*  -  T.X  - T x  +  -f- x*  +  -zx -  1  =  0, 
o  o  o  b 

5  .     22  ,     22  „     5 
x  +    X --^x +  -z-a?~x-l  =  0- 


35.  Various  transformations  may  be  effected  by  par- 
ticular artifices  ;  we  shall  give  one  or  two  instances,  of  which 
the  results  will  be  useful  to  us  in  the  sequel,  and  are  of  im- 
portance in  discovering  the  existence  of  impossible  roots  in 
equations. 

(1)  To  transform  an  equation  into  one  whose  roots  are 
the  squares  of  the  roots  of  the  proposed. 

If      a?  +p1xn~1  +pzxn~*  +paxn~s  +  .  .  .  •+pn.lx  +pn 

=  (x  —  o)(x  —  l)...(x  —  I), 
then        xn  -pjcn~l  +pzx"~*  -p3x^  +  ...  ±pn_lx  +pn 

=  (x  +  o)(x  +  1}  ...  (x+l);    (Art.  24) 
therefore,  multiplying  these  equations  together,  we  get 
-*  +  ...)2-  (Plxn 


but  the  first  member  is 


44 
therefore,  replacing  a?  by  y,  we  have 


hence  the  transformed  equation,  whose  roots  are  a2,  Z>2,  &c.,  is 


Hence  the  proposed  equation  (since  its  roots  are  the  square 
roots  of  those  of  the  transformed  equation)  cannot  have  more 
real  roots  than  the  latter  has  positive  roots. 

Ex.  a;'  +  x3  +3^+160;  +  15  =  0. 

The  transformed  equation  is 

v?  +  2z4  +  33z3  +  23x*  +  U6x  -  225  =  0, 
which  (Art.  11)  has  only  one  positive  root;  and  therefore  the 
proposed  has  only  one  real  root. 

(2)  To  transform  the  equation  x3  +  qx  +  r  =  0  into  one 
whose  roots  are  the  squares  of  the  differences  of  its  roots. 

Let  the  roots  of  y?  +  qx  +  r  =  0  "be  a,  b,  c  ; 

.-.  0  =  a  +  6  +  c,   q  =  ob  +  oc  +  be,    —r  =  obc, 

and  a2  +  Z>2  +  cs  =  -  2#,  (Art.  21). 
Since  one  root  of  the  transformed  equation  is 


(«_/,/=  a'  +  i'  +  c'-c2- 

c  c 

2r 

if  we  assume  y  =  —  2«  —  a?  H  —  ,  then  when  a;  assumes  its 

x 

three  values,  y  becomes  equal  to  the  three  roots  of  the  trans- 
formed equation  ;  therefore  the  required  equation  will  result 
from  eliminating  x  between  the  proposed  and 

x3  +  (y  +  %q)  x  -  2r  =  0  ; 
nubtracting  this  from  the  proposed,  we  have 

3r 

(y  +  7)  x  -  3r  =  0,  or  x  =  -    —  ; 
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and  if  we  substitute  this  value,  and  reduce,  we  obtain  the 
transformed  equation 


108     +      =  o. 

a          s 

Hence,  if  -  +  |-  is  positive,  the  transformed  has  a  real 

negative  root  (Art.  10),  and  therefore  the  proposed  equation 
must  have  a  pair  of  imaginary  roots  ;  since  it  is  only  when 
two  roots  are  imaginary  and  conjugate  to  one  another,  that 
the  square  of  their  difference  can  be  negative. 

2  _S 

If  —  +  1-  =  0,  then  one  value  of  y  is  zero  ;  and  therefore 
the  proposed  has  a  pair  of  equal  roots. 

r2     <73 
If  —  +  ^-  is  negative  (and  therefore  q  an  essentially  nega- 

tive quantity)  the  transformed  equation  cannot  have  a  nega- 
tive root  (Art.  3)  ;  and  therefore  the  proposed  has  all  its 
roots  real. 

Ex.  xa  -  1x  +  1  =  0. 

The  equation  of  differences  is 


which  cannot  have  a  negative  root  (Art.  3)  ;  therefore  the  pro- 
posed has  all  its  roots  real. 


SECTION  III. 
ON  THE  LIMITS  OF  THE  ROOTS  OF  EQUATIONS. 


36.  THE  limits  of  any  group  of  roots  of  an  equation  are 
two  quantities  between  which  the  whole  group  lies ;   thus 
+  oo  and  0  are  limits  of  the  positive  roots  of  every  equation, 
and  0  and  —  oo  of  the  negative  roots.     But  in  practice  we 
are  required  to  assign  much  closer  limits  than  these,  usually 
the  two  consecutive  whole  numbers  between  which  each  root 
lies,  so  that  the  inferior  limit  is  the  integral  part  of  the  in- 
cluded root.     This  may  be  effected  without  knowing  any  of 
the  roots  of  the  equation,  as  will  be  seen  in  the  following 
propositions.    The  roots  spoken  of  in  this  section  are  the 
real  roots. 

37.  Quantities  between  which  the  real  roots  of  an  equa- 
tion taken  in  order  lie,  when  substituted  successively  for 
the  unknown  quantity,  give  results  alternately  positive  and 
negative. 

Let  the  real  roots,  arranged  in  order  of  magnitude,  be 
a,  I,  c,  ...  Z,  so  that  a  is  greater  than  b,  b  greater  than  c, 
&c. ;  the  negative  roots,  if  there  be  any,  corning  at  the  end 
of  the  series,  and  that  being  the  least  whose  numerical  value 
(neglecting  the  sign)  is  the  greatest;  then  if  f(x)  =  0  be  the 
equation, 

f(f)  =  (x  -  a)  (x  -  1}  (x  -  c)  ...  (aj  -  Z) .  <j>  (or), 

here  $  (x)  i3  a  polynomial  that  remains  positive  whatever 

real  values  be  substituted  in  it  for  x,  (Art.  15).     Then  if 

we  substitute  for  x  a  quantity  a  greater  than  a,  the  result 

/(«)  u  ixwitive  because  every  one  of  its  factors  is  so ;  if  we 
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substitute  a  quantity  ft  between  a  and  b,  the  result  f(ft) 
is  negative  because  the  first  factor  is  negative  and  the  rest 
positive.  Again,  a  quantity  between  b  and  c  renders  the 
whole  positive,  because  the  two  first  factors  are  negative  and 
the  rest  positive.  Thus,  quantities  between  which  the  roots 
taken  in  order  lie,  when  substituted  for  x,  give  results  alter- 
nately positive  and  negative. 

38.  Again,  suppose  that  a,  b,  c,  ...  I  are  all  the  roots  of 
f  (x)  =  0,  which  lie  between  two  numbers  a  and  ft,  of  which 
a  is  the  lesser,  and  that  <j>(x)=0  is  the  equation  containing 
the  remaining  roots  ;  then  substituting  a  and  ft  successively 
for  x,  and  dividing  one  result  by  the  other,  we  get 

/(a)_(tt-a)(tt-&)...(q-Q   <j>  (a) 


f(ft)-(ft-a)(ft-b)...(ft-iy<j>(ft)' 

Now  all  the  factors  in  the  numerator  are  negative,  and  all 
in  the  denominator  positive;  also  (j>  (a),  <£  (ft),  must  have 
the  same  sign,  since  (f)  (x)  =  0  has  no  root  between  a  and  ft  ; 
therefore  /(a),  f(ft)  have  different,  or  the  same  signs,  ac- 
cording as  the  number  of  factors  a  —  a,  a  —  b,  &c.  is  odd  or 
even. 

Hence  if  two  numbers,  when  substituted  for  x,  give  results 
with  different  signs,  then  one,  three,  or  some  odd  number  of 
roots  lies  between  them  ;  if  they  give  results  with  the  same 
sign,  then  two,  four,  or  some  even  number  of  roots  lies  be- 
tween them,  or  none  at  all. 

39.  If  a  number  a  can  be  found  such  that  a  and  every 
greater  number,  when  substituted  for  x,  gives  a  finite  positive 
result,  then  a  is  greater  than  the  greatest  root,  and  is  called 
a  superior  limit  of  the  roots;  for  if  there  could  be  a  root 
greater  than  a,  then  some  number  greater  than  a  would  give 
a  negative  result,  which  is  contrary  to  the  supposition.  Simi- 
larly, if  a  number  ft  can  be  found  such  that  ft  and  every 
smaller  number,  when  substituted  for  x,  gives  a  finite  result 
with  a  permanent  sign,  that  is,  constantly  positive  or  con- 
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stantly  negative,  according  as  the  degree  of  the  equation  is 
even  or  odd,  £  is  less  than  the  least  root,  and  is  called  an 
inferior  limit  of  the  roots. 

OBS.  This  supposes  the  greatest  and  least  roots  to  occur 
singly;  or,  if  repeated,  to  be  repeated  an  odd  number  of 
times ;  for  if  we  had 

f(x)  =  (x-ay(x-b)..., 

and  a  were  between  a  and  b,  then  a  and  every  greater  num- 
ber would  give  a  positive  result,  without  a  being  the  superior 
limit. 

40.  If  as  many  quantities  can  be  found,  which,  sub- 
stituted for  x  in  /(*),  give  results  alternately  positive  and 
negative,  as  the  equation  has  dimensions,  it  is  plain  that  the 
odd  number  of  roots  which  lies  between  each  adjacent  two 
of  the  quantities,  cannot  exceed  one.  But  as  it  is  seldom 
the  case  that  so  many  can  be  found,  the  next  point  to  be  de- 
termined is,  whether  all  the  real  roots  that  exist  have  been 
discovered;  this  enquiry  will  obviously  be  narrowed  if  we 
find  the  limits  beyond  which  the  quantities,  successively  sub- 
stituted for  the  purpose  of  separating  the  roots,  need  not  ex- 
tend, that  is,  the  superior  and  inferior  limits  of  the  positive 
and  negative  roots ;  the  principal  methods  of  doing  this  are 
the  following. 


41.    All  the  roots  of  an  equation  lie  between  p  +  1  and 
•  (/»  +  l)i  P  being  the  greatest  coefficient  without  regard  to 
aign. 

For  it  is  proved  (Art.  9)  that  p  +  l  and  every  greater 
number,  when  substituted  for  x,  gives  a  positive  result,  there- 
fore p  + 1  i»  greater  than  the  greatest  root ;  also  that  -  (p  +1) 
and  every  greater  negative  number  gives  a  result  with  a  per- 
manent sign,  that  is,  constantly  positive  or  constantly  nega- 
tive, according  as  the  degree  of  the  equation  is  even  or  odd, 
therefore  -  (/>+  1)  is  less  than  the  least  root. 
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42.     The  greatest  negative  coefficient  increased  by  unity, 
is  a  superior  limit  of  the  positive  roots  of  an  equation. 

Let  —p  be  the   greatest   negative  coefficient;   then  any 
value  of  x  which  makes 

xn  -p  (x^1  +  x*~*  +  .  .  .  +  x*  +  x  +  1)  positive, 
or 


-  , 
r  x—l 

will,  a  fortiori,  make 

xn  +plxn~l  +^2a;"~2  +  •  •  •  +P*-i&  +P»  positive, 


or  makey(x)  positive;  because  in  the  latter  case  there  will 
generally  be  fewer  terms  to  be  taken  away  from  x";  and  of 
these,  not  one  is  greater  than  the  corresponding  term  in  the 
former  case. 

yfl  _    J 

Now  the  inequality  x*>p—     -  ,  is  satisfied  if 
r  x  —  l 

x*  =  or  >  xn  •  P     ,  or  x  —  1  =  or  >  p,  or  x  =  or  >  p  +  1. 

3C  ^~  1 

Since,  therefore,  p  +  1  and  every  greater  number,  when 
substituted  for  x,  will  make  f(x)  positive,  the  numerical  value 
of  the  greatest  negative  coefficient  increased  by  unity,  is  a 
superior  limit  of  the  positive  roots. 

OBS.  This  result,  as  is  easily  seen,  is  included  in  that  of 
the  preceding  article  ;  for  if  all  the  coefficients  were  negative, 
the  substitution  of  the  greatest  of  them  increased  by  unity, 
and  of  every  greater  quantity  ,  would  give  a  positive  result  ; 
therefore,  a  fortiori,  the  result  will  be  positive  if  some  of  the 
coefficients  be  positive;  the  limit  however  here  determined 
will  usually  be  less  than  that  in  the  former  article,  and  never 
greater. 

43.  In  any  equation,  if^X~r  be  the  first  negative  term, 
and  —  p  the  greatest  negative  coefficient,  1  +  «//>  is  a  superior 
limit  of  the  positive  roots. 

7 


oO 
Any  value  of  x  which  makes 


will  of  course  make  a?  +  p,?:**1  +  pjT*  +  .-  positive. 

*-r+l  _  j 

Now  the  inequality  x*>p  1     »  is  satisfied  if 

a;-l>      or  a;-l^a;-l 


^  a;  —  1 

or  (x  —  l)r  =  or  >  jp,  or  x  =  or  >  1  +  <C/p. 

Since,  therefore,  1  4  'Jp  and  every  greater  number  gives 
a  positive  result,  1  +  1/p  is  a  superior  limit. 

This  method  may  te  employed  when  the  first  term  is 
followed  by  one  or  more  positive  terms. 

Ex.  a:4  +  lla?-25a;-61=0. 

Here  r  =  3,  and  a  limit  of  the  positive  roots 

=  1+/61  =  5. 


44.  If  each  negative  coefficient,  taken  positively,  be 
divided  by  the  sum  of  all  the  positive  coefficients  which 
precede  it,  the  greatest  of  the  fractions  thus  formed,  increased 
by  unity,  is  a  superior  limit  of  the  positive  roots. 

Let  the  equation  be 


then,  since  (Art.  5) 

/».a^  -/>.(*-!)  (x"-1  +  xm-a+  ...  +*  +  !)  +pm, 

if  we  transform  every  positive  term  by  this  formula,  and 
leave  the  negative  terms  in  their  original  form,  we  shall 
hare 
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(x-  1)  *"-"  +  ...  +wp,  (a:  - 
(a;-  1)  xn~*+  . 


Now  if  such  a  value  be  assigned  to  x  that  every  term  is 
positive,  that  value  will  be  the  superior  limit  required  ;  in  the 
terms  where  no  negative  coefficient  enters,  it  is  sufficient  to 
have  x  >  1  ;  in  the  other  terms,  each  of  which  involves  a 
negative  coefficient,  we  must  have 


r,  &c., 
or  x  >  -  —  -  +  1  ;  x  >  -  -  &•  -  +  1  :  &c. 


If  then  x  be  taken  equal  to  the  greatest  of  these  fractions 
increased  by  unity,  this  value,  and  every  greater  value,  will 
makey(a7)  positive,  and  therefore  will  be  a  superior  limit  of 
the  positive  roots.  This  method  gives  a  limit  easily  calcu- 
lated, and  generally  not  far  from  the  truth. 

Ex.  1  .       4#5  -  Sx*  +  23cc3  +  105^  -  80a:  +  3  =  0. 

rru     A.    *•  8       j  80  j  8      80 

The  fractions  are     and  1Q5  ,    and  -  >  —  ; 


therefore  3  is  a  superior  limit. 

Ex.  2.  4x7-&x6-  7x*+  8a;4+  7x*  -  23a^-  22a;  -  5  =  0; 
here  3  is  a  superior  limit. 

OBS.  The  form  of  the  equation  will  often  suggest  artifices, 
by  means  of  which  closer  limits  may  be  determined  than  by 
any  of  the  preceding  methods  ;  thus,  writing  the  equation  of 
Ex.  1  under  the  form 


4**  (aj-2)  +  23xa+  105*   x-        +  3  =  0, 
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we  see  that  X  =  OT  >  2  gives  a  positive  result,  therefore  2  is 
a  superior  limit.  Similarly,  by  writing  the  example  of 
Art.  43  under  the  form 


we  see  that  3  is  a  superior  limit. 

We  have  seen  (Art.  12)  that  an  equation  of  an  even 
number  of  dimensions  with  its  last  term  positive  may  have 
no  real  root  ;  but  we  shall  now  shew  that  in  any  equation 
whatever,  if  the  absolute  term  be  small  compared  with  the 
other  terms,  there  will  be  at  least  one  real  root  also  very 
small. 

4o.     In  the  equation 

pnx*  +plx*~l  +  &c.  +  x  -  r  =  0, 

where  r  is  essentially  positive,  and  which  may  represent  any 
equation  whatever,  if  r  <  —r-  -  r  ,  where  p  is  numerically  the 
greatest  coefficient,  then  there  is  a  real  positive  root  <  2r. 

By  dividing  by  the  coefficient  of  x,  and  changing  the 
signs  of  all  the  terms,  and  of  all  the  roots  if  necessary,  every 
equation  may  be  reduced  to  the  form 


where  r   is  essentially  positive  ;    let  p  be  numerically  the 
greatest  coefficient,  then  any  value  of  x  <  1  which  makes 


c. 


A  ~~" 


will  make  the  first  member  of  (1)  positive;  and  this  condition 
is  fulfilled  by 

px* 

—  r  +  x  =  or  >  ~  —  , 
1  —x 

or  (1  +;>)  .r*  -  (1+  r)  x  +  r  =  0, 
or  2  (I  +^)  x  =  (1  +  r)  -  V(l  +  r)'  -  4r  (1  +p)  J 
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if  then  4r  (1  +  p}  <  1,  the   radical  will   have  a  real  value 

>  r  ;   and  there  will  be  for  x  a  real  value  less  than  —.  -  r 

2  (1  +p) 

which  makes  the  first  member  of  (1)  positive  ;  and  x  =  0 
makes   it   negative;   therefore   in   any  equation   reduced  to 

the  above  form,  if  r  <  -7-7-  -  ;  there  is  a  real  small  positive 
4(1  +j») 

root  <  2r. 

Ex.     x*  +  18x*  -  Six*  -  12x  +  I  =  0  has  a  real  root  be- 

tween 0  and  -  . 
6 

46.  To  find  an  inferior  limit  of  the  positive  roots,  we 
must  transform  the  equation  into  one  whose  roots  are  the 
reciprocals  of  the  roots  of  the  proposed  equation  ;  and  the 
reciprocal  of  the  superior  limit  of  the  roots  of  the  transformed 
equation,  found  by  the  preceding  methods,  will  be  the  quan- 
tity required. 

Hence  if  pr  denote  the  greatest  coefficient  of  a  contrary 
sign  to  the  last  term^?n,  an  inferior  limit  of  the  positive  roots 

is      P"     .     For  the  transformed  equation  will  be  (Art.  32) 


of  which   —  is  the  greatest  negative  coefficient;   therefore 
P* 

«5t  +  1  is  a  superior  limit  of  its  roots  ;    and  consequently 
ft 

—  &  —  an  inferior  limit  of  the  positive  roots  of  the  proposed 

Pr+Pn 

•equation. 

Ex.  x3  -  42a2  +  Ulx  -  49  =  0. 

Here  pn  =  49,  pr  =  441,  .-.  ^~^,  or  ^  is  an  inferior 
limit  of  the  positive  roots.     By  putting  x  =  -,  we  may  dis- 
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limit  closer  to  the  roots;  for  the  transformed  equa- 


cover  a 
lion  is 


which  evidently  has  9  for  the  superior  limit  of  its  positive 
roots,  and  therefore  the  proposed  has  1  for  the  inferior  limit 
of  its  positive  roots. 

47.  To  find  superior  and  inferior  limits  of  the  negative 
roots,  we  must  transform  the  equation  into  one  whose  roots 
are  those  of  the  former  with  contrary  signs  (Art.  24) ;  and  if 
a,  £,  be  limits,  found  as  above,  of  the  positive  roots  of  this 
equation,  then  -a  and  -£  will  be  limits  of  the  negative 
roots  of  the  proposed  equation. 

"C*_  ~? 7/>.  _i_  7  —  0  • 

I-jA..  .t-  IU/TI    "  j 

putting  x  =  -y,  we  get  /  -  ly  -  7  =  0, 
of  which  1  -f  V?  or  4  is  a  superior  limit. 

Also,  putting  y  =  - ,  we  get  z*  +  z2  —  -  =  0, 

z  i 

13  1 

or  z* h  2* Q  =  0,  of  which  -  is  a  superior  limit ; 

28  28  o 

therefore  the  negative  root  of  the  proposed  lies  between  —  4, 
and  -  3. 

NEWTON'S  METHOD  OF  FINDING  LIMITS  OF  THE  ROOTS. 

The  limits  however,  deduced  by  any  of  the  preceding 
methods,  seldom  approach  very  near  to  the  roots ;  the  tenta- 
tive method,  depending  upon  the  following  proposition,  will 
furnish  ua  with  limits  which  lie  much  nearer  to  them. 

48.  Every  number  which,  written  for  x,  makes  f(x)  and 
all  iu  derived  functions  positive,  is  a  superior  limit  of  the 
{Kieitive  roots. 
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For  if  we  diminish  the  roots  a,  b,  c,  &c.,  off(x)  =  0  by  h, 
that  is,  (Art.  25)  substitute  y  +  h  for  x,  the  result  is 


=  0. 


Now  if  we  give  such  a  value  to  Ji  that  all  the  coefficients 
of  this  equation  are  positive,  then  every  value  of  y  is  nega- 
tive ;  that  is,  all  the  quantities  a  —  h,  b  —  h,  c  —  h,  &c.,  are 
negative,  and  therefore  h  is  greater  than  the  greatest  of  the 
quantities  a,  b,  c,  &c.,  or  is  a  superior  limit  of  the  roots  of  the 
proposed  equation.  Similarly,  h  will  be  an  inferior  limit  to 
all  the  roots,  provided  the  transformed  equation  be  complete 
and  its  coefficients  alternately  positive  and  negative. 

Ex.     To  find  a  superior  limit  of  the  roots  of 

x*-5x*+7x-l  =  Q. 
The  transformed  equation,  putting  y  +  h  for  x,  is 


in  which,  if  3  be  put  for  h,  all  the  coefficients  are  positive, 
therefore  3  is  a  superior  limit  of  the  positive  roots.  Also  if  - 
be  put  for  h,  the  transformed  equation  is  complete  and  has  its 
terms  alternately  positive  and  negative,  therefore  -  is  an  in- 
ferior limit  of  the  roots. 

OBS.  This  method  of  finding  a  superior  limit  of  the  roots 
by  determining  by  trial  what  value  of  x  will  make  f(x]  and 
all  its  derived  functions  positive,  was  proposed  by  Newton. 

WAKING'S  METHOD  OF  SEPARATING  THE  ROOTS. 

49.  If  a  series  of  quantities  be  substituted  for  x  in  /(#), 
then  between  every  two  which  give  results  with  different 
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signs  an  odd  number  of  roots  of /(*)  =  0  is  situated ;  and  be- 
tween every  two  which  give  results  with  the  same  signs  an 
even  number  is  situated,  or  none  at  all;  but  we  cannot  assure 
ourselves  that  in  the  former  case  the  number  does  not  exceed 
unity,  or  that  in  the  latter  it  is  zero,  and  that  consequently 
the  number  and  situation  of  all  the  real  roots  is  ascertained, 
unless  the  difference  between  the  quantities  successively  sub- 
stituted be  less  than  the  least  difference  between  the  roots  of 
the  proposed  equation ;  since,  if  it  were  greater,  it  is  evident 
that  more  than  one  root  might  be  intercepted  by  two  of  the 
quantities  giving  results  with  different  signs,  and  that  two 
roots  instead  of  none  might  be  intercepted  by  two  of  the 
quantities  giving  results  with  the  same  sign;  and  in  both 
cases,  roots  would  pass  undiscovered.     We  must  therefore 
first  find  a  limit  less  than  the  least  difference  of  the  roots ; 
this  may  be  done  by  transforming  (as  we  have  already  shewn 
for  a  cubic,  and  shall  hereafter  shew  generally)  the  equation 
into  one  whose  roots  are  the  squares  of  the  differences  of  the 
roots  of  the  proposed  equation.     Then  if  we  find  a  limit  k 
less  than  the  least  positive  root  of  the  transformed  equation, 
\fk  will  be  less  than  the  least  difference  of  the  roots  of  the 
proposed  equation ;  and  if  we  substitute  successively  for  x 
the  numbers  s,   s  —  V&,  *  —  2  VZ%  &c.,   (s  being  a  superior 
limit  of  the  roots  of  the  proposed)  till  we  come  to  a  superior 
limit  of  the  negative  roots,  we  are  sure  that  no  two  real  roots, 
lying  between  the  numbers   substituted,  have  escaped  us; 
and  that  every  change  of  signs  in  the  results  of  the  substi- 
tutions indicates  only  one  real  root.     Hence  the  number  of 
real  roots  will  be  known  (for  it  will  exactly  equal  the  number 
of  changes),  as  well  as  the  interval  in  which  each  of  them  is 
contained. 

This  method  of  determining  the  number  and  situa- 
tion of  the  real  roots  of  an  equation  was  first  proposed  by 
Waring;  it  IB  however  of  no  practical  use  for  equations  of  a 
degree  exceeding  the  fourth,  on  account  of  the  great  labour  of 
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forming  for  any  equation  of  a  higher  order  the  equation  whose 
roots  are  the  squares  of  the  differences  of  its  roots. 

Ex.  a?8  —  Ix  +  1  =  0.  The  numbers  1  and  2  give  each  a 
positive  result,  "but  yet  two  roots  lie  between  them.  The  equa- 
tion whose  roots  are  the  squares  of  the  differences  is  (p.  45) 

+  441y  -  49  =  0, 


an  inferior  limit  of  the  positive  roots  of  which  is  -  (Art.  46)  ; 

y 

therefore  -  is  less  than  the  least  difference  of  the  roots  of 
3 


x*  -  Ix  +  7  =  0, 

4 
3'  3 


5    4 

and  substituting  2,  -,  -,  the  results  are  +,—,+;  hence  one 
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value  of  x  lies  between  2  and  - ,  and  one  between  -  and  - ; 

and,  similarly,  we  find  the  negative  root,  which  necessarily 
exists,  to  lie  between  3  and  3  - . 

o  . 


USE  OF  THE  DERIVED  FUNCTIONS  IN  FINDING  LIMITS 
OF  THE   ROOTS. 

50.  The  first  derived  function  f'(x)  put  equal  to  zero, 
gives  an  equation  whose  roots  have  remarkable  relations  with 
the  roots  of  f  (x)  =  0 ;  these  relations  we  now  proceed  to  in- 
vestigate, as  well  as  to  draw  several  important  conclusions 
from  them,  beginning  with  the  following  proposition. 

51.  An  odd  number  of  the  roots  of  the  equation 
f(x)  =  nxn~l  +  (n-l}plxn^+  (n-2)^X"3+  ...  +^  =  0, 

lies  between  each  adjacent  two  of  the  roots  of/ (a?)  =  0. 

Let  the  real  roots  of  f(x)  =  0,  arranged  in  descending 
order  of  magnitude,  be  a,  b,  c, ...  I,  in  number  n  —  r ; 

.'.  f(x]  =  (x-a)  (x-V)  (x-c)  ...  (*-*).*(*), 

where  <£  (x)  is  a  polynomial  of  r  dimensions  that  cannot  be- 
come negative  for  any  real  value  of  x. 

S 
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In  this  identical  equation,  for  x  write  y  +  h  ; 


or 

• 

«  (y"+  ...  +  {(*-&)  (A  -e)...  +  (&-<0  (A-c)... 

...  +  (A_0)  (A  -  J)  ...  +  ...}y  +  (A  -a)  (h-b)  ...  (A  -Z)] 

2 

x  ($(A)+f(A).f+f  '(A)  ^+  ...+/)  ; 

tlierefore,  equating  coefficients  of  #,  which  in  the  first  member 
is  /'(A),  and  in  the  second  member  is  the  sum  of  the  products 
of  the  constant  term  in  each  factor  by  the  term  in  the  other 
factor  involving  only  the  first  power  of  y,  we  get 


the  coefficient  of  </>  (h)  being  the  sum  of  a  series  of  products, 
in  forming  which,  each  of  the  factors  h  —  a,  h  —  b,  &c.  is  left 
out  in  turn. 

In  this  equation,  if  a,  b,  c,  &c.,  be  written  for  A,  since  the 
last  term  of  the  second  member  vanishes  by  these  substitu- 
tions, and  <f>  (h)  is  always  positive,  the  results  will  have  the 
same  signs  as 

(a-i)(a-c)...,  (fc-a)(ft-c)...,   (c  -  a)  (c  -&)...,  &c. 
which  are  alternately  positive  and  negative,  since  they  respec- 
tively involve  0,  1,  2,  ...  negative  factors;  a,  b,  c,  ...  being 
arranged  in  order  of  magnitude. 

Hence  an  odd  number  of  roots  of  /'(A)  =  0,  or  of 

f(x)  =  naT1  +  (n  -  1)  pjf*  +  .  .  .  =  0, 

(since  it  is  of  no  importance  by  what  symbol  we  represent 
the  unknown  quantity,)  lies  between  a  and  6,  an  odd  number 
twccn  b  and  c,  and  so  on  ;  that  is,  an  odd  number  of  the 
root*  off(x)  =  0,  lies  between  each  adjacent  two  of  the  roots 
Of/(*).0. 
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52.  If  the  equation  /(ic)  =  0  has  n  real  roots,  then 
waT1  +  (n-  \)pjf*  +  .  .  .  =  0,  or  /'(a?)  =  0, 

has  n  —  l  real  roots,  for  one  of  its  roots  lies  between  each 
adjacent  two  of  the  roots  of  f  (x)  =  0  ;  and  it  is  therefore  in 
this  case  called  the  limiting  equation  of  the  proposed. 

53.  The  equation  f"(x]  =  0,  or 

n  (n  -  1)  x"'*  +  (»  -  1)  (n  -  typjf-3  +  ...  =  0, 

being  derived  from  f(x)  =  0  in  the  same  manner  as  this  latter 
is  derived  from  f(x)  =  0,  will  have  an  odd  number  of  roots 
lying  between  each  adjacent  two  of  the  roots  of  f'(x)  =  0  ; 
and  if  all  the  roots  of  f(x]  =  0  are  real,  all  in 

f(x)=0,  /»=0,  &c., 

are  real,  till  we  arrive  at  a  simple  equation.  And,  in  general, 
the  equations 

/(*)=0,  /»=0,  &c., 

have  at  least  as  many  real  roots  wanting  one,  two,  &c.,  as 
/(*)  =  0. 

Hence  if  f(x)  —  0  has  n  —  r  possible,  and  r  impossible 
roots,  f™  (x}  =  0  will  have  at  least  n  —  r  —  m  possible,  and 
therefore  (being  of  n  —  m  dimensions)  cannot  have  more  than 
r  impossible  roots  ;  which  shews  that  though  f(x)  =  0  may 
have  fewer  real  roots  than  several  of  its  derived  equations, 
it  has  at  least  as  many  impossible  roots  as  any  one  of  them. 

Ex.  The  equation  of  (x  —  l)n  =  0  has  all  its  roots  real  ; 
therefore/"  (a)  =  0,  or  (Art.  26)  since 

/(a?)  =  a?"  -  no?"-1  +  &c., 


x  - 


n(n  —  l)     n(n—l)      __»      p 

—  -  &c-  = 


—  -  \ 

2n  1.2       2n(2n  —  1) 

has  n  real  roots,  lying  between  0  and  1. 

54.  If  we  know  all  the  real  roots  of  f'(x]  =0,  and  sub- 
stitute them,  in  order,  in  f(x],  we  may  find  how  many  real 
roots  the  proposed  equation  contains. 
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For  let  a,  £,  7,  ...  X  be  the  roots  of/  (a)  =  0,  arranged  in 
order  of  magnitude,  and  let 

oo,  a,  A  7,  ...X,  -so 
be  substituted  for  x  inf(x),  giving  results 


then  there  can  only  be  one  root  greater  than  a,  and  one  less 
than  X;  for  if  there  could  be  more,  f'(x)  =  0  would  have  a 
root  situated  between  them,  that  is,  a  root  >  a  or  <  X,  which 
is  impossible,  for  a,  &  7,...  X  are  all  the  real  roots  of/(ce)  =0 
taken  in  order  ;  also  the  other  roots  are  situated  singly  be- 
tween a  and  y9,  ft  and  7,  &c.  Hence  if  /(a)  be  positive,  there 
is  no  root  greater  than  a  ;  for  if  there  were  two,  these  would 
include  no  root  of  f'(x)  =  0,  which  is  impossible;  if  negative, 
there  is  one  root  greater  than  a,  and  only  one,  for  there  cannot 
be  three  >  a,  for  the  same  reason  as  before  ;  if/08)  have  the 
same  sign  as  f(a)  there  is  no  root  between  a  and  yS,  otherwise 
tli  ere  is  one  root,  and  so  on  :  and  if  /(X)  be  positive  for  an 
equation  of  odd  dimensions,  or  negative  for  one  of  even  dimen- 
sions, there  will  be  one  root  <  X,  otherwise  none. 

It  follows,  therefore,  that  the  number  of  real  roots  of 
f(x)  =  0,  will  be  exactly  equal  to  the  number  of  changes  of 
sign  in  the  results  of  the  substitution  of  oo  ,  a,  y3,  7,  ...  X,  —  oo 
for  x  ;  and  can  be  exactly  determined  whenever  we  can  obtain 
a  solution  of  /  (x)  =  0. 

Ex.  1.  To  determine  whether  x3  —  qx  +  r  =  Q  has  all  its 
roots  possible. 

The  limiting  equation  is  So?  —  q  =  0  ; 


but/(«)  =x(j?-q)+r,  and  for  both  substitutions 
j  2? 

•*/—(/=:—-  —  —  • 

3  ' 
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If  then  (^)  <  (|  )  ,  /(a)  is  negative;   therefore  there  is 


one  root  >  a  ;  also  /(/8)  is  positive,  therefore  there  is  one  root 
between  a  and  /3,  and  another  less  than  ft. 

If  (^)  >  (!)  ,  /(a)  is  positive;  therefore  there  is  no  root 

\2/        \o/ 

greater  than  a,  nor  one  between  a  and  /3,  because  /($)  is 
positive  ;  but  there  is  one  root  <  ft,  that  is,  one  negative  root 
which  is  the  only  real  root. 

If  *Sq  be  written  for  x,  the  result  is  +  r  ;  hence  when  all 


the  roots  are  real,  the  greatest  lies  between     q  and 

These  results  were  obtained  by  a  different  method  (p.  45). 

Ex.  2.     xn  -  nqx  +  (n-l)r  =  0. 

.'.  f  (x}  =  nxn~l  —  nq  =  Q,  which  has  one  real  root  a  and 
n  —  2  imaginary  ones,  or  two  real  roots  a  and  ft  and  n  —  3 
imaginary  ones,  according  as  n  is  even  or  odd  (p.  19). 

In  the  former  case, 

/(a)  =q^(q-  nq)  +  (n  -  1)  r  =  (n  -  1)  (-  q^+  r), 
which  is  negative  or  positive,  according  as  qn>  or  <r*~l; 

therefore  the  proposed  equation,  which  has  necessarily  n  —  2 
imaginary  roots,  will  have  two  real  roots  or  none,  according  as 
qn>  or  <rn"1. 

In  the  latter  case, 


/(a)  =  (n  -  1)  (-  q+  r),  /(/3)  =  (n  -  1)  (q+  r), 
which  have  different  or  the  same  signs,  according  as 

qn>or<rn-1; 

therefore  the  proposed  equation  (which  has  necessarily  n  —  3 
imaginary  roots)  will  have  three  real  roots,  or  one,  according  as 
qn  >  or  <  r""1. 
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DBS  CARTES'S  RULE  OF  SIGNS. 

55.  No  equation,  complete  or  incomplete,  can  have  more 
positive  roots  than  it  has  changes  of  signs  from  +  to  -  and 
from  —  to  + ;  and  no  complete  equation  can  have  more 
negative  roots  than  it  has  continuations  of  the  same  sign. 

Suppose  the  product  of  the  factors  corresponding  to  the 
imaginary  and  negative  roots  of  an  equation  to  be  already 
formed ;  then  we  shall  obtain  the  first  member  of  the  equation 
by  multiplying  this  product  by  the  factors  x  —  a,  x  —  b,  &c. 
corresponding  to  the  positive  roots ;  and  if  we  can  shew  that 
if  any  polynomial,  whatever  be  the  signs  of  its  terms,  be  mul- 
tiplied by  x  —  a,  the  resulting  polynomial  will  present  at 
least  one  more  change  of  signs  than  the  original,  the  pro- 
position will  be  established  as  far  as  regards  the  positive 
roots.  Let  the  signs  of  any  polynomial  be 
+  -  +  + +  -  + 

and  let  it  be  multiplied  by  a  factor  x  —  a;  then,  writing  down 
only  the  signs  of  the  operation,  we  have 


and  +-+  +  -+  +  +  +  _  +  _ 

for  the  signs  of  the  result,  the  doubtful  sign  ±  being  written 
where  the  addition  of  unlike  signs  in  the  partial  products  is 
to  be  performed. 

Upon  comparing  this  result  with  the  original  polynomial, 
we  observe  that 

(1)     For  every  group  of  continuations  there  is  a  corre- 
sponding group  of  the  same  number  of  ambiguities. 

The  two  signs,  preceding  and  succeeding  each  group 
of  ambiguities,  are  contrary. 

There  is  a  final  sign  superadded,  contrary  to  that  of 
the  last  term  of  the  original  polynomial. 
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Hence,  in  the  most  unfavourable  case  for  changes,  in 
which  all  the  ambiguities  become  of  the  same  sign,  by  (2)  we 
may  take  the  upper  signs ;  therefore  the  signs  of  the  result, 
excepting  the  last,  are  the  same  as  in  the  original  polynomial, 
or  no  change  of  signs  is  lost ;  and  by  (3)  one  more  is  intro- 
duced. Consequently,  one  change  of  signs  at  least  is  added, 
corresponding  to  each  of  the  factors  x  —  a,  x—b,  &c.,  and 
none  ever  lost;  and  therefore  no  equation,  complete  or 
incomplete,  can  have  more  positive  roots  than  it  has  changes 
of  sign. 

To  prove  the  second  part  of  the  proposition,  change 
x  into  —  y ;  then  if  the  equation  be  complete,  the  continu- 
ations will  be  replaced  by  changes,  and  vice  versa. ;  and  by 
the  preceding  proof  the  transformed  equation  cannot  have 
more  positive  roots  than  it  has  changes ;  and  therefore  the 
proposed  cannot  have  a  greater  number  of  negative  roots  than 
it  has  continuations  of  sign. 

OBS.  This  is  Des  Cartes 's  rule  of  signs,  and  it  is  appli- 
cable, as  we  see,  to  discover  a  limit  to  the  number  of  positive 
roots  of  every  equation ;  but  not  to  discover  a  limit  to  the 
number  of  negative  roots,  unless  the  equation  be  complete,  or 
unless  we  supply  the  deficient  powers  of  x,  each  of  which  we 
may  consider  as  having  +  0  for  its  coefficient.  But  for  the 
negative  roots,  the  best  practical  way,  is  to  write  —  y  for  x, 
and  to  find  the  limit  to  the  number  of  positive  roots  of  the 
transformed  equation ;  and  the  theorem  might  be  enuntiated 
thus;  The  equation /(a;)  =0  cannot  have  more  positive  roots 
than/(ic)  has  changes  of  sign,  nor  more  negative  roots  than 
/( —  x)  has  changes  of  sign. 

56.  When  an  equation  is  complete,  since  to  each  term 
reckoning  from  the  second  corresponds  either  a  change  or 
a  continuation  of  signs,  the  sum  of  the  numbers  expressing 
the  changes  and  continuations  is  exactly  equal  to  the  degree 
of  the  equation. 
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Hence,  when  a  complete  equation  has  all  its  roots  real, 
the  number  of  changes  is  exactly  equal  to  the  number  of 
positive  roots,  and  the  number  of  continuations  to  the  number 
of  negative  roots.  For  if  m,  r,  be  respectively  the  number 
of  positive  and  negative  roots,  and  m,  r,  the  number  of 
changes  and  continuations  m  +  r  =  m'  +  r,  each  of  these  being 
equal  to  the  degree  of  the  equation  ;  and  as  m  cannot  exceed 
m',  nor  r  exceed  r',  the  only  way  in  which  this  equation  can 
exist  is  in  =  m,  r=  r'. 

57.  In  incomplete  equations,  the  above  theorem  will  often 
enable  us  to  detect  the  presence  of  imaginary  roots. 

Ex.  1  .  xa  4-  qx  +  r  =  0.  This  equation  has  visibly  (sup- 
posing q  and  r  essentially  positive)  no  positive  root,  and  one 
negative  root  (Art  10)  ;  if  we  complete  it,  it  becomes 


and  taking  the  lower  sign  there  is  only  one  continuation  of 
signs,  and  consequently  only  one  negative  root,  which  is 
therefore  the  only  real  root  of  the  equation. 

Ex.  2.  a?—  2x*+  1=0.  A  limit  of  the  number  of  positive 
roots  is  2  ;  and  writing  —  y  for  x,  we  get  y*  +  2y*  —1  =  0, 
a  limit  of  the  number  of  positive  roots  of  which  is  1,  or  the 
number  of  negative  values  of  x  cannot  exceed  1  ;  therefore 
the  equation  has  at  least  two  imaginary  roots; 

Ex.  3.  2-"  +  5x»  -  3x8  +  4#7  +  lOx5-  4cc3  -  8-r2  +  5  =  0  has 
at  least  four  imaginary  roots. 

58.  Every  equation,  which,  otherwise  complete,  wants  t 
consecutive  terms,  has  at  least  t  impossible  roots,  if  t  be  even; 
and  if  /  be  odd,  it  has  at  least  t+1,  or  t—  1  impossible  roots, 
according  as  the  deficient  group  is  between  two  terms  of  the 
same,  or  of  contrary,  signs. 

Let  the  equation  be 


rhcre  /'  and  Q  have  the  same  sign  ;  then  writing  that  sign 
lore  all  the  intermediate  evanescent  terms,  let  «  =  number 
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of  changes  and  n  —  s  =  number  of  continuations  presented  by 
the  equation,  which  are  limits,  respectively,  of  the  number 
of  positive  and  negative  roots.  Now  make  the  signs  of  all 
the  intermediate  evanescent  terms  alternately  positive  and 
negative,  so  that  t  + 1  or  t  fresh  changes  may  be  introduced 
according  as  t  is  odd  or  even ;  then  n  —  s  —  t  —  I  and  n  —  s  —  t 
are  limits  of  the  number  of  negative  roots.  Hence  there  can- 
not be  more  than  *  gpsitive  roots,  and  n  —  s  —  t  —  1  or  n  —  s  —  t 
negative  roots,  or  more  than  n  —  t—  I  or  w  —  t  possible  roots ; 
and  therefore  there  are  at  least  t  + 1  or  t  impossible  roots  ac- 
cording as  t  is  odd  or  even.  Similarly,  if  t  terms  are  wanting 
between  two  terms  of  different  signs,  it  may  be  shewn  that 
there  are  at  least  t  —  1  or  t  impossible  roots,  according  as 
t  is  odd  or  even. 

If  t  =  1,  or  if  only  one  term  be  wanting  between  two 
terms  of  the  same  sign,  then  the  equation  has  at  least  two 
impossible  roots ;  but  if  a  term  be  wanting  between  two 
terms  of  contrary  signs,  we  cannot  in  this  way  conclude  any- 
thing respecting  the  nature  of  its  roots. 

Generally,  in  an  incomplete  equation,  if  the  deficient  terms 
be  renjaced  by  cyphers,  and  first  be  taken  with  such  signs 
as  to  make  the  total  number  of  changes  the  least  possible, 
and  =  s ;  and  secondly  be  taken  with  such  signs  as  to  make 
the  total  number  of  continuations  the  least  possible,  and  =  t  • 
then  the  number  of  positive  roots  cannot  exceed  s,  nor  the 
number  of  negative  roots,  t ;  and  the  number  of  impossible 
roots  is  not  less  than  n  —  s  —  t. 


PROE.     To  shew  that  the  equation 
(x-a)(x-b)(x-c}-a'*(x-a)-b'*(x-b) 


has  for  a  limiting  equation   the   quadratic   to  which   it   is 
reduced  by  making  any  two  of  the  quantities  a',  b',  c',  vanish  ; 

and  thence  that  all  its  roots  are  real. 

9 
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Write  the  equation  under  the  form 

(x-^fo-aXx-fy-c1*}- 
{a*  (x  -  a)  +  J"  (x-b)+  Za'b'c'}  =  0, 

and  let  at  and  y3  be  the  roots,  taken  in  order,  of 
(a: -a)  x  (x  - b)  - c'2  =  0, 

the  depressed  equation  when  a'=b'=0 ;  then  a  is  greater  than 
both  a  and  b,  and  y9  less,  as  will  appear  bj*  solving  the  equation. 
Hence,  substituting  +  oo ,  a,  £,  -  oo ,  for  x  in  the  proposed 
equation,  the  results  are 

+  ,-{a  Ja^a  ±  V  V^l>]2,  +  {«'  Va-/8  ±  b'  V^g}2,  -  ; 

therefore  there  are  three  real  roots ;  one  >  a,  another  between 
a  and  /9,  and  a  third  <  @. 


SECTION  IV. 

ON  THE  DEPRESSION  OF  EQUATIONS  SOME  OF 
WHOSE  ROOTS  HAVE  PARTICULAR  RELATIONS 
TO  EACH  OTHER,  OR  ARE  OF  A  PARTICULAR 
FORM. 


EQUAL  ROOTS. 

59.  AMONG  the  cases   in   which  an  equation  may  be 
depressed  by  reason  of  particular  relations  existing  among 
its  roots,  the  most  important  is  that  where  the  polynomial 
which   forms  its  first  member  has  equal  factors,  or  where 
the  equation  has  equal  roots ;  because,  both  in  the  method 
of  determining  the  number  and  situation  of  the  real  roots  of 
an  equation,  and  also  in  that  of  approximating  to  the  values 
of  its  incommensurable  roots,  one  condition  either  essential 
or  advantageous,  is,  that  the  roots  should  be  all  different  from 
one  another,  i.  e.  that  the  equation  should  contain  no  equal 
roots.     We  must  therefore  shew  how  we  may  be  assured 
that  a  proposed  equation  has  no  equal  roots;  and  when  it 
has  equal  roots,  we  must  shew  how  they  may  be  found,  and, 
consequently,  the  complete  solution  of  the  equation  made  to 
depend  upon  that  of  one  or  several  equations  having  only 
unequal  roots. 

60.  If  the  polynomial  f(x)  and  its  derived  function  of 
the  first  order  /'  (x)  have  no  common  measure,  the  equation 
f(x)  =  0  has  no  equal  roots ;   but  if  they  have  a  common 
measure,  the  equation  has  equal  roots,  every  simple  factor  of 
the  common  measure  occurring  one  more  time  inf(x)  than 
it  does  in  the  common  measure. 
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Let  a,  b,  c,  ...  I  be  all  the  roots  real  or  imaginary  of 
/(jr)  =  0 ;  then,  changing  x  into  y  +  h,  we  have 

/(y  +  h)  =  (y  +  h  —  a)  (y+h  —  b}  ...  (y  +  A  —  Z) ; 
now  if  each  member  be  expanded  and  arranged  according  to 
powers  of  y,  the  coefficient  of  y  in  the  first  member  is/'  (h} 
(Art.  '26),  and  in  the  second  member  it  is 
(h-b}  (h-c)  ...  (h-l)  +  (h-a)(h-c)  ...  (A-Z) 

+  (h  —  a)  (h  —  b)  ...  (h  —  1)  +  &c., 

each  'of  the   factors  h  —  a,  h  —  b,  &c.,  being    left    out   in 
succession ;  therefore,  equating  these  coefficients  and  replacing 
A  by  x,  we  get 
f(x)  —  (x  —  b)(x  —  c)...  (x  —  l)  +  (x  —  a)(x  —  c)  ...  (x  —  T) 

+  (x  -  a)  (x  -  b)  ...  (x-l)  +  &c. 

Hence,  iif(x)  have  only  one  factor  =  x  —  a,f  (x)  is  not 
divisible  by  x  —  a,  because  one  of  its  terms  does  not  involve 
x  —  a ;  and  in  the  same  manner  it  may  be  proved  that  any 
other  of  the  unequal  factors  of  f(x)  is  not  a  divisor  of  f  (x). 
Therefore,  if  f(x)  be  composed  of  unequal  factors,  f(x)  and 
/'  (x)  have  no  common  measure. 

Again,  f  (x)  =  (x-a)  (x  -b)  (x-  c)  ...  (x-l)  x 

1  1  1 

+ +...+- 


(x  —  a     x  —  b     x—c  x  —  l\ 

Now  suppose  the  equation  f(x)  =  0  to  have  m  roots  equal 
to  a,  r  roots  equal  to  J,  p  roots  equal  to  c, 

•'•  /'  (*)  =  (*  -  a)m  (x  -  b}r  (x-cy...(x-l}x 

f_m_         r         _p__  J_l 

(a:  -  a     x-b^ x-c  *  x-l}' 

Tlierefore  f  (x}  is  divisible  by 

(x-a}m-1(x-b}r-1x(x-c}f-1') 

and  therefore,  if/(x)  has  equal  factors,  f(x}  and/  (a;)  have  a 
common  measure,  formed  by  the  product  of  all  those  factors, 
each  rained  to  a  power  less  by  unity  than  that  to  which  it  is 
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Ex.  1.          /(as)  =  a;3  -  3s2  -  9*  +  27  =  0, 

/'(a?)  =  3a?  -  6ic  -  9  ; 

the  greatest  common  measure  of  f(x]  and /'(a?)  will  be  found 
to  be  x  —  3 ;  therefore  the  proposed  equation  has  two  roots 
equal  to  3. 

Ex.  2.     x8 -  2z* -  4a;4  +  120? -3a?-18a;  + 18  =  0; 
it  is  the  same  as         (a?  -  3)2  (x2  -  2a;  +  2)  =  0. 

61.  Hence,  if  we  know  the  value  of  one  of  the  equal 
roots  of  an  equation,  we  may  find  its  multiplicity,  that  is,  the 
number  of  times  it  is  repeated,  by  substituting  it  in  the  de- 
rived functions  taken  in  order;  then  the  degree  of  the  first 
of  the  derived  functions  which  does  not  vanish  by  the  substi- 
tution, expresses  the  multiplicity  of  the  root. 

For  suppose  the  factor  x  —  a  to  be  repeated  m  times, 

,-./WT  (»-«)",#(«), 

where  <f>  (x)  has  no  factor  =  x  —  a. 
Change  x  into  a  +  h,  then  (Art.  27) 

A".*(a  +  A)  -/(a)  +/(«)  $+/»  JL  +  ... 
+/-(a)g+. ..+*'. 

Now  the  first  member  is  divisible  by  h*\  but  by  no  higher 
power  of  h ;  therefore  the  second  member  is  so,  and  therefore 
we  must  have 

/'(«)=0,  /"(a)=0,&c.,  /•»-»=(); 
but  /*"  (a)  will  be  a  finite  quantity,  because  the  coefficient 
of  hm  is  so  in  the  first  member;  that  is,  the  first  of  the 
derived  functions  which  does  not  vanish  for  x  =  a,  is  that 
whose  order  is  m,  the  number  of  times  the  root  a  is  re- 
peated. 

Ex.  Xs  +  2x*  -  Bx3  -  4x2  +  13x  -  6  =  0 ;  to  find  how  often 
the  root  unity  is  repeated. 

It  will  be  found  that  f"(x]  is  the  first  derived  function 
which  does  not  vanish,  when  x  =  I ;  therefore  the  root  1  is 
repeated  three  times. 
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62.  To  decompose  a  polynomial  having  equal  factors, 
into  other  polynomials  which  have  only  unequal  factors. 

Let  f(x}^X^X^..X^ 

where  A',  denotes  the  product  of  the  factors  which  enter  only 
once,  Xt  the  product  of  those  which  enter  twice,  &c.,  and  Xm 
the  product  of  those  which  enter  m  times  ;  then  iff^x)  denote 
the  greatest  common  measure  of  f(x)  and  f'(x), 

/  (~\  _  V  Y*Y3         Ym~l 
Jl  (X)  —  ^-2^3  AJ    •  •  •  -&m     • 

Again,  treating  the  polynomial  /  (a?)  in  the  same  manner 
as/(*)  was  treated,  if  /(a?)  denote  the  greatest  common  mea- 
sure of  MX)  and/'fc), 


and  proceeding  in  this  manner,  we  shall  at  last  come  to 

/.»-*.; 

beyond  which,  if  the  process  be  continued,  we  find  fm(x)  =  1, 
as  Xm  has  only  unequal  factors.  Hence,  by  division,  we 
obtain 

/  (x)  _  Y  . 

suppose, 


Ji(x\._ 

~ 


Y  Y  V 

......     = 


Hence 
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The  solution  of  the  original  equation  is  thus  reduced  to 
that  of  the  equations 

^  =  0,    X2  =  0,  ...  XM  =  0, 
each  of  which  contains  only  unequal  roots. 

63.    Hence  the  process  of  decomposing  a 
that  has  equal  factors,  may  be  thus  represented  ; 
f(x]        /(or)  .../._(*)        fm(x) 


In  the  first  line,  each  term,  beginning  with  fj(x),  is  the 
greatest  common  measure  of  the  preceding  term  and  its  de- 
rived function,  and  the  last  term  fm  (a?)  is  unity;  in  the  second 
line,  each  term  is  the  quotient  of  the  division  of  that  term  of 
the  first  line  under  which  it  stands  by  the  following  term  ; 
and  in  the  third  line,  each  term  is  the  quotient  of  the  division 
of  that  term  of  the  second  line  under  which  it  stands  by  the 
following  term,  and  any  term  may  equal  unity.  Then  each 
of  the  functions  X1,  Xa,  ...  Xm,  will,  by  its  subscribed  index, 
shew  the  multiplicity  of  the  factors  of  which  it  is  composed, 
in  the  original  polynomial  ;  and,  by  its  degree,  the  number 
of  factors  that  have  that  multiplicity;  and  if  any  one  of 
them  Xr  equals  unity,  then  f(x)  admits  no  factor  occurring 
r  times. 

Ex.  1.    f(x)  =  x*-  7x7  -  2x*  +  USx*  -  259#4  -  83xs 

+  612a;s-108x-432, 
/(ar)  =  x*  -  7x3  +  13o?  +  3x  -  18, 


<£,(#)  =  x4  -  I5x*  +  Wx  +  24, 
^(x)  =  xa  -  4#2  +  x  +  6, 
<j>a(x]  =  x  -  3, 


.:  f(x]  =  (x  +  4)  (xs  -  x  -  2)'  (x  -  3)s. 
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Kx  2. 


108  =  0; 

it  is  the  same  as 

(*- 1)  (*- 2)«  (* +  !)'(*-•  3)»  =  0. 

Ex.  3.  x*  -  nqx  +  (»  -  1)  r  =  0  will  have  a  pair  of  equal 
roots,  if  q  =  r"'1. 

The  limiting  equation  is  nxn~l  -nq  =  0;  .'.x  =  q"'1  is  the 
value  of  the  equal  roots,  if  the  equation  admits  any ;  substi- 
tuting it  in  the  proposed,  we  find 

or  q"  =  r*~\ 

for  the  relation  among  the  coefficients,  in  order  that  the  pro- 
posed may  admit  a  pair  of  equal  roots.     Moreover,  when  n  is 

even,  r  must  be  positive,  and  the  root  which  recurs  is  q"'1 ; 
when  «  is  odd,  r  may  be  either  positive  or  negative,  but  in 

the  former  case  the  root  which  recurs  is  -f  q*'1.  and  in  the 
latter  case  —  j""1,  as  appears  from  (1). 


COMMENSURABLE  ROOTS. 

64.  Commensurable  roots  are  those  whose  exact  values 
can  be  expressed  by  finite  numbers  either  whole  or  fractional, 
and  therefore  of  course  not  involving  in  their  expressions  any 
irrational  quantity.  When  the  coefficients  are  whole  numbers, 
and  that  of  the  first  term  unity,  the  commensurable  roots  are 
necessarily  whole  numbers,  as  will  be  proved ;  in  other  cases 
they  may  be  fractions ;  but  in  all  cases  they  can  be  readily 
obtained,  and  the  equation  depressed. 

An  equation  is  said  to  be  irreducible  when,  its  coefficients 
being  given  numbers,  its  first  member  admits  of  no  com- 
mensurable factor,  that  is,  one  whose  coefficients  have  exact 
numerical  values. 
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65.  If  in  any  equation  the  coefficient  of  the  highest 
power  of  the  unknown  quantity  be  unity,  and  the  other  coeffi- 
cients be  whole  numbers,  the  equation  can  have  only  whole 
numbers  for  its  commensurable  roots. 

If  possible,  let  T  >  a  fraction  in  its  lowest  terms,  be  a  com- 
mensurable root  of  the  equation 


therefore,  multiplying  by  bn~l  and  transposing, 


that  is,  a  fraction  in  its  lowest  terms  is  equal  to  a  whole 
number,  which  is  impossible  ;  therefore  y  is  not  a  root  of  the 

equation.  If  therefore  the  equation  can  be  satisfied  by  real 
quantities,  since  they  are  not  expressible  in  the  form  of  a 
vulgar  fraction,  they  must  be  either  whole  numbers  or  inter- 
minable decimals.  Hence  the  commensurable  roots  can  only 
be  whole  numbers  ;  and  the  other  real  roots  are  incommensu- 
rable ;  that  is,  they  cannot  be  expressed  by  finite  rational 
numbers,  either  whole  or  fractional,  and  therefore  can  never 
be  exactly  known  ;  but  their  values  may  be  approximated  to 
with  any  degree  of  accuracy,  as  will  be  shewn. 

METHOD  OF   DIVISORS. 

66.  The  commensurable  roots  of  f(x]  =  0,  which  are 
necessarily  whole  numbers,  may  be  always  found  by  the 
following  process,  called  the  Method  of  Divisors,  proposed 
by  Newton. 

Suppose  a  to  be  an  integral  root;  then,  substituting 
a  for  x,  and  reversing  the  order  of  the  terms,  we  have 

P*  +P^a  +Pn_*  a*  +  .  .  .  +  pvan~l  +  a"  =  0  ; 

10 
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Hence  ^  is  an  integer  which  we  may  denote  by  ql  ;  sub- 


a 


stituting,  and  dividing  again  by  a,  we  get 

^^  +  .  .  .  +     «B~3  +  «^  =  0. 


Similarly,  yi+^"-1  is  an  integer  =  &  suppose  ;  and  pro- 
a 

ceeding  in  this  manner,  we  shall  at  last  arrive  at 


Hence,  that  a  may  be  a  root  of  the  equation,  the  last 
term  pn  must  be  divisible  by  it,  so  must  the  sum  of  the 
quotient  and  next  coefficient,  q1  +jV,  ;  and  continuing  the 
uniform  operation,  the  sum  of  each  coefficient  and  the  pre- 
ceding quotient  must  be  divisible  by  a,  the  final  result 
being  always  —  I. 

If  therefore  we  take  the  quotients  of  the  division  of  the 
last  term  by  each  of  the  divisors  of  the  last  term  which  are 
comprised  within  the  limits  of  the  roots,  and  add  these 
quotients  to  the  coefficient  of  the  last  term  but  one  ;  divide 
these  sums,  some  of  which  may  be  equal  to  zero,  by  the 
respective  divisors,  add  the  new  quotients  which  are  integers 
or  zero  (neglecting  the  others)  to  the  next  coefficient  and 
divide  by  the  respective  divisors  ;  and  so  on  through  all  the 
coefficients  (dropping  every  divisor  as  soon  as  it  gives  a  frac- 
tional quotient),  those  divisors  of  the  last  term  which  give 
-  1  for  a  final  result  are  the  integral  roots  of  the  equation  ; 
and  we  shall  thus  obtain  all  the  integral  roots,  unless  the 
equation  have  equal  roots,  the  test  of  which  will  be  that 
some  of  the  roots  already  found,  satisfy  /'  (a;)  =  0  ;  and  the 
numljcr  of  times  that  any  one  is  repeated  will  be  expressed 
by  the  degree  of  derivation  of  the  first  of  the  derived 
functions  which  that  root  does  not  reduce  to  zero,  when 
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written  in  it  for  x  (Art.  61).  It  is  best  to  ascertain  by  direct 
substitution  whether  +  1  and  -  1  are  roots,  and  so  to  exclude 
them  from  the  divisors  to  be  tried. 

Ex.1.  a8  +  3ic2-  8^+10  =  0. 

g 
Here  the  roots  lie  between  -  +  1  and  —  11  (Arts.  44,  42), 

and  the  divisors  of  the  last  term  are  ±  {2,  5,  10}, 

/.  a=      2      -2  -5-10 

qi==      5      -5  -2-1 

^+(-8)  =-3      -13  -10-    9 
q3=     xx  2         x 

&  +  3  =  5 

&=  -  1. 

Therefore  —  5  is  the  only  commensurable  root  ;  and  it  is 
not  repeated  since  it  does  not  satisfy  the  equation 

f'(x)  =8^+60:  -8  =  0. 
Ex.2.      x5  -5x*  +  xs 


Here  limits  of  the  roots  are  6  and  —  4  ;  and  the  commen- 
surable roots  are  4,  2,  —  2. 

Ex.  3.     cc*  +  5x3-  2x*  -  Gx  +  20  =  0  ;  x  =  -  2,  or  -  5. 

67.  The  number  of  divisors  to  be  tried  may  be  lessened 
by  observing,  that  if  the  roots  of  f(x)  =  0  were  diminished 
by  any  whole  number  m,  the  last  term  of  the  transformed 
equation  f(y+m)=Q  would  be  f(m)  ;  if  therefore  a  were  an 
integral  value  of  #,  a  —  m  would  be  an  integral  value  of  y,  and 
would  be  therefore  a  divisor  of  f(m).  Hence  any  divisor, 
a,  of  the  last  term  of  f(x)  is  to  be  rejected  which  does  not 

satisfy  the  condition  ^^m'  =  an  integer,  when  for  m  any  in- 
a  —  m 

teger.  such  as  +  1,  ±10,  &c.,  is  substituted. 
Ex.1.  a:3-5a;2-18x+72  =  0. 
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Changing  the  signs  of  the  alternate  terms,  we  have 

(18\ 
X~~5  j  =  °; 

therefore  the  roots  lie  between  19  and  —  5. 

But      /(I)  =  50,  /(-  t)  =  84,  /(-  3)  =  54  ; 
and  the  only  admissible  divisors  of  72,  which,  when  dimin- 
ished by  1,  divide  50,  are 

6,  3,  2,  -4; 

also,  all  these  divisors,,  when  increased  by  1,  divide  84;  but 
only  6,  3,  —  4,  when  increased  by  3,  divide  54  ; 

.'.  6,  3,  -4, 

are  the  only  divisors  which  need  to  be  tried  ;  and  they  will 
all  be  found  to  be  roots. 

Ex.  2.       x3  -  Ga?  +  169z  -  (42)2  =0.     x  =  9. 


68.  If  a  proposed  equation  have  fractional  coefficients,  or 
if  its  first  term  be  affected  with  a  coefficient,  since  (Art.  30)  it 
can  be  transformed  into  another  equation  with  first  term  unity 
and  every  coefficient  a  whole  number,  this  method  will  enable 
us  to  find  the  commensurable  roots  of  every  equation  under 
a  rational  form.  If  the  coefficients  be  whole  numbers  and 
the  first  term  be  p<fK*,  and  we  only  wish  to  find  the  roots 
which  are  integers,  no  transformation  will  be  necessary; 
only  every  divisor  of  the  last  term  which  is  a  root,  will  lead 
to  a  result  -p0  instead  of  -  1. 

Ex.  6x4-  25ar*  +  2$xt  +  lx-  8  =  0. 

It  is  the  same  as 

(x  -  2)8  (3*  -  2}  (2x  +  1)  =  0. 

SOLUTION  OF  RECIPROCAL  EQUATIONS. 
These    are    equations  which    are   not   altered  by 
changing  x  into  -  ,  and  of  which  the  roots  are  consequently 
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of  the  form  o,  -  ,  b,  j-  ,  &c.,  together  with  +  1  or  -  1  several 

€L  0 

times  repeated.  The  particular  form  of  the  equation  neces- 
sary to  satisfy  this  condition,  investigated  at  Art.  33,  is  such 
as  to  permit  a  great  simplification  in  its  solution  ;  when  the 
degree  does  not  exceed  the  ninth,  the  solution  can  be  com- 
pletely effected. 

In  Art.  34  it  is  proved  that  every  reciprocal  equation  of 
an  odd  order  will  have  x  +  1  or  x  —  1  for  a  factor,  according 
as  its  last  term  is  positive  or  negative  ;  and  that  every  reci- 
procal equation  of  an  even  order  with  its  last  term  negative 
(and  consequently  having  no  middle  term)  will  have  a^  —  1 
for  a  factor;  and  that  if  these  factors  be  expelled,  the  de- 
pressed equation,  in  both  cases,  will  be  a  reciprocal  equa- 
tion of  an  even  order  with  its  last  term  positive;  which 
may  therefore  be  taken  as  the  standard  form  of  reciprocal 
equations. 

70.  The  roots  of  a  reciprocal  equation  of  an  even  number 
of  dimensions  exceeding  a  quadratic,  may  be  found  by  the 
solution  of  an  equation  of  half  the  number  of  dimensions. 

Let  the  equation  be 


then,  collecting  the  terms  which  are  equidistant  from  the  ex 
tremities  in  pairs,  and  dividing  by  a;",  we  have 


*•  +    +^*~  +       +  ...  +  fc  *  +     +  z=  o. 

Let  x  +  —  =y,  then  because 


•0 


making  w  =  2,  3...W,  successively,  and  substituting  in  each 
equation  from  the  preceding,  we  get 
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./• 


Hence,  by  substitution,  the  original  equation  will  be 
transformed  into  an  equation  of  n  dimensions  in  y;  any 
root  of  which,  a,  will  give  two  roots  of  the  original  equation, 

by  means  of  the  relation  x  4-  -  =  a  ;  and  a  quadratic  factor, 

Su 

x*  —  ax+l.    The  general  term  of  the  series  for  x*  +  —  is 

x 

given  in  Ex.  3,  Art.  154. 

We  may  remark  in  passing  that  any  one  of  the  above 
polynomials  in  y,  put  equal  to  zero,  would  furnish  an  equation 
having  all  its  roots  real  and  unequal,  and  situated  between 

-  2  and  +  2  ;  for  2  cos  nO  =  xn  +  —  =  0,  is  satisfied  by  n  dif- 

SG 

ferent  real  values  of  2  cos  6  =  x  +  -  ,  (p.  29). 

3D- 

Ex.  1. 
x'  +  x8  -  9xT  +  3x8-  8X5  -  8x*  +  3«s  -  9s8  +  x  +  1  =  0. 

Expelling  the  root  -1,  by  means  of  Art.  6,  we  get  for 
the  depressed  equation 


4  (20  -  8)  x1  +  (-  12  +  3)  x2  +  (9  -  9)  x  +  1  =  0, 
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or      - 

/.  y  =  0,  y  =  1  ;  and  the  other  roots  are  3,  —  4  ; 
therefore  the  proposed  equation  is  resolved  into 

(a?  +  l)  (a?+l)  (af-o:  +  l)(a*--3aj  +  l)  (^  +  4*  +  1)  =  0. 
Ex.2.        2a;6-5<B5  +  4a;4-4a2  +  5a;-2  =  0. 
Expelling  the  factor  x2—  1,  the  depressed  equation  is 

2a?4  -  5x*  +  Go2  -  5aj  +  2  =  0, 
which  may  be  resolved  into 

(x  -  I)2  (2o;2  -  a:  +  2)  =  0. 

It  may  be  observed  that,  by  precisely  the  same  process, 
the  equation 


admits  of  the  same  reduction  as  the  recurring  equation  which 
it  becomes  when  m  =  1  ;  the  formula?  to  be  used  being 


=y 


x  a?  \        x 


°\        f  »_i     m**\ 
}-m  (x  n~1  +  -s=r  - 
J        \          x    J 


71.  The  following  are  other  instances  in  which  equations 
are  solvable,  on  account  of  their  roots  being  known  to  have 
particular  relations  to  one  another. 


Ex.  1.        xt-xa 

4  4 

roots  in  geometrical  progression. 

They  are  therefore  of  the  forms  -9  ,  -  ,  ar,  ar*  ; 
.-.  (Art.  19)  a*  =16  or  a  =  2. 

Also  ^  =  ^  +  §8 
4       r*      r8 
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...  ?5Z  =  (s+  1Y  +  fr*  +  p)  ,  which  gives  r  =  2; 

consequently  the  roots  are  -,  1,  4,  16. 

Ex.  2.    a"  +<pX*~l  +J£VC"~2  +  &c'  =  °>  roots  iQ  arithmetical 
progression. 

They  are  therefore  of  the  forms  a,  a  +  b,  a  +  25,  &c. 


subtracting  the  square  of  the  former  from  the  latter  equation 
multiplied  by  w,  we  get  52  ;  and  then  a  is  known  from  the 
former,  by  substituting  for  b  its  value. 

In  general,  the  equation  f(x)=Q  may  be  depressed,  if  it 
be  reducible,  and  if  we  know  a  relation  b  =  <f>(a),  between  two 
of  its  roots,  «  and  b. 

Write  <f>  (x)  instead  of  x  in  /(a;),  and  let  the  resulting 
polynomial  be  F(x)  ;  then  ./(a:)  and  F(x]  are  both  reduced 
to  zero  by  making  x  =  a  ;  for  a  and  J  are  roots  of  f(x)  =  0 
by  supposition;  and  to  write  a  for  cc  in  .F(a;),  is  the  same 
thing  as  to  write  b  for  x  in  /(a?)  ;  therefore  /(«)  and  J^(ic) 
have  a  common  measure  a;  —  a,  which  may  be  found  ;  whence 
a,  and  b  =  <£  (a),  become  known,  and  the  equation  may  be 
depressed  two  dimensions. 

Ex.  x4  +  2xs  -  9a;2  -  22x  -  22  =  0  ;  the  sum  of  two  roots 
is  -  2.  The  roots  are  -  1  ±  v^l  and  ±  VH. 

In  depressing  the  equation  f(x)  =  0,  two  of  whose  roots 
are  known  to  have  the  number  h  for  their  sum,  by  finding 
the  greatest  common  divisor  D  of  f(x)  and  /(A  -a),  D  will 
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be  of  the  second  degree  in  x,  only  when  there  is  but  one  pair 
of  roots  whose  sum  =  h,  and  no  root  =  £A ;  and  D  will  be  of 
higher  dimensions  when  there  are  several  ways  of  taking  two 
roots  whose  sum  is  h.  The  method  becomes  illusory  when 
all  the  roots  can  be  distributed  in  pairs  whose  sum  is  Jt. 
Thus  suppose 

/W-CB- !)(«-*)(•-*)  (•--«), 

then  /(6  -a?)  =  (x  -  5)  (x  -  4)  (oj  -  2)  (a;-  1), 

which  is  identical  with  the  proposed.  But  in  this  case  we 
get  for  each  pair  of  factors  where  a  +  b  =  h, 

(x-a)(x-b)  =  (x-W-l(a-b)*', 

so  that,  if  we  put  x  —  \~h  =  */z,  the  equation  is  reduced  to  $n 
dimensions  in  z.  This  branch  of  the  subject  will  be  resumed 
at  Art.  164. 


ALGEBEAICAL  SOLUTION  OF   BINOMIAL   EQUATIONS. 

72.  These  are  equations  of  the  form  xn  ±  a  =  0,  contain- 
ing only  a  single  power  of  the  unknown  quantity,  which  may 
be  reduced  to  reciprocal  equations;  for  let  a  be  the  arith- 
metical value  of  Z/a,  and  for  x  write  cue,  then  the  equation 
becomes  xn  ±  1  =  0,  which  is  reciprocal. 

Although  we  have  already  obtained  the  complete  solution 
of  this  equation  (p.  18),  so  that  with  the  aid  of  a  Table  of 
Sines,  the  numerical  values  of  the  roots  may  be  easily  found 
in  the  form  a  +  b  V  —  ],  as  approximately  as  can  be  desired; 
yet  the  solution  by  a  purely  algebraical  process  deserves 
attention,  since  in  it  additional  properties  of  the  roots  are 
brought  to  light;  and  these  roots,  that  is,  the  wtt  roots  of 
unity  or  of  negative  unity,  are  indispensable  in  the  Algebraical 
solution  of  Equations,  and  are  not  unfrequently  employed  in 
several  of  the  higher  branches  of  Analysis. 

73.  In  all    cases    of  the   equation   x*  ±  1  =  0,   having 
expelled  the  real  factors  if  there  be  any,  if  we  transform  it 

n 


82 
by  the  substitution  y  =  x  +  -  ,  so  that  a?  -  yx  +  1  =  0,  since 

&/ 

y  will  be  the  sum  of  a  pair  of  conjugate  roots,  y  will  always 
be  real,  as  every  value  of  x  is  impossible,  and  equal  to  2  cos  <£ 

where  <f>  is  some  multiple  of-7r;  and  therefore  the  equation 

will  be  transformed  into  another  of  half  the  number  of 
dimensions  having  all  its  roots  real  and  situated  between 
—  2  and  +  2.  The  transformation  may  be  readily  effected 
thus  :  Taking  the  case  a;2"1"1"1  —  1  =  0,  and  expelling  the  factor 
x  —  1  ,  and  dividing  by  xm,  we  get 


...  +  1=:  o. 


Calling  the  first  member  Um  ,  and  putting 

—  ,  weh 
(Art.  70), 


-,   Vm  =  xm  +  —  ,  wehave 


V     =vV      -  V 

r«-l       y  '  m-z         '  m 


Hence,  adding  these  equations  together,  we  get 


Hence,  since  Z7,=y  +  l, 


83 

an  equation  whose  roots  are  all  real  and  unequal,  and  lying 
between  —  2  and  2.  The  general  term  of  Um  may  be  deduced 
from  that  of  Vm  (Art.  70)*.  .  This  process  readily  furnishes 
the  solution  of  all  binomial  equations  as  far  as  a;10  +  1  =  0  ;  but 
the  solution  of  xn  —  I  =  0  by  this  method  would  require  the 
solution  of  a  complete  equation  of  the  fifth  degree. 

74.  If  a  be  an  imaginary  root  of  xn  —  1  =  0,  then  a"1  will 
also  be  a  root,  ra  being  any  number  positive  or  negative. 

For  since  a  is  a  root,  a"  =  1  ;  therefore  (an)ra  =  1, 
or  (am)n  —1=0;  therefore  a™  is  a  root. 

Also,  if  a  be  an  imaginary  root  of  x*  +  1  =  0,  then  aw  is 
also  a  root,  m  being  any  odd  number  positive  or  negative. 

For  a"  =  -  1,    /.  (an)m  =  (-  l)m  =  -  1,  since  m  is  odd, 
or  (am)n  +1  =  0;    /.  aw  is  a  root. 

In  both  cases,  all  the  roots  are  manifestly  unequal  (Art.  60), 
for  the  derived  function  na?~l  can  have  no  factor  in  common 
with  xn±  1. 

75.  The  equations  x*  —  1  =  0,  and  xm  —  1  =  0,  can  have 
no  other  common  root,  except  unity,  when  m  and  n  are  prime 
to  one  another  ;  and  in  other  cases  they  have  in  common  all 
the  roots  of  ic2  —  1  =  0,  q  being  the  greatest  common  measure 
of  m  and  n. 

For  suppose,  if  possible,  a  to  be  another  common  root  ; 
and  let  a  and  b  be  two  numbers  determined  so  as  to  satisfy 
the  equation  an—  bm=l,  which  can  always  be  done  (Art.  143), 
since  m  and  n  are  prime  to  one  another;  then  a"=  1,  a"=  1, 
a""=l,  o""=l;  .'.  by  division  we  get  a°"~l>n'=  1,  ora  =  l, 
which  is  consequently  the  only  common  root. 

But  if  m  and  n  be  not  prime  to  one  another,  then  in  seek- 
ing the  greatest  common  divisor  of  xm—l  and  x*  —  1,  the 

*  This  can  best  be  effected  by  means  of  the  relation 


. 
dy       w  +  1     dy 
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successive  reductions  effected  upon  the  indices  of*,  will  be 
the  same  as  in  the  remainders  met  with  in  seeking  the  greatest 
common  measure  of  m  and  n;  if  therefore  q  be  that  common 
measure,  then  tf  -  1  is  the  greatest  common  divisor  of  xm  - 1 

and  r'-l. 

Hence  when  n  is  a  prime  number,  the  equation  xn  -  1  =  0 
has  no  root  in  common,  except  unity,  with  any  equation  of  the 
same  form  and  of  an  inferior  degree. 

76.  The  imaginary  roots  of  xn  -  1  =  0,  n  being  a  prime 
number,  are  the  same  as  the  several  powers  of  a  from  lton  —  1, 
a  being  any  one  of  the  imaginary  roots. 

The  quantities  a,  as,  a3,  ...  a*'1  are  roots  by  what  has  been 
proved,  and  no  two  of  them  are  equal;  for,  if  possible,  let 
af=a\p  and  q  being  both  less  than  n,  therefore  aT*  =  1 ;  or, 
a  is  a  root  of  x™  —  1  =  0,  and  also  of  xn  —  1  =  0,  which  is  im- 
possible, because  p  —  q  and  n  are  prime  to  one  another ;  there- 
fore the  roots  of  the  equation  are  all  contained  in  the  series 

1,  a,  a2,  ...a-1; 

and  if  it  be  continued,  the  roots  recur  in  the  same  order,  for 
a'  =  1,  a"+1  =  a",  a  =  a,  anw  =  an.  a2  =  a2,  &c. 

77.  This  property  of  producing  all  the  other  roots  by 
its  different  powers,  which,  when  n  is  prime,  belongs  to  any 
one  of  the  imaginary  roots,  is,  in  other  cases,  generally  confined 
to  the  first  imaginary  root,  a,  determined  by  De  Moivres 
formula,  (as  proved,  p.  21),  or  to  its  conjugate;  or  rather  to 
any  root  a",  provided  m  be  prime  to  n,  or  to  its  conjugate. 
If  therefore  /3  be  any  root  of  xn  —  1  =  0,  it  is  always  true  that 
any  power  of  £  is  also  a  root ;  but  not  always  true  that  all  the 
roots  can  be  produced  by  powers  of  /?. 

Thus,  in  the  case  x6-  1  =0,  or  (a;3-  1)  (x*+  1)  =0,  if  we 
take  ft  =  ^  (-  I  +  V-  3),  we  can,  by  its  powers  from  0  to  5, 
only  produce  the  roots  of  xs—  1  =0  twice  over;  but  we  can  by 
the  powura  of  a  produce  all  the  six  roots,  if  we  take 
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Any  root  of  xn  —  1  =  0  which  does  not  belong  to  any 
equation  of  the  same  form  and  of  an  inferior  degree,  and 
whose  powers  consequently  from  1  to  n—  1  have  distinct  values, 
is  called  a  primitive  root  of  xn  —  1  =  0.  When  n  is  a  prime 
number,  every  root  except  unity  is  a  primitive  root.  We  pro- 
ceed now  to  shew  the  existence  of  primitive  roots  for  a  bino- 
mial equation  whose  degree  is  a  composite  number,  and  to 
determine  the  number  of  them. 

78.  A  primitive  root  of  the  equation  xm  =  1,  whose  index 
m  is  the  //.th  power  of  a  prime  number  p,  will  =$lj8t/8l>... $»: 
where  fa  is  a  root,  different  from  unity,  of  of  =  1 ;  /?2  any  root 
of  a^  =  fa;  fa  any  root  of  3^=  fa,  &c. ;  and  fa  any  root  of 

•F-AM. 

Every  non-primitive  root  of  xm  =  1  must  belong  to  some 
equation  xq  =  1  where  q  is  a  divisor  of  m ;  but  every  divisor 

of  m,  except  itself,  is  a  divisor  of  j/"1 ;  therefore  the  roots  of 
a^=l,  and  consequently  all  the  non-primitive  roots  of  the 

proposed,  are  contained  in  x1^  =  1 ;  and  it  is  evident  that  all 
the  roots  of  this  last  equation  belong  to  the  proposed ;  there- 
fore the  number  of  the  non-primitive  roots  of  the  proposed 
is  p*'1 ;  and  consequently  the  number  of  the  primitive  roots 
is  p^—p*'1.  To  form  these,  let  j31fal33  ...fa  denote,  respec- 
tively, roots  of  the  equations 

of=l,  a^ft,  <r*  =  &,...  *"  =  &_,, 
and  assume 

a  =  /31fa...fa_1fa (1); 

then  this  formula  will  represent  all  the  roots  of  the  proposed. 
For  since  fa  has  p  values,  and  to  each  of  them  correspond 
p  values  of  fa,  and  to  each  of  the  values  of  fa  correspond 
p  values  of  fa,  and  so  on,  therefore  the  expression  for  a  ad- 
mits of  yp  values.  And  each  of  them  is  a  root  of  the  pro- 
posed; for 
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And  all  the  values  of  a  are  different  from  one  another.     For 
suppose  two  of  them  to  be  equal  to  one  another,  viz. 

A/3A---ft  =  £W'3--'£V  ............  (2), 

then  raising  both  sides  to  the  power  p,  and  observing  that 


we  get 

..ft-^/S'^.  ••£;_,  ............  (4), 


consequently  from  (2)  we  get  /^  =  ^. 

If  we  repeat  the  same  operation  upon  (4)  that  has  been 
{)crformed  upon  (2),  we  next  find  ^li_1  =  ^S'^-i  '•>  an(i  proceeding 
in  this  manner,  we  arrive  at  the  conclusion  that  the  equation 
(2)  cannot  subsist,  unless  all  the  factors  on  one  side  be  re- 
spectively equal  to  those  on  the  other  ;  whence  it  follows  that 
the  assumed  formula  for  a  will  furnish  all  the  m  roots.  As 
the  non-primitive  roots  satisfy  x^  =  1,  whenever  the  value 
of  a  given  by  (1)  is  a  non-primitive  root,  \ve  must  have 

(ftft...ft_1ftXt-1=i, 

or,  suppressing  the  factors  equal  to  unity, 

£T  =  1  .....................  (5). 

But  from  (3)  we  deduce 

aT  -«£"-»•-&*-&, 

therefore  equation  (5)  requires  that  we  have  /3X  =  1  ;  conse- 
quently the  value  of  a  given  by  formula  (1)  will  be  a  non- 
primitive  root  when  /?,  =  1,  and  a  primitive  root  in  the  con- 
trary case.  Hence  the  resolution  of  xn  =  1,  whose  degree  is 
the  /i*  power  of  a  prime  number^?,  is  reduced  to  finding  one 
root  fiv  different  from  unity  of  y?  =  1  ;  next  any  one  root  /32 
of  ;*•'  =  £,;  then  any  one  root  /38  of  xp=@2;  and  so  on, 
through  \L  equations  of  the  p*  degree  ;  for  by  that  means  we 
nhall  obtain  a  primitive  root  of  the  proposed  equation,  which 
by  it»  ]>ower8  will  furnish  all  the  other  roots. 
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79.  The  solution  of  the  general  case,  where  the  degree 
m  of  the  equation  xm  =  1  is  any  composite  number,  can  be 
made  to  depend  on  the  solution  of  equations  of  the  same  form, 
whose  degrees  are  the  prime  numbers,  or  the  powers  of  prime 
numbers,  which  are  divisors  of  m. 

Let  m  =p*qv...r*,  where  p,  q...r  are  distinct  prime  num- 
bers ;  also  let  /9,  7,  &c.  8  represent  respectively  roots  of  the 
equations 

0^  =  1,  ^  =  1,...^  =  !  ............  (1), 

then  if  we  assume 

«  =  /37-S  ..................  (2), 

it  will  have  m  values,  because  its  factors  /8,  7,  &c.  8  have 
respectively  p*,  qv,  &c.  r^  values  ;  and  these  values  will  be 
the  roots  of  the  proposed.  It  is  plain  that  this  expression 
for  a  satisfies  the  proposed  ;  for  we  have 

^  =  1,  /=i,  &c.,  8^=1; 
and  consequently 

/8*  =  1,  7m=l,  &c.,  8"=1;    /.  aw  =  l. 
And  no  two  values  of  a  are  alike  ;  for,  if  possible,  suppose 

/3y...S'  =  /3"7"...S", 

and  since  the  quantities  /S',  7',  ...  8'  are  not  all  equal  respec- 
tively to  yS",  7",  ...  8",  let  us  suppose  that  /3'  differs  from  /9". 
Now  raising  this  equation  to  the  power  qv.  .  .  r\ 

08V-  S')4"-'A=  (/8V-  S")9"-^, 
and  suppressing  the  factors  equal  to  unity  we  get 


But  £',  £",  being  two  distinct  roots  of  x^  =  1,  may  be  ex- 
pressed respectively  by  two  powers  fi**"',  /S"'  of  the  same 
primitive  root  /3  of  that  equation,  n  and  ri  being  <p*. 

Substituting  these  values  in  (3),  we  get 
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from  whence  it  follows  that  ft  is  a  root  common  to  the  two 
equations 

and  consequently  satisfies  the  equation  #'  =  1,  t  representing 
the  greatest  common  measure  of  p*  and  nqv...r*.  But  this 
common  measure  t  is  at  most  equal  to  n,  and  consequently  is 
less  than  jf ;  therefore  ft  is  not  as  we  have  supposed,  a  pri- 
mitive root  of  y^  =  1 ;  wherefore  the  assumed  formula  for  a 
will  furnish  all  the  m  roots;  and  if  ft,  y...8  be  primitive  roots 
of  the  equations  (1)  to  which  they  respectively  belong,  then 
the  value  of  a  given  by  formula  (2)  will  be  a  primitive  root 
of  the  proposed.  For  if  not,  then  a  will  satisfy  some  equation 
yf  =  1  whose  degree  t  is  inferior  to  m  ;  and  amongst  the  prime 
factors  of  m  there  will  be  at  least  one  that  will  be  contained 
in  /  a  less  number  of  times  than  in  m ;  suppose  it  to  be  p, 
then  t  will  be  a  divisor  of 

and  consequently  a  will  be  a  root  of 

-V,}/4   V'-l  I  r^         1  /  I N 

x  =1 (4), 

so  that  we  shall  have 

But  T9"  =  1,  &c.,  6^  =  I  ;    .-.  fteli~1f-<*  =  x  . 

from  whence  it  follows  that  ft  is  a  root  of  (4),  which  is  im- 
possible  since  ft  is  a  primitive  root  of  the  first  of  the  equa- 
tions (1). 

Moreover  if  any  one  of  the  quantities  ft,  7, ...  8  be  not  a 
primitive  root  of  the  equation  to  which  it  belongs,  neither 
will  the  corresponding  value  of  a  be  a  primitive  root  of  the 
proposed.  For  suppose  ft  not  to  be  a  primitive  root  of  the 
first  of  the  equations  (1),  then  we  shall  have 

'=1,  7?"=l,&c.,  8^  =  1, 
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which  shews  that  &<y  .  .  .  &  satisfies  a  binomial  equation  of  a 
degree  inferior  to  m. 

The  number  of  the  primitive  roots  of  the  proposed  may 
now  be  computed  ;  for  the  number  of  the  primitive  roots  $  is 


_ 

that  of  the  primitive  roots  7  is 


and  so  on  ;  therefore  the  number  of  the  primitive  roots  of  the 
proposed  is 


p 


GAUSS'S  METHOD   OF  SOLVING  BINOMIAL  EQUATIONS. 

80.  The  solution  of  xn  —  1  =  0,  by  what  has  been  proved, 
can  always  be  reduced  to  the  case  where  n  is  a  prime  number ; 
and  the  case  of  n  a  prime  number,  by  a  method  invented  by 
Gauss,  may  be  made  to  depend  upon  the  solution  of  equations 
whose  degrees   do  not  exceed  the   greatest  prime   number 
which  is  a  divisor  of  n  —  1.     The  leading  feature  of  Gauss's 
method  is  to  represent   the  imaginary  roots  by  a  series  of 
powers  of  any  one  of  them,  whose  indices  form  a  geometrical 
instead  of  an  arithmetical   progression.     Thus,   if  m  be  a 
number  (and  such,  called  primitive  roots  of  n,  can  always  be 
found)  whose  several  powers  from  1  tow  — 1,  when  divided 
by  n,  leave  different  remainders,  and  a  be  any  imaginary  root, 
then  all  the  roots  may  manifestly  be  represented  by 

a"',  am  ,  a'"  ,  . . .  am~~  ; 

or,  since  mn~1  =  fm  +  1,  where  /&  is  an  integer,  by 
a,  am,  am",  &c.,  a1"""  . 

81.  The  advantage  of  this  mode  of  representing  the  roots 
is,  (1)  that  they  can  be  distributed  into  periods,  each  of  which, 

12 


90 

when  continued,  will  produce  the  roots  of  that  period  in  the 
same  order ;  and  (2)  that  the  product  of  any  number  of  such 
j>eriods  will  be  equal  to  the  sum  of  a  certain  number  of 
periods ;  the  importance  of  which  properties  will  be  seen  in 
the  use  made  of  them. 

(1)    Let  n  —  1  =  rs,  r  being  a  prime  factor  of  n  —  1,  and  let 
mr  =  h ;  then  the  roots  may  be  written  in  vertical  columns, 
each  consisting  ot  r  terms,  as  follows, 
a     a*     a*'       ..a**" 


a.       a.        a         ...  a      '    , 

and  if  any  one  of  the  periods  formed  by  the  horizontal  rows 
be  continued,  the  roots  in  that  period  will  be  produced  in 
the  same  order;  thus,  if  the  first  row  were  continued,  the 
indices  would  be 

and  the  corresponding  roots,  a,  a*,  &c. 

(2)    Let  any  two  of  the  above  periods  be  represented  by 


and  let  us  multiply  them  together,  using  each  term  of  the 
lower  line  in  succession  as  a  multiplier,  and  starting  at  that 
term  of  the  upper  line  which  stands  over  it,  and  producing 
the  upper  line  so  as  to  supply  the  terms  neglected  at  the 
beginning,  the  result  is 


+  &c. 
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and  therefore,  collecting  the  vertical  columns  into  periods, 
we  get 


or  the  product  of  two  periods  is  equal  to  the  sum  of  8  periods  ; 
and  consequently  the  product  of  any  number  of  periods  will 
be  equal  to  the  aggregate  of  a  certain  number  of  periods. 

Ex.1,      a7-  1  =  0;    6  =  3.2,    /.  r  =  3,   s  =  2;    also  3,  3s, 
38,  34,  38,  when  divided  by  7,  leave  different  remainders,  viz. 
3,  2,  6,  4,  5  ;  .*.  m  =  3,  and  the  roots  are 
P!  =  CC  +a8 


and 
Also 


8  =  ~  2 

and  p^^s  =p*  +pt  +Ps  = 
Therefore  the  cubic  which  has  j^,^,  p&,  for  its  roots,  is 

/+/-2p-l  =  0. 

Ex.2.     ic"-l=0;  16  =  2.8,  also  the  powers  of  3  from 
0  to  15,  when  divided  by  17,  leave  remainders 

1  3  9  10  13  5  15  11   16  14  8  7  4  12  2  6, 
.'.      =  a  +a9  +a13  +  a15  +  a16  +  a8  +  a*  +  a2 


then  p  +  q  =  —  1,  and 


+a8  +a9  +  a  +  a"  +  a"  +  a11 


=p  +q  +p  +P  +P  +2  +2 
therefore  p  and  <?  are  roots  of  a8  +  a  —  4  =  0. 
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Next,  the  periods^,  ?,  may  be  resolved,  respectively  into 
the  periods 

«  e  14      .  1'^ 

t  =a   +  a   +a   +a  1  . 


and  r*  = 


a'  +a+a  + 

therefore  r,  *,  are  roots  of  zz-pz-  1  =0;  and  similarly  t,  u, 
are  roots  of  2*  —  #2  —  1  =  0. 

Lastly  the  periods  r,  s,  t,  u,  may  be  resolved,  respectively, 
into 


ri  =  a   +a»)         Sl  =  a"+a8)         «,  =  «?  +  a")        n^a^a1) 
r.-rf'+a*}'      ,,  =  *»  +  &'      ^  =  a5  +  aMJ'      «2  =  au  +  a8r 


then  r,  +  r2  =  r, 

r1r1=al*  +  aB  +  as  +  a8=*, 

.-.  r,,  r,,  are  roots  of  s*  —  r2  +  1  =  0  ; 

1  TT 

and  r,,  the  greatest  root  of  this  equation,  =  a  +  -  =  2  cos  —  . 

82.  Any  radical  has  always  as  many  values  as  there  are 
unite  in  its  index,  and  these  values  are  obtained  by  multiply- 
ing the  arithmetical  value  of  the  root  of  the  quantity  under 
the  sign,  by  each  of  the  roots  of  +  1  or  —  1. 

For,  every  root  of  the  equation  xn±a  =  0,  is  an  algebraical 
value  of  V+  a  ;  but,  whatever  be  ±  a,  this  equation  admits 
n  roots  all  different  from  one  another;  therefore  the  radical 
'J  ±a,  considered  algebraically,  will  have  n  different  values. 
When  a  is  real  and  positive,  the  equation  x*  =  a  has  always 
one  real  root  a,  and  the  n  values  of  Ifa  will  be  obtained  by 
multiplying  a  by  each  of  the  n  values  of  ^1  ;  in  like  manner, 
the  values  of  l]~^a  will  result  from  multiplying  a  by  the 
values  of  ,^~i. 


Hence  Ifa  x  fa  will  have  r  values,  where  r  is  the  least 
common  multiple  of  m  and  n. 

For,  let  a,  /9,  be  the  arithmetical  values  of  the  radicals, 


m+n 


then  Va  x  ;/&  =  a£  (1)  mn  ; 

but  if  -  be  reduced  to  its  lowest  terms,  the  numerator 
inn 

will  be  an  integer  and  the  denominator  will  be  r,  the  least 
common  multiple  of  m  and  n  ; 


which  has  r  different  values.  Also  we  see  that  the  extraction 
of  a  root  of  the  degree  pq,  where  p  and  q  are  prime  to  one 
another,  is  reduced  to  the  extraction  of  two  roots  one  of  the 

degree  p,  the  other  of  the  degree  q.     Thus  ZJa~=t/a.  *J  -  ; 

Or 

and,  a  and  /?  being   integers  positive  or  negative,  so  taken 
a=  1, 


SECTION  V. 

ON  THE  GENERAL  SOLUTION  OF   EQUATIONS  OF 
A  DEGREE  INFERIOR  TO   THE   FIFTH. 


83.  WE  shall  now  direct  our  attention  to  those  cases  of 
finding  the  expressions  for  all  the  roots  of  an  equation  of  an 
assigned  degree  in  terms  of  its  coefficients,  the  coefficients 
being  general  symbols,  in  which  a  solution  has  been  effected. 
These  methods,  which,  as  was  before  observed,  succeed  only 
for  equations  of  a  degree  not  exceeding  the  fourth,  are  the 
results  of  particular  artifices ;  but  they  are  all  reducible  to 
one  principle,  as  will  be  hereafter  shewn. 

The  general  expression  for  the  roots  of 
xn  +plxn~1  +  &c.  =  0, 


if  it  could  be  obtained,  would  consist,  first,  of  a  part  affected 
with  radicals,  by  means  of  the  different  values  of  which,  it 
would  be  capable  of  representing  all  the  roots ;  and,  secondly, 
since  the  sum  of  the  roots  is  rational,  of  a  rational  part,  A, 
which  would  be  the  same  for  every  root;  hence,  in  taking 
the  sum  of  the  roots,  the  radical  parts  must  destroy  one  an- 
other, and  we  should  have 

^ 
nh  =  —p^  or  h  = pv 

which  is  the  value  of  the  rational  part  of  every  root.  The 
genera]  solution  of  an  equation  wanting  its  second  term  will, 
consequently,  be  simpler  than  that  of  the  corresponding  com- 
plete equation,  as  it  will  have  no  part  unaffected  with  radicals. 
Hence  in  the  following  instances  we  shall  suppose  the  equa- 
tion to  be  deprived  of  its  second  term. 
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SOLUTION   OF  A  QUADRATIC   EQUATION. 

84.     Let  the  equation  be  reduced  to  the  form 
a?  +  px  +  q  =  0  ; 

then  this  may  be  transformed  into  #*  =  a,  by  taking  away  its 
second  term.     For,  putting  x=y  —  \p  (Art.  29),  we  have 


*  — 2-*         2-1- 


P8  P* 

Hence,  if  ^-  >  q,  the  roots  are  real  ;  if  -y  =  ^  they  are  equal, 

2 

and  ce2  +px  +  q=(x  +  %pf  is  a  perfect  square  ;  if  £-  <  q,  the 
roots  are  impossible.     Also  if  a,  fi,  be  the  two  roots, 


Hence  also,  any  trinomial 

ax*  +  bx  +  c  or  a(o;!'  +  - 

\        a        a 

will  be  resolvable  into  two  real  simple  factors  or  not,  ac- 

52  c 

cording  as  —  ^  >  or  <  -  ;   and  it  will  be  a  perfect  square 

J2      c 

when  —  5  =  -  ,  or  b*  =  4ac  :  i.  e.  when  the  square  of  the  co- 
4a      a 

efficient  of  the  middle  term  is  equal  to  four  times  the  product 
of  the  coefficients  of  the  extreme  terms. 

85.     Any  impossible  expression  of  the  form  a  ±  /9  V—  1 
may  be  transformed  into  r  (cos  6  ±  v^l  sin  ff). 

For,  a  and  /3  being  real  quantities,  there  always  exists  an 

Q 

angle  0,  such  that  tan  6  =  -  ; 
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then  cos  6  =    .  g      _ ,  sin  6  =  —. 

if  therefore  'Jof  +  ft*  =  r,  we  have 

a  ±  y8  V^~i  =  r  (cos  Q  ±  V—  1  sin  6}. 

Hence  any  pair  of  imaginary  roots  of  an  equation  may 
be  represented  by  the  formula  r  (cos  Q  ±  V—  1  sin  ff)  ;  and 
the  quantity  r,  which  =  Va2  +  /S2  =  square  root  of  the  pro- 
duct of  the  roots,  and  is  always  real,  is  called  the  Modulus 
of  the  expression  a  +  ft  V—  1 ;  and  is  that  quantity  by  which 
the  impossible  roots  are  estimated,  when,  as  is  sometimes 
requisite,  they  are  compared  in  regard  to  magnitude  with  the 
real  roots. 

In  the  case  of  the  expression, 


which  represents  the  roots  of  x2  +px  +  q  =  0  (Art.  84), 


hence,  a?  +px  +q  =  x*-2r  cos  6x  +  r*  ; 
that  is,  any  irreducible  quadratic  factor  of  an  equation, 


q,  where    -  <  q, 
may  be  transformed  into  3?  -  2r  cos  6x  +  r>,  by  making 

r  =  Vo  and  cos  6  =  --  ^=  . 
2Vq 

86.     To  solve  an  equation  of  the  form 


Putting  x*  =  y,  we  find  /  +  py  +  q  =  0. 

If  this  have  two  real  roots  a  and  b,  then  the  2n  values  of 
x  are  the  roots  of  the  equations 
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If  the  roots  of  the  quadratic  are  imaginary,  i.  e.  if  ?—  <  qt 

then,  making  r  =  -\/q,  and  cos  6  =  — ^= ,  the  proposed  equation 

2  Vq 
becomes 

x*"  -  2r  cos  Oxn  +  r*  =  0 ; 
or  a:2"  -  2  cos  0xn  +  1  =  0, 
changing  xn  into  ofr,  which  has  already  been  solved,  (p.  26). 


SOLUTION   OF  A  CUBIC   EQUATION   BY   CARDAN'S   RULE. 
87.  "  Let  the  equation,  by  Art.  29,  be  reduced  to  the  form 

x3  +  qx  +  r  •=  0  ; 

and  put  x  =  y  +  z,  that  is,  suppose  x  equal  to  the  sum  of  two 
other  unknown  quantities  ; 


and  therefore  the  proposed  equation  becomes 


Now  since  we  have  two  unknown  quantities,  and  have 
made  only  one  supposition  respecting  them,  namely,  that 
y  +  z  =  X)  we  are  at  liberty  to  make  another  ;  let  therefore 

3yz  +  q  =  0, 


or 


Hence  y3,  z3,  are  the  roots  of  the  equation 


since  the  coefficient  of  the  second  term  with  its  sign  changed 
is  equal  to  their  sum,  and  the  last  term  is  equal  to  their 
product.  Solving  this  equation,  we  get 


r  /r*      q* 

~  2  ±  V  4  +  27  ' 


13 


98 


but  x  = 


TTTY,  f  r     /':V?fV 

4+27j+r2      V  4+27J' 


an  expression  which  (since  the  cube  root  of  any  quantity  has 
three  values)  contains  implicitly  the  three  roots;  and  the 
quantities  q  and  r  are  either  real  or  imaginary. 

88.  This  method  only  serves  for  the  numerical  solution 
of  cubic  equations  in  those  cases  in  which  the  equation  has 
two  impossible  roots. 

Let  the  coefficients  q  and  r  be  real  quantities,  and  let  m 
and  n  be  the  arithmetical  values  of  the  two  surds  in  the  value 
of  x,  and  1,  a,  a2,  the  three  cube  roots  of  unity;  then  the 
three  values  of  y  are  (Art.  82)  m,  am,  a?m,  and  those  of  z  are 
n,  an,  aV  By  combining  these  values  two  and  two  to  form 
y  +  z,  we  shall  have  nine  values  of  x;  the  number  being 

tripled  by  reason  of  our  having  employed  y3z3  =  —  ( |  j ,  instead 
of  yz  =  —  ^ ,  the  relation  arising  immediately  in  the  process ; 
and  we  observe  that  every  combination  will  satisfy  yszs  =  — ,  f 

\O_ 

but  only  three  the  given  condition  yz  =  —  | ,  which  latter  are 

O 

the  roots,  viz. 

m  +  n,    am  +  a*n,    a*m  +  an ; 

or  substituting  for  a,  a\  their  values,  -£(1  ±  V^3)  (p.  17), 
the  three  roots  are 


m  +  n,  and  -  £  {m  +  n  ±  (m  -  n)  V^3}. 

Hence,  as  long  as  the  expression  A/-  +  2-  is  possible, 

V   4       27 
the  values  of  m  and  «  are  possible,  and  the  equation  has  one 
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possible  root,  the  numerical  value  of  which,  as  also  those  of 
the  two  imaginary  roots,  may  be  obtained  after  somewhat 
laborious  calculations  from  the  above  formulae. 

/    Q  3 

But  when  the  expression  \l  -  +  |-  is  impossible,  m  and 

Y         Tt  —I 

n  are  impossible,  and  all  the  three  roots  appear  under  imagi- 
nary forms  ;  whereas,  the  equation,  being  of  an  odd  degree, 

r2     <? 
has  at  least  one  real  root  ;  and  indeed,  since  —  +  ^=  is  nega- 

tive, it  has  (Art.  54)  all  its  roots  real  ;  in  this  case  therefore 
the  above  formulas,  although  algebraical  expressions  for  the 
roots,  cajrtiot  on  account  of  the  imaginary  quantities  which 
they  involve,  be  applied  to  furnish  the  numerical  values  of 
the  roots. 

OBS.  It  is  easily  seen  that  the  six  superfluous  values  of 
x  above  mentioned  would  be  the  roots  of  the  proposed  equa- 
tion, supposing  q  to  be  successively  replaced  by  aq  and  a?q  ; 

since  each  of  the  relations  yz  =  --aq,  yz  =  --  o?q,  leads  to 


Ex.1,     x3  -3x-  110  =  0. 


?-      1     r-      55 
3~    '*'    2~ 


1  +  2   =  V(55)2-l  =  12  \/21  =  54-991  ; 

/.  ic=  (55  +  54-991)*  +(55  -54-991)* 
=  4-79...  +  0-208...  =  4-999...  =  5. 


100 
Ex.2,     j-3-  12*  -65  =  0. 


Ex.  3.     xs-2x-5  =  0. 

*  =  2-0945...,  or  =-1-0472...  ±  (M362...)  V-l. 

89.     In  the  case  of  the  roots  being  all  real,  which,  for 
the  reason  just  stated  is  called  the  Irreducible  Case,  that  is, 

<73      r2 
when  q  is  negative,  and  ~  >  —  ,  it  may  be  observed  that  the 

assumptions  in  the  process 


are  inconsistent  with  one  another;  for  the  product  of  two 
real  quantities  can  never  exceed  the  square  of  half  their  sum. 
In  this  case  we  can  shew  that,  in  the  expressions  for  the 
roots,  the  impossible  quantities  destroy  one  another,  and  the 
three  roots  are  real.  For  let  the  values  of  w3  and  n3  be  re- 
presented by  a  +  b  V—  1  ;  then,  expanding  by  the  binomial 
theorem,  and  taking  P  and  Q  to  denote  real  functions  of  a 
and  b,  we  have 

(a±b  V^T)*  =  P  ±  Q  V~l  ; 


and  the  three  values  of  a;  are  2P,  and  -|(2P±  2$  VI),  which 
are  all  real.  This  mode  of  proceeding,  however,  is  useless 
in  finding  the  numerical  values  of  the  roots  ;  for  if  we  con- 
vert (a  +  b  v7-  l)*  into  a  series,  P  and  Q  will  be  expressed  by 
series  which  rarely  converge,  and  from  which  we  can  never 
obUiin  the  exact  values  of  P  and  Q  ;  and  if  we,  attempt  to 
express  the  cube  root  of  a  ±  b  V^l  by  an  expression  of  the 
same  form,  we  shall  have  to  solve  a  cubic  of  the  same  kind 
a«  the  one  in  question. 

Hence   Cardans  rule  succeeds  for  the  following  forms, 
where  7  and  r  are  essentially  positive, 
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a;3  -f  qx  ±  r  =  0  in  all  cases, 

,  q*      r3 

x  ~~  qx  T  T  ^  u  wnen  — —  <  —  j 

and  it  fails  for     x3  —  qx  ±  r  =  0  when  —  >  -  , 

all  the  roots  of  which  are  real. 

90.  We  may  take  notice  that  in  Cardan  s  solution  two 
roots  can  be  expressed  rationally  in  terms  of  the  third  root 
and  known  quantities.  For,  putting 

we  get 

^        _  (m'-n*)  V^3  _  p  m 

~  (m  +  nf  —  mn      3  (m  +  n)'2  +  q ' 

so  that  making  m  +  n  =  xl,  and  obtaining  for  p  its  two  values 
from  (1),  the  expression  for  the  other  two  roots  in  terms 
of  cc,,  is 

If  p      \  -2ax?+(o-3r}x. 

-  -  \x,  +  =— £- —   ,  or  — 


since  ^  +  ^  +  r  =  0. 
Also  if  we  determine  Q  and  R  from  the  identity 

#3  +  qx  +  r  =  Q  (2qx  +  3r)  +  R, 
and  then  make  a;  =\  x1  ,  the  expression  becomes 

(p  -  3r)  ajj  x          =       {62<  -  (9r  +  p)  ^ 


Or,  again,  determining  Q'  and  .#'  from  the  identity 

x3  +  qx  +  r  =  Q'  [Gqx*  -  (9r  +  p}  x  +  4?2}  +  R', 
and  then  making  x  =  xl  ,  the  expression  is  transformed  into 

1  R'  _      (9p-p}x1-2qa 
2p  Q'       ' 


91.     There  is  one  case  in  which  Cardans  rule  succeeds 
for  the  equation  x3  -  qx  +  r  =  0  when  all  the  roots  arc  real  ; 
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it  ia  when  two  of  them  are  equal,  in  which  case  also  the  roots 
of  the  reducing  quadratic  are  equal  ;  for  then  m  =  n,  and  the 
values  of  x  are 

m  +  n,  -%(m  +  n),  -$(m  +  n). 

In  this  case, 


'=-!=-(!)' 


_  2  .  /  2     .  /2 


and  the  roots  are 

3'    V  3'    V  3* 

TRIGONOMETRICAL   EXPRESSIONS  FOR  THE   ROOTS  OF   A 

CUBIC. 

By  the  employment  of  Trigonometrical  formulae,  we  ob- 
tain simple  expressions  for  the  roots  of  a  Cubic,  not  only  in 
the  irreducible  case  when  the  algebraical  formulae  cease  to  be 
of  use  for  computing  the  numerical  values  of  those  roots,  but 
in  all  the  other  cases. 

92.     If  in  the  expression 


r  (*Y  fq 

we  put  cot  0  =  - 1  - 1  ,  it  becomes  /y  3  (—  cot  <j>  ±  cosec  < 
Hence,  reducing,  the  real  root  of  x9  +  qx  +  r  =  0  is 


which,  by  putting  tan  ^  =  tan8  0,  may  be  further  transformed 
into 


4  cot 
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Similarly,  the   real  root  of  a;9  —  qx  +  r  =  0,  -^-  <  -  ,  be- 

27      4 

comes  (by  putting  cosec <£  =  -(-),  tan  -  =  tan3 0], 

2  \qj  2 

R 

-  2  A/  J  cosec  20. 

V    o 

a3      r* 
Also,  in  the  irreducible  case,  Xs  —  qx  ±  r  =  0,  —  >  -  ,  the 

expression 


T  IT  U  1  U  \       I   _    /     /  O  \  / 

+  «±A/-T-^=    ^      U«    -     ±V-1     1- 


r 
by  making  cos  <£  =  +  -  I  -  )  ,  becomes  equally 

""  « 


.  - 
o)  (—  cos^>  +  v  —  1  sm<£), 


or    I)   {cos  (TT  +  ^>)  ±  \f  —  I  sin  (TT  +  <£)}  ; 


8 

\o 

and  therefore  the  three  values  of  x  are 

TT±<}> 


SOLUTION  OF  A  BIQUADEATIC  EQUATION  BY  DBS  CARTES^ 

METHOD. 

93.     Let  the  proposed  equation  be  reduced  to  the  form 
x*  +  go?  +  rx  +  s  =  0 ; 

and  as  the  first  member  may  be  always  regarded  as  the  pro- 
duct of  two  real  quadratic  factors,  we  may  assume  it 
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(effecting  the  multiplication),  where  the  coefficients  of  the 
second  terms,  p  and  -  p,  are  equal  and  of  opposite  signs, 
because  the  second  term  of  the  proposed  equation  is  want- 
in"  that  is,  the  sum  of  its  roots  is  zero.  Hence,  equating 

O'  ' 

coefficients, 
9 


or 


Z,    2/=  <?+/  — 


or  /  +  2qp*  +  (q*  -  4s)  /  -  r2  =  0, 


the  equation  for  determining  p,  which  rises  to  the  sixth 
degree,  because  a  polynomial  of  four  dimensions,  may  have 

A       *  ' 

(Art.  17)  -  -  ,  or  six  divisors  of  the  second  order.     Also, 

A.    •    M 

because  the  values  of  p  are  the  sums  of  every  two  roots  of 
the  proposed  biquadratic,  and  because  the  sum  of  these  roots 
is  zero,  and  therefore  the  sum  of  any  two  is  equal  and  of  a 
contrary  sign  to  the  sum  of  the  other  two,  therefore  the  values 
of  p  will  be  in  pairs  differing  only  in  sign  ;  this  is  the  reason 
why  the  equation  for  determining  p  involves  only  even  powers 
of  p,  and  may  therefore  be  depressed  to  a  cubic  by  putting 
;/  =  ?/.  The  reducing  cubic  is 


which  (Art.  10)  has  necessarily  one  real  positive  root;  let 
this  be  f*,  then  the  four  values  of  x  are  contained  in  the 
quadratic  equations 
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Ex.  x*  -  Zx2  -  42a-  -  40  =  0. 

Here         ?  =  -3,   r  =  -42,   s  =  -40; 
and  the  reducin    cubic  is 


which  has  a  root  =  9,  (Art.  67), 

.'.  e  =  3;    .'.  a;2  +  3^+  10  =  0,    #2-3a;  -4  =  0; 


_ 
the  roots  of  these  quadratics  —  -  (  3  +  V  —  31  1  ,  —  1  ,  4,  are  the 

^  \  J 

roots  of  the  proposed  equation. 

94.  The  reducing  cubic  will  have  all  its  roots  real, 
unless  two  of  the  roots  of  the  proposed  biquadratic  are 
possible  and  unequal,  and  two  impossible. 

For  the  square  of  the  sum  of  any  two  roots  of  the 
proposed  is  a  root  of  the  reducing  cubic;  if  therefore  the 
proposed  have  all  its  roots  real,  the  reducing  cubic  will 
have  all  its  roots  real;  or  if  the  proposed  have  all  its  roots 
imaginary,  and  therefore  of  the  form 


since  their  sum  is  zero,  then  the  square  of  the  sum  of  every 
two  will  be  real,  and  therefore  the  cubic  will  have  all  its  roots 
real.  But  if  the  proposed  have  two  real  unequal  roots,  and 
two  imaginary  roots,  and  therefore  of  the  forms 

a+/3\/—  1,  a—  /3V—  1,  —  a  +  7,  —a  —  7, 
then  the  square  of  the  sum  of  a  real  and  an  imaginary  root 
will  be  imaginary,  and  therefore  the  cubic  will  have  one  and 
consequently  two  imaginary  roots.  As  it  is  only  in  the  latter 
case  that  a  numerical  solution  of  the  reducing  cubic  can  be 
obtained,  therefore  Des  Cartes's  method  can  only  be  applied 
to  those  cases  in  which  two  roots  of  the  biquadratic  are  pos- 
sible and  unequal,  and  two  impossible. 

It  will  be  observed  that  in  the  latter  case,  if  the  two  real 
roots  are  equal  to  one  another,  i.  e.  if  7  =  0,  the  cubic  will 
have  all  its  roots  real  ;  but  as  two  of  them  are  equal,-  it  can 
still  be  solved. 

14 
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95.  If  the  roots  of  the  reducing  cubic  can  be  obtained, 
and  are  put  under  the  forms  (2a)2,  (2£)2,  (27)2,  then  the  four 
roots  of  the  biquadratic  are 


For,  -i2  =  rf+/8«  +  y,   and  r2  =  (8a/37)2  ; 

let  /  =  (2a)2,    or  p  =  ±  2a  ; 
therefore,  taking  the  upper  sign, 


therefore  the  first  reducing  quadratic  is 

a^  +  2ax  +  a2-03  +  7)2=0, 
which  gives  for  x  the  values 

-(a  +  /3  +  7),    £  +  7-a; 
similarly,  the  other  quadratic,  taking  p  =  —  2a,  is 

x2-2cu;  +  a2-09-7)2  =  0, 
which  gives  the  other  values 


Hence  the  roots  of  the  biquadratic  are  symmetrical  func- 
tions of  the  roots  of  the  reducing  cubic  ;  and  whatever  root  of 
the  reducing  cubic  is  used  in  the  process,  the  same  values  of 
x  are  obtained. 


SOLUTION  OF   A  COMPLETE  BIQUADRATIC  BY  FERRARI'S 
METHOD. 


96.     Let  the  equation  be 
cc4  +pj?  + 
and  let  it  l>e  supposed  the  same  as 
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where  k,  I,  m  are  unknown,  and  are  to  be  determined  so  as 
to  make  the  latter  equation  coincide  with  the  proposed. 
Now 


m    =  a- 


tlierefore,  by  comparing  this  with  the  proposed,  we  have,  to 
determine  k,  I,  w,  the  equations 

2 

*-  +  2m  -  A-2  =  q,    pm  -  2k!  =  >•,    m*  -P  =  s. 

Substituting,  in  the  second,  the  values  of  k  and  I  obtained 
from  the  first  and  third,  we  get  for  the  reducing  cubic 
8m*  -  Iqm*  +  (2pr  -Ss)m-  p*s  +  4qs  -  r*  =  0.  .  .  (1), 

which  will  necessarily  give  one  real  value  for  m  ;  then  k  and 
I  are  known  ;  and  we  find  the  two  reducing  quadratics 


3?  +  (|  +  k\  x  +  m  +  1  =  0, 


Ex.     x4  +  x3  -  ±y?  -  ±x  +  1  =  0. 

The  reducing  cubic  is 

8  m3  +  16m2  -  Urn  -  33  =  0, 

in  which  a  value  of  2m  is  —  3  ;  therefore  k  =  ^  \/5,  1= 
and  the  proposed  equation  is  decomposed  into 

x*  +  \  (1  +  V5)  x  +  \  (-3  +  V5)  =  0, 
x*  +       1  -  Vo)  x  +  ±  -  3  -  V5)  =  0. 


97.  In  this  method  the  reducing  cubic  will  have  all  its 
roots  real,  unless  two  roots  of  the  biquadratic  are  possible  and 
two  impossible  ;  for  suppose  the  roots  to  be  a,  /3,  7,  S  ;  and 
suppose  any  two  a,  /?,  to  satisfy  the  first  reducing  quadratic, 
and  consequently  7,  8,  the  second, 

.*."  m  +  1  =  a/8,  m  —  I  =  78  ; 
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.-.    //»=  i  (0/3+76),  and  the  other  values  of  m  must  be 


Hence  if  a,  y9,  7,  S,  be  either  all  possible,  or  all  impossible, 
the  values  of  m  are  real  ;  but  if  two  roots  of  the  biquadratic  be 
possible  and  two  impossible,  then  two  values  of  m  will  be  im- 
possible, and  the  reducing  cubic  may  be  solved  by  Cardan  s 
rule.  In  the  latter  case,  however,  if  the  two  real  roots  are 
equal,  the  cubic  will  have  all  its  roots  real  ;  but  it  may  be 
solved,  because  two  of  them  will  be  equal. 

If  in  (1)  we  substituted  for  2m  the  value  I?  —  %pz  +  q,  it 
would  be  transformed  into  an  equation  of  the  sixth  degree  in 
k,  but  containing  only  even  powers  of  k,  and  might  be  taken 
for  the  reducing  equation  ;  then  since 


therefore  —  2&  =  a  +  y9  —  7  —  8,  the  expression  for  the  roots  of 
the  reducing  equation  in  k  ;  which  is  a  linear  function  of  the 
roots  of  the  proposed,  and  can,  by  permuting  those  roots, 
assume  six  values,  equal  two  and  two  and  of  contrary  signs. 


SOLUTION  OF  A  BIQUADRATIC  BY  EULER'S   METHOD. 
98.     Let  the  equation  be  reduced  to  the  form 

ar4  +  qy?  +  rx  +  s  =  0, 
and  assume    x= 


or  a?-  (if  +  z*  +  tt«)  =  2 


or,  replacing  y  +  z  +  u  by  x,  and  transposing, 
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In  order  that  this  may  coincide  with  the  proposed,  we 
must  have 

=  -8yzu, 


r  „  ,  ,      r* 

y*u  =  --,    oryau--; 

hence  y2,  z2,  w2,  are  the  roots  of  the  cubic 


16  64 

Let  i2,  <'*,  <"2,  denote  the  three  values  of  t  in  this  equa- 
tion; 

•*•  y  =  ±  *»  s  =  ±  £'>  w  =  ±<"  ; 

which  six  values,  combined  three  and  three,  would  give  8 
values  of  y  +  z  +  u  or  x,  instead  of  4  ;   the  number  being 

r2 
doubled  because  we  have  used  jf*V  =  —  ,  instead  of  the  given 

y 

condition  yzu  =  —  -  which  only  allows  those  values  of  y,  z,  u, 
8 

to  be  combined  which  give,  when  multiplied  together,  a  result 
with  a  contrary  sign  to  r. 

Hence  if  r  be  negative,  there  must  be  either  two  negative 
quantities,  or  none,  in  every  combination  ;  and  if  r  be  positive, 
there  must  be  either  two  positive  quantities,  or  none,  in  every 
combination  representing  a  root.  Therefore,  in  the  former 
case,  that  is,  when  r  is  negative,  the  roots  are 

t-t'-t",  t'-t-t",  r-t-tr,  t  +  r+t"-, 

and  in  the  latter  case,  when  r  is  positive,  the  roots  are 
r  t  +  f-t",  t+t"-t',  t'  +  t'-t,  -t-tf-t"-, 
and  it  will  be  observed,  that  the  second  set  of  roots  results 
from  the  first,  by  changing  the  sign  of  any  one  of  the  quan- 
tities t,  t',  t". 

99.  In  this  case  also,  the  reducing  cubic  will  have  all  its 
roots  real,  except  when  the  proposed  has  two  possible  and  two 
impossible  roots. 
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Since  the  last  term  of  the  reducing  cubic  is  essentially 
negative,  it  will  always  have  one  real  positive  root  tf2,  and  the 
remaining  roots  will  be  either  both  positive,  both  negative,  or 
impossible ;  that  is,  of  the  forms 

(*,  t"* ;  -*",  -  t""-  •  or  p-  (cos  20  +  \^T  sin  20), 

Hence,  according  as  the  reducing  cubic  has  three  positive 
roots,  two  negative  roots,  or  impossible  roots,  the  biquadratic 

x*  +  qx'  —  rx  +  s  =  0 
will  have  its  roots  respectively  of  the  forms 

t±(r  +  t"),  -t±(t'-n; 

t  ±  ^l  (t  -  t"),  -t±  \f~l  (f  + 1"} ; 
t  ±  2p cos  0,  -t  ±  V~i  2p sin  6. 
In  the  case  of  the  equation 

x*  +  qx*  +  rx  +  s  =  0, 

we  must  change  the  sign  of  t  in  the  above  expressions,  and  the 
results  will  be  its  roots. 

If  20  =  TT,  or  the  two  real  roots  of  the  biquadratic  become 
equal,  then,  as  before,  the  reducing  cubic  has  three  real  roots, 
two  of  which  are  alike. 

Lagrange's  method  of  solving  both  cubic  and  biquadratic 
equations  will  be  given  in  Section  X.  He  shews  that  all  the 
other  methods,  though  different  in  appearance,  ultimately  in- 
volve the  same  principle :  viz.  that  of  making  the  solution  of 
the  proposed  equation  depend  upon  that  of  a  reducing  equa- 
tion whose  roots  are  linear  functions  of  the  roots  of  the  pro- 
posed equation,  and  of  the  roots  of  unity  of  the  same  degree 
as  the  proposed  equation.  For  equations  of  a  higher  degree 
than  the  fourth,  the  dimension  of  the  reducing  equation  ex- 
ceeds that  of  the  proposed. 

The  solution  of  the  general  equation  of  the  fifth  degree  is, 
been    stated,    impossible;    but  in  Section  VIII.   we 
shew  that  it  can  be  transformed,  so  as  to  want  any  three 
consecutive  terms  between  the  first  and  the  last. 


SECTION  VI. 

ON    THE    SEPARATION   OF    THE   ROOTS   OF 
EQUATIONS. 


100.  THE  propositions  in  the  preceding  sections  lead  us 
to  several  important  conclusions  relating  to  the  nature  and  the 
limits  of  the  roots  of  every  equation ;  and  for  equations  of  low 
degrees  and  of  certain  particular  forms,  the  methods  detailed 
in  them  (especially  that  of  Art.  49)  will  actually  determine 
the  number  and  situation  of  all  the  real  roots ;  that  is,  two 
quantities  between  which  each  of  the  real  roots  lies.  They 
still,  however,  leave  unsolved  the  main  problem,  which  is  to 
discover  the  number  and  situation  of  the  real  roots  of  an  equa- 
tion of  any  degree.  This  we  shall  now  endeavour  to  effect  by 
the  methods  proposed  by  Sturm  and  Fourier,  which  are  among 
the  greatest  improvements  recently  made  in  the  Theory  of 
Equations. 


STURM'S   METHOD   OF   SEPARATING   THE  ROOTS. 

101.  By  performing  a  process  nearly  the  same  as  that 
of  finding  the  greatest  common  measure  of  /(#),  and  its  first 
derived  function  f  (x),  a  series  of  expressions  may  be  obtain- 
ed, in  which,  by  simply  substituting  a  and  b  successively  for 
x,  the  number  of  roots  of  /(a?)  =  0,  which  lie  between  a  and  b, 
may  be  exactly  determined.  The  enunciation  and  proof  are 
as  follows. 
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Ajei  y/x)  _  o  be  an  equation  of  n  dimensions  cleared  of 
equal  roots,  /(*)  the  first  derived  function  of/(*);  and  let 
the  process  of  finding  the  greatest  common  measure  of  f(x) 
and  f(x)  be  performed  with  the  condition  that  the  remainder 
after  'each  operation  has  its  sign  changed,  and  so  modified 
is  used  for  the  divisor  of  the  next  operation*;  and  let 
fix]  fix)  .-fn(x)  be  the  series  of  modified  remainders; 
then'  the  difference  of  the  number  of  changes  of  sign,  in  the 
results  of  the  substitutions  of  a  and  b  for  x  in  the  series  of 
quantities 

expresses  the  number  of  real  roots  of  f(x)  =0,  which  lie  be- 
tween a  and  b. 

Calling  the  successive  quotients  &,  &,  &c.,  we  shall  have 
the  equations 

/(«)-*/»-/.« 


/.(x)  being  necessarily  a  number  (Art.  60),   since  /(#)  =  0 
has  no  equal  roots ;  which  shew, 

(1)  That  no  value  of  x  can  make  two  consecutive  func- 
tions /^(x)  and/m(#),  vanish;  for  then  /^(a?)  and  all  the 
succeeding  functions  would  vanish,  which  is  impossible,  since 
the  last  is  a  number. 

(2)  That  any  value  which  makes  a  function,  /„  (x) ,  vanish, 
reduces  the  two  adjacent  ones  to  the  same  numerical  value 
with  different  signs. 

•  ThU  changing  of  the  signs  of  the  remainders,  which  would  be  indifferent  if 
th«  object  wa*  only  to  discover  the  greatest  common  measure  off(x)  and_/i  (x), 
it  eMcntial  to  the  method  about  to  he  explained. 
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Now  if  iu  series  (1)  we  make  x  =  c,  and  then  suppose  c  to 
assume  all  possible  ascending  values  from  —  oo  to  +  oo  ,  the 
resulting  series  of  signs  will  have  two  states  of  permanence  ; 
one,  as  long  as  c  is  nearer  to  —  co  ,  and  the  other  after  c  is 
nearer  to  +  oo  ,  than  any  quantity  which  makes  any  one  of 
the  expressions  in  series  (1)  vanish  ;  and  between  these  states, 
whenever  any  of  the  expressions  vanish,  alterations  in  the 
order  or  number  of  changes  of  signs,  or  in  both,  will  occur; 
and  we  shall  shew  that  when  x  passes  through  a  quantity 
which  makes  one  or  more  of  the  auxiliary  functions  vanish, 
it  is  only  the  order  but  not  the  number  of  changes  which  is 
affected;  and  that  when  x  passes  through  a  root  of  f(x)  =  0, 
then  a  change  of  sign  is  lost. 

First,  let  x  =  c  make  only  one  of  the  auxiliary  functions, 
fllt(x),  vanish,  without  making  f(x]  vanish  ;  then  to  discover 
the  effect,  upon  the  series  of  signs,  of  passing  through  c,  we 
must  compare  the  results  of  substituting  c  —  h  and  c  +  h  for  x, 
h  being  as  small  as  ever  we  please  ;  therefore  we  may  sup- 
pose h  so  small  that  neither  f(x)  nor  any  of  the  auxiliary 
functions  can  vanish  for  values  between  c  —  h  and  c  +  h,  and 
that  the  sign  of  any  series  ascending  by  powers  of  h  depends 
upon  that  of  its  first  term.  Hence  the  only  part  of  series  (1) 
in  which  the  passage  from  c  —  h  to  c  +  h  can  produce  any 
effect  upon  the  series  of  signs,  is 

-iO*),    /*(*),    /««(*)  I 


ia  which,  if  we  write  c-  h  for  x,  expand  the  results  (Art.  27), 
and  reserve  only  that  term  of  each  on  which  its  sign  depends, 
we  have 


which,  since  by  (2)  the  extremes  have  different  signs,  give  a 
change  and  continuation,  whatever  be  the  sign  of  the  middle 
term  ;  and  these,  by  changing  the  sign  of  h,  will  be  replaced 
by  a  continuation  and  change  ;  i.  e.  the  passage  from  c  -  h  to 
c  +  h,  through  a  root  of  fm(x)  =  0,  causes  an  alteration  in  the 

15 
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order  but  not  in  the  number  of  changes.  If  the  same  value 
of  x  made  an  auxiliary  function  vanish  in  another  part  of  the 
series,  since  by  (1)  adjacent  terms  can  never  vanish,  the  same 
considerations  would  shew  that  no  change  of  sign  could  be 
lost  or  gained. 

Secondly,  let  x  =  c  be  a  root  of  /(a?)  =  0  ;  the  substitution 
of  c  -A  for  x  in  f(x)  and  f^x),  (taking  h  so  small  that  the 
sign  of  the  whole  of  each  series  depends  upon  that  of  its  first 
term,  and  writing  down  only  the  first  terms)  gives 


which  have  different  signs  ;  but  if  the  sign  of  h  be  changed 
they  have  the  same  signs  ;  therefore  the  two  functions  /(x), 
/j  (x},  which  for  x  =  c  -  h  give  a  change,  for  x  =  c  +  h  give 
a  continuation  ;  and  therefore,  in  passing  through  a  root  of 
f  ^  =  o,  a  change  of  signs  is  lost.  If  at  the  same  time  that 
f(x]  becomes  zero,  any  number  of  auxiliary  functions  vanished, 
since  no  two  of  them  could  be  adjacent,  it  would  follow,  as 
before,  that  no  change  of  sign  could  be  lost  in  the  parts  of  the 
series  where  they  are  situated. 

Since  then  a  change  of  signs  is  lost  every  time  the  sub- 
stituted quantity  passes  through  a  root  off(x)  =  0  ;  and  since 
a  change  cannot  be  lost  in  any  other  way,  nor  one  ever  in- 
troduced ;  it  follows,  that  the  excess  of  the  number  of  changes 
given  by  x  =  a,  above  that  given  by  x  =  b,  (a<b),  is  exactly 
equal  to  the  number  of  real  roots  of  f(x)  =  0  lying  between 
a  and  l>. 

OBS.  Before  proceeding  to  apply  this  method  to  par- 
ticular instances,  there  are  several  remarks  to  be  made  ;  by 
attending  to  which,  the  nature  of  the  roots  in  every  case  be- 
comes known  from  the  mere  inspection  of  the  auxiliary  func- 
tions ;  and  the  separation  of  the  real  roots  is,  in  many  cases, 
greatly  facilitated.  If  by  either  of  the  substitutions  of  a  and 
b  for  x,  one  of  the  auxiliary  functions,  fm(x),  is  reduced  to 
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zero,  It  may  "be  neglected  in  estimating  the  number  of  changes ; 
for  in  that  case,  as  has  been  shewn,  the  adjacent  functions 
will  have  different  signs ;  and  therefore  the  evanescent  func- 
tion, with  whatever  sign  it  is  taken,  will  cause  the  three  to 
furnish  but  one  change,  and  may  therefore  be  omitted  without 
affecting  the  number  of  changes. 

102.  If  we  substitute  —  co  and  +  co   for  x,  or,  which 
comes  to  the  same  thing,  if  we  form  the  first  or  leading  terms 
of  /(a;),  f^x)  .../„(«)  into  a  series,  and  then  change  x  into 
—  x,  the  difference  of  the  number  of  changes  of  sign  in  the 
two  resulting  series  will  express  the  total  number  of  real 
roots. 

103.  Since,  in  finding  the  greatest  common  measure  of 
f(x)  andy^u;),  each  remainder  is  at  least  one  dimension  lower 
than  the  preceding,  the  auxiliary  functions  will  usually  be  n 
in  number,  the  same  as  the  degree  of  the  equation,  and  of 
the  several  dimensions  from  n  —  1  to  0.     When  none  of  the 
auxiliary  functions  are  wanting,  and  the  first  terms  of  f(x), 
f^x),  fs(x),  ...fn(x)  have  all  the  same  sign,  -co   gives  n 
changes,  and  +  oo  gives  no  changes,  therefore  all  the  roots  of 
f(x]  =  0  are  real. 

104.  On  the  contrary,  when  none  of  the  auxiliary  func- 
tions are  wanting  and  the  first  terms  have  not  all  the  same 
sign,  there  will  be  as  many  pairs  of  imaginary  roots  as  there 
are  changes  in  the  signs  of  the  first  terms. 

In  the  series  formed  by  the  first  terms  of  the  n  + 1  quan- 
tities /(a?),  /(a?),  .••/„(#),  let  there  be  *  changes  and  therefore 
n  —  s  continuations,  then  these  are  the  same  as  the  numbers 
of  changes  and  continuations  produced  by  the  substitution  of 
+  00  for  x ;  now  write  -  co  for  x  in  the  same  series,  then  every 
change  will  be  replaced  by  a  continuation,  and  vice  versd ; 
and  therefore  there  will  be  n  -  s  changes,  a  number  necessarily 
greater  than  s,  since  the  number  of  changes  diminishes  as  the 


quantity  substituted  increases ;  that  is,  in  passing  from  -  oo 
to  +00,  n  —  2«  changes  are  lost ;  therefore  the  equation  has 
only  n  -  2*  real  roots,  and  therefore  2s  imaginary  roots  ;  or  as 
many  pairs  of  imaginary  roots  as  there  are  changes  of  sign  in 
the  series  formed  by  the  first  terms  of  the  n  +  1  quantities 

/(*),/,  W.-XW- 

105.  If  one  of  the  auxiliary  functions,  fm(x),  be  such  as 
to  preserve  the  same  sign  for  all  values  of  x  between  a  and  b, 
then  in  ascertaining  the  number  of  roots  between  a  and  b,  we 
may  neglect  all  the  auxiliary  functions  after fm(x).  Because 
(since  in  general  the  passage  through  a  quantity  which  makes 
one  of  the  auxiliary  functions  vanish,  causes  an  alteration 
only  in  the  order  but  not  in  the  number  of  changes,  and 
since  /„  (x}  preserves  the  same  sign  for  all  values  of  x  be- 
tween a  and  b)  the  number  of  changes  presented  by  the 
series  of  auxiliary  functions  which  follow  fm  (x)  cannot  be 
altered  by  the  substitution  of  any  value  of  x  between  those 
limits ;  and  therefore  the  difference  in  the  number  of  changes 
given  by  the  substitutions  of  a  and  b  will  be  the  same, 
whether  we  take  the  auxiliary  functions  that  follow  fm  (x) 
into  account  or  not. 

Hence  if  fm  (x}  =  0  have  all  its  roots  impossible,  since 
/„  (x}  will  preserve  the  same  sign  for  all  values  of  x,  we  may 
arrest  the  process  at  it,  and  confine  our  attention  to  the  m  +  1 
functions, 

/W. /i  W» /,(«),.../.(«)  i 

and,  as  in  the  former  case,  if  the  first  terms  of  these  offer  s 
changes  of  sign,  there  will  be  only  m  —  2s  real  roots,  and  the 
rest  will  be  imaginary. 

106.  We  shall  now  give  some  applications  of  this 
theorem. 

Having  formed  the  auxiliary  functions 

/.(*).  /,(«),  /.(«),.../.(«), 
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then  if  none  of  them  be  wanting,  and  their  leading  terms  be 
all  positive,  (for  the  leading  term  of  f(x)  is  necessarily  so) 
the  equation  will  have  all  its  roots  real;  but  if  the  leading 
terms  are  not  all  positive,  the  equation  will  have  as  many 
pairs  of  imaginary  roots  as  there  are  changes  of  sign  in  them. 
But  if  some  of  the  auxiliary  functions  are  wanting,  the 
number  of  real  roots  must  be  determined  by  substituting 
—  co  and  +00  for  ie  in  their  leading  terms,  and  taking  the 
difference  between  the  numbers  of  changes  resulting  from 
these  substitutions.  This  determines  the  number  of  real  roots. 
To  determine  their  situations  we  must  substitute  0,  1,  2,  3,  &c., 
for  x  in  the  series 

/(*),  /i  (*),  /.(«),  .»/.(*), 

till  we  arrive  at  a  number  which  gives  the  same  number  of 
changes  as  is  given  by  +  co ;  then,  by  noting  the  difference 
in  the  number  of  changes  produced  by  the  extreme  substi- 
tutions, we  determine  the  number  of  +  roots ;  and  by  noting 
those  consecutive  integers  between  which  one  or  more  changes 
are  lost,  we  determine  the  integral  limits  between  which  the 
positive  roots  are  situated,  either  singly  or  in  groups ;  and  in 
the  latter  case,  we  must  substitute  fractional  quantities  lying 
between  the  integral  limits,  smaller  and  smaller,  till  the  com- 
plete separation  of  each  group  of  roots  is  effected. 

In  like  manner  for  the  negative  roots,  we  must  substitute 
0,  -  1,  —  2,  -  3,  &c.,  till  we  arrive  at  a  number  which  gives 
the  same  number  of  changes  as  is  given  by  —  co ;  then  the 
total  number  of  negative  roots,  and  an  interval  in  which  each 
is  situated,  may  be  determined,  exactly  in  the  same  manner 
as  for  the  positive  roots.  And  in  order  to  diminish  the 
labour  of  the  process,  it  must  be  observed  that  when,  in 
forming  the  auxiliary  functions,  we  come  to  one  (that  of  the 
second  degree,  for  instance,  when  the  conditions  of  Art.  84 
are  fulfilled)  which  is  incapable  of  changing  its  sign  for  any 
real  value  of  x,  we  may  take  it  for  the  last  of  the  auxiliary 
functions. 
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Ex.1.        f(x}=  x3  -7x  +  7  =  0. 

f  (x}  =  3x*-7J  3xs - 21#  +  21  (x 


3x3-7x 


27 


or  /s  (a?)  =  + 1.     Hence  /(a?)  =  x5  -  7x  +  7, 

Since  the  leading  terms  are  all  positive,  and  none  of  the 
auxiliary  functions  are  wanting,  the  roots  are  all  possible. 
Also,  since  2  makes  all  the  functions  positive,  the  substi- 
tutions for  the  purpose  of  separating  the  roots  may  begin 
from  thence ;  therefore,  making  x  =  2,  1,  0,  —  1,  —  2,  &c.,  the 
signs  are  as  follows : 

/(*)        /(*)        /,(*)        /.(*) 
(2)  +  +  +  + 

0)  +  + 

(0)  +  + 

(-1)  +  + 

(-2)  +4-  + 

(-3)  +  +  -  + 


We  may  stop  here,  because  the  signs  are  the  same  as 
those  given  by  -  ao .     Since  the  first  line  gives  no  changes, 
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and  the  second  line  two,  two  roots  lie  between  2  and  1  •  also 
the  last  line  has  one  more  change  than  the  preceding,  there- 
fore one  root  lies  between  —  3  and  —  4. 

To  separate  the  two  roots  which  lie  between  1  and  2, 

g 

let  x  =  - ;  then  the  resulting  series  of  signs  is 0  +  , 

which  has  one  more  change  than  the  first  line,  and  one  less 
than  the  second,  (whatever  sign  we  give  to  the  zero) ;  there- 
fore one  root  lies  between  1  and  1-5,  and  another  between 
1-5  and  2. 

Ex.  2.    f(x)  =  x*-  nqx  +  (n  -  1)  r  =  0,  where  $  is  essen- 
tially positive. 

f1(x}=nxn-1-nq 
xn~l  -q)xn  —  nqx  +  (n  -  1)  r  (x 


7* 

or  fa(x) =x  —  >  rejecting  the  positive  factor  (n -  1)  q. 

But  the  remainder,  after  dividing 

r  fr\n~l 

xn~l-q  by*--,   is  (Art.  6)  f-J     -q; 


therefore  fa  (#)  =  —(-)     +  q. 

Now  supposing  fa  (x}  positive,  +  oo  gives  no  change,  and 
—  co  gives  two  changes  when  n  is  even,  and  three  changes 
when  n  is  odd.  Hence  if  q"  >  rn-1,  the  proposed  equation 
has  two,  or  three  real  roots,  according  as  n  is  even  or  odd. 
Similarly,  if  qn  <  rn~l,  +  co  gives  one  change,  and  —  co  one, 
or  two  changes,  according  as  n  is  even  or  odd  j  and  therefore 
the  equation  has  no  real  root,  or  one  real  root,  according 
as  n  is  even  or  odd.  These  results  agree  with  those  found  at 
p.  61. 
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Ex.3.    f(x}=2xi-  13^+10^-19=0, 

/1(a-)  =  4^s-13x  +  5; 
and  we  find 


But  the  roots  of  13-r*  -  I5x  +  38=  0  are  imaginary,  because 
(15)*  <  4  .  13  .  38  (Art.  84)  ;  therefore  it  is  sufficient  to  consider 
the  above  three  functions,  and  since  their  leading  terms  give 
two  changes  for  x  =  —  <x>  ,  and  no  change  for  x  =  +  oo  ,  the 
equation  has  only  two  real  roots. 

Ex.  4.    f(x)  =  x4  -  ±x3  -  3x  +  23  =  0. 

/  (x)  =  ±x3  -  I2xz  -  3,  /2  (x)  =  12a?  +  9x-  89, 
f3(x)  =  -  491^  +  1371,  ft(x)  =  -  7157932. 

Here  there  are  only  two  real  roots,  of  which,  one  lies 
between  2  and  3,  and  the  other  between  3  and  4. 

107.  It  is  plain  that  if  we  can  obtain,  by  whatever 
means,  auxiliary  functions  satisfying  the  conditions  of  Art. 
101,  we  may  separate  the  roots.  Thus  if  we  represent  the 
first  member  of  an  equation  of  the  wth  degree  by  Fn,  and  form 
equations  by  the  law  Vn  =  xVn_l—  F^  (1),  assuming  F0  =  a, 
V^x  +  b;  so  that 

V^x'  +  bx-a,  Vs  =  x3  +  bx>-(a  +  l}x-b,  &c.; 

then  F^j,  F^,  ...  V^  V0  will  evidently  serve  as  auxiliary 
functions  to  Vn  =  0  ;  and  every  equation  formed  in  this  way 
will  have  all  its  roots  real  provided  a  be  positive.  If  a  =  2, 
b  =  0,  we  fall  upon  the  equation  of  Art.  70, 


and  from  (1)  it  is  easily  seen  that  for 

*  =  -2,    F0=2,    Fl  =  -2,    Fa  =  2,&c.; 
andfor*=2,    F0=  Vl  -  F,=  F3  =  2  ; 
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therefore  n  changes  are  lost  in  passing  from  —  2  to  +  2,  and 
consequently  the  n  roots  of  Vn  —  0  lie  between  the  same 
numbers.  Similarly,  if  a  =  b  =  1,  we  fall  upon  the  equation 


and  it  may  be  shewn,  in  the  same  way,  that  the  n  roots  of 
Un  =  0  are  situated  between  —  2  and  2. 

It  is  manifest  that  in  Sturm's  method,  the  labour  of 
forming  the  auxiliary  functions  increases  very  rapidly  with 
the  degree  of  the  equation  ;  since  however  they  can  always  be 
formed,  the  method  will  enable  us  infallibly  to  determine,  not 
merely  a  limit  to  the  number,  but  the  absolute  number  of  real 
roots  in  any  proposed  equation,  and  the  consecutive  integers 
between  which  they  lie  either  singly  or  in  determined  groups  ; 
as  also  the  intervals  in  which  no  real  root  can  be  situated  ; 
but  when  two  or  more  roots  are  indicated  in  any  interval,  if 
they  lie  very  near  to  one  another,  although  the  method  leaves 
no  doubt  of  the  existence  of  the  roots,  it  may  be  very  difficult 
to  subdivide  the  interval  sufficiently  to  completely  separate 
them. 


FOURIEE'S  METHOD  OF  SEPARATING  THE  ROOTS. 

108.  We  shall  now  give  another  method  of  separating 
the  roots  proposed  by  Fourier,  which  has  the  recommend- 
ation that  the  auxiliary  functions  employed  in  it  are  f(x) 
and  its  successive  derived  functions,  which  can  be  formed  by 
inspection ;  so  that  the  method  can  be  applied  nearly  with 
equal  ease  to  an  equation  of  any  degree ;  in  particular,  the 
intervals  in  which  no  real  root  can  be  situated  are,  by 
Fourier  s  method,  immediately  assigned.  The  objection  to 
this  method  is  that,  by  its  immediate  application,  we  only 
find  a  limit  which  the  number  ofreal  roots  in  a  given  interval 
cannot  exceed,  and  not  the  absolute  number;  and  that  the 
subsidiary  propositions  by  which  this  defect  is  supplied,  are 

16 
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not  of  the  same  simple  character  as  the  original  Theorem. 
The  enunciation  and  proof  are  as  follows. 

The  number  of  real  roots  of  /(a?)  =  0  which  lie  between 
two  numbers  a  and  b,  cannot  exceed  the  difference  between 
the  number  of  changes  of  sign  in  the  results  of  the  sub- 
stitutions of  a  and  b  for  x,  in  the  series  formed  by/(a;)  and 
its  derived  functions :  viz. 

/(*),  /(*),  /».  •••/»; 

and  when  it  falls  short  of  that  difference,  it  will  be  by  an 
even  number. 

If  none  of  the  equations 

/(*)=0,  /»=0,&c. 

have  a  root  between  a  and  b,  it  is  manifest  that  the  substi- 
tution of  a  and  b,  and  of  any  intermediate  quantity,  in 
/(#),  f(x),  &c.,  will  always  produce  exactly  the  same  series 
of  signs ;  but  if  any  of  these  equations  have  roots  between 
a  and  b,  then  changes  in  the  series  of  signs  will  occur  in  sub- 
stituting gradually  ascending  quantities  from  a  to  b;  our 
object  is  to  show  that  by  such  substitutions  the  number  of 
changes  of  signs  can  never  increase;  and  that  one  change 
will  be  lost  every  time  the  substituted  quantity  passes  through 
a  real  root  of  f(x)  =  0 ;  this  we  shall  do,  by  examining, 
separately,  each  of  the  cases  in  which  the  series  of  signs  can 
be  affected;  namely,  (1)  when/(ic)  alone  vanishes ;  (2)  when 
some  derived  function,  /"(a:),  alone  vanishes;  (3)  and  (4) 
when  some  group  of  derived  functions,  of  which  f(x)  either 
is  not,  or  is,  a  part,  alone  vanishes ;  and  lastly,  when  several, 
or  all,  of  these  cases  of  vanishing  happen  at  the  same  time. 

First,  suppose  that  x  =  c,  (c  being  some  quantity  between 
a  and  b)  makes  f(x)  vanish,  without  making  any  of  the 
derived  functions  vanish ;  thfcn  the  result  of  substituting 
c  +  h  for  x  in/(x)  and /'(#),  is 
k.f(c)  and/(c) 
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(supposing  h  so  small  that  the  signs  of  the  whole  of  the  two 
series  which  express  f(c  +  h)  and/'(c  +  A)  depend  upon  those 
of  their  first  terms,  and  writing  down  only  the  first  terms) 
which  have  different  or  the  same  signs  according  as  h  is  —  or  +  ; 
therefore,  in  passing  from  c  —  h  to  c  +  Ti  through  a  root  of  the 
equation,  a  change  of  signs  is  lost,  but  none  gained*. 

Secondly,  suppose  that  x  =  c  makes  one  of  the  derived 
functions,  /*"(#),  vanish,  without  making  any  other  of  the 
derived  functions  or  f(x)  vanish  ;  then  the  result  of  sub- 
stituting c  +  h  for  x  in 


(these  being  the  only  terms  which  it  is  necessary  to  examine) 
is 

/""(c),   A./-«(C),  /""W- 

If  then  the  extreme  terms  have  the  same  sign,  there  will 
be  two  changes  when  h  is  negative,  and  two  continuations 
when  h  is  positive  ;  if  the  extreme  terms  have  contrary 
signs,  there  will  be  one  change,  and  one  only,  whether  h  be 
negative  or  positive  ;  therefore,  in  passing  from  c  —  h  to  c  +  h 
through  a  value  which  makes  one  of  the  derived  functions 
vanish,  either  two  changes  or  none  will  be  lost,  but  none  ever 
gained. 

Thirdly,  suppose  that  x  =  c  makes  r  consecutive  derived 
functions  vanish,  without  making  any  other  derived  function 
or  f(x)  vanish  ;  then  the  result  of  the  substitution  of  c  +  h 
for  x  in  the  series 

/•-  (x},  r^  (ao,  ....r-1  (*),  r  (*),  /••"  H> 

(these  being  the  only  terms  necessary  to  be  examined)  is 

f~  w.  |/"+I  (c),  ••-  f  r"  M.  */•"  («)•  /""  («)• 

*   It  is  unnecessary  to  attend  to  the  other  terms  of  the  series   of  derived 
functions,  because  h  is  supposed  so  small  that  not  one  of  them  vanishes  bj  th 
substitution  of  any  quantity  between  c-h  and  c  +  A;  and  therefore  each  has  th« 
same  sign  for  c—  h  as  for  c  +  h. 
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If  then  the  extreme  terms  have  the  same  sign,  there  will 
be  r  or  r  + 1  changes,  (according  as  r  is  even  or  odd)  when 
h  is  negative,  and  no  change  when  k  is  positive ;  if  the  ex- 
treme terms  have  contrary  signs,  there  will  be  r  or  r  +  1 
changes  (according  as  r  is  odd  or  even)  when  h  is  negative, 
and  one  change  when  k  is  positive ;  therefore,  in  passing  from 
c  —  h  to  c  +  h  through  a  value  which  makes  r  consecutive 
derived  functions  vanish,  r  or  r  ±  1  changes  are  lost  (accord- 
ing as  r  is  even  or  odd)  but  none  ever  gained. 

Fourthly,  suppose  the  vanishing  group  to  consist  of  f(x) 
and  the  first  r  —  1  derived  functions  {which  corresponds  to 
r  roots  =  c  in  f(x)  =  0} ;  then  the  result  of  the  substitution  of 
c-f  h  for  x  in/(a),  /(*),  .../"(a),  /»,  is 


in  which  there  are  r  changes  when  h  is  negative,  and  none 
when  h  is  positive ;  therefore,  in  passing  through  a  root  which 
occurs  r  times  in  the  equation,  r  changes  are  lost,  but  none 
gained. 

Lastly,  suppose  the  substitution  of  x  =  c  to  produce 
several,  or  all  of  the  above  cases  at  the  same  time;  then 
because  the  conclusions  respecting  the  effect  of  the  passage 
through  c  upon  the  series  of  signs  in  one  part  of  the  series 
of  derived  functions,  are  not  at  all  influenced  by  what  hap- 
pens, in  consequence  the  same  passage,  at  another  distinct 
part  of  the  series,  by  what  has  been  proved  several  changes 
will  be  lost,  but  none  ever  gained. 

Since  then,  in   substituting  gradually  ascending  values 

ora  a  to  b,  an  even  number  of  changes  of  signs,  if  any, 

is  lost  for  every  passage  through  a  quantity,  not  a  root  of 

••  0,  which  makes  one  or  more  of  the  derived  functions 

d  invariably  one  for  every  passage  through  a  root 

=  0;   but  none  under  any  circumstances  gained;   it 

*8   that  the  number  of  roots   of  /(*)=0,   which   lie 

•  and  b,   cannot  be  greater   than  the  excess  of 
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the  number  of  changes  given  by  x  =  a,  above  that  given 
by  x  =  b  ;  and  that  when  it  falls  short  of  that  excess,  it  will 
be  by  some  even  number. 

109.  Hence  if  the  limits,  a  and  b,  be  —  oo  and  +  oo  ,  or 
any  two  numbers,  the  first  of  which  gives  only  changes,  and 
the  second  only  continuations  ;  and  if  in  the  series  formed  by 
f(x)  and  its  derived  functions, 


c  be  substituted  for  x  and  be  then  made  to  assume  all  values 
between  these  limits,  the  series  of  signs  of  the  results  will 
have  the  following  properties  ;  there  will  at  first  be  n  changes 
of  sign,  and  at  last  no  change,  but  n  continuations;  these 
changes  disappear  gradually  as  c  increases,  and  when  once 
lost  can  never  be  recovered;  one  change  disappears  every 
time  c  passes  through  a  real  unequal  root  of  f(x)  =  0  ;  r 
changes  disappear  every  time  c  passes  through  a  root  which 
occurs  r  times  in  f  (x)  =  0  ;  either  two  or  none  of  the  changes 
disappear  every  time  one  only  of  the  derived  functions 
vanishes,  without  f(x}  vanishing  at  the  same  time  ;  an  even 
number  p  of  changes  disappears,  every  time  an  even  group  of 
p  terms  (not  including  the  first,  f(x}}  vanishes;  and  an  even 
number  q  ±  1  of  changes  disappears,  every  time  an  odd  group 
of  q  terms  {not  including  the  first,  f(x}}  vanishes.  Also  if  a 
value  causes  f(x)  and  the  first  r  —  1  derived  functions  to 
vanish,  and  an  even  group  of  p  terms  in  one  part  of  the  series, 
and  an  odd  group  of  q  terms  in  another  part,  to  vanish  at  the 
same  time;  the  number  of  changes  lost  in  passing  through 
that  value,  will  l>&  r+p  +  q±l. 

110.  Hence  if  f(x)  =  0  have  all  its  roots  real,  no  value 
of  x  can  make  any  of  the  derived  functions  vanish,  and 
thereby  exterminate  changes  of  signs,  without  at  the  same 

time  making  f(x)  vanish  ;  for  if  it  could,  since  those  changes 

-  «. 

can  never  be  restored,  and  since  a  change  must  disappear 

for  every  passage  through  a  real  root,  the  total  number  of 
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changes  lost  would  surpass  n,  which  is  absurd.  Whenever, 
therefore,  changes  disappear  between  values  of  x  which  do 
not  include  a  root  of  f(x)  =  0,  there  is,  corresponding  to  that 
occurrence,  an  equal  number  of  imaginary  roots  of  f(x)  =  0. 
Hence  if  x  =  c  produces  a  zero  between  two  similar  signs,  or 
if  it  produces  an  even  number  p  of  consecutive  zeros  either 
between  similar  or  contrary  signs,  there  will  be,  respectively, 
two,  or  p,  imaginary  roots  corresponding  ;  or  if  it  produces 
an  odd  number  q  of  consecutive  zeros,  there  will  be  q  ±  1 
imaginary  roots  corresponding,  according  as  they  stand  be- 
tween similar  or  contrary  signs  ;  c  of  course  not  being  a  root 


OBS.  Since  the  derivatives  which  follow  any  one,  f  (x)  , 
may  be  supposed  to  arise  originally  from  it,  it  is  manifest 
that  the  same  conclusions  respecting  the  roots  of  fr  (x)  =  0 
may  be  drawn  from  observing  the  part  of  the  series  of  de- 
rivatives 

/>),/•"(*),.../«(*), 

as  were  drawn  respecting  the  root  of  f(x)  =  0  from  the  whole 
series. 

111.  Hence  we  can  shew  that  Des  Cartes'  Kule  of  Signs 
is  included  in  Fourier's  Theorem  as  a  particular  case. 

When  in  the  series  formed  by  /(a?)  and  its  derived  func- 
tions, we  put  x  =  —  co  ,  there  are  n  changes  ;  and  when  we 
put  x  =  0,  the  signs  of  the  series  become  the  same  as  those  of 
the  coefficients 

P*,  #•_!>  —.p^  1; 

let  the  number  of  changes  in  this  series  of  coefficients  =  &, 
and  therefore  the  number  of  continuations  (supposing  the 
equation  complete)  =  n  -  k  ;  also  if  we  make  x  =  +  oo  ,  the 
Bigns  are  all  positive,  and  the  number  of  changes  =  0.  Hence 
between  x  =  -  oo  and  x  =  0,  the  number  of  changes  lost  is 
n  -  k  ;  therefore  in  a  complete  equation  there  cannot  be  more 
than  n  -  k  negative  roots,  i.  e.  than  the  number  of  continua- 
tions in  the  series  of  coefficients;  also  between  x  =  Q  and 
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x  =  oo  ,  the  number  of  changes  lost  is  k,  whether  the  equation 
be  complete  or  incomplete  ;  hence  in  any  equation  there  can- 
not be  more  positive  roots  than  k,  i.  e.  than  the  number  of 
changes  in  the  series  of  coefficients;  if  there  be  fewer,  the 
defect  will  be  some  even  number,  indicating  a  like  number  of 
imaginary  roots  ;  which  is  Des  Cartes  rule  of  signs. 

112.  Fourier  s  theorem  may  also  be  presented  under  the 
following  form  ;  under  which  by  some  writers  it  is  called  the 
theorem  of  Sudan. 

If  an  equation  have  m  real  roots  between  a  and  5,  then 
the  equation  whose  roots  are  those  of  the  proposed,  each 
diminished  by  a,  has  at  least  m  +  r  more  changes  of  signs 
than  the  equation  whose  roots  are  those  of  the  proposed, 
each  diminished  by  b  ;  where  r  denotes  zero  or  some  even 
number. 

The  transformed  equations  would  be 


and  if  these  were  arranged  according  to  ascending  powers 
of  y,  the  coefficients  would  be  the  values  assumed  by  f(x), 
f'(x),  &c.,  when  a  and  b  are  respectively  written  for  x.  There- 
fore, whatever  number  of  changes  of  signs  is  lost  in  the  series 
f(x),  /'(cc)>  &c->  in  passing  from  a  to  b}  the  same  is  lost  in 
passing  from  one  transformed  equation  to  the  other  ;  but  the 
series  for  a  has  m  +  r  more  changes  than  that  for  b,  therefore 
f(y  +  «)  =  0  has  m  +  r  more  changes  than/(y  +  b)  =  0,  where 
r  is  zero  or  some  even  number. 

113.  To  apply  this  method  to  find  the  intervals  in  which 
the  roots  of  f(x]  =  0  are  to  be  sought,  we  must  substitute 
successively  for  x,  in  the  series  formed  by  f(x]  and  its  de- 
rivatives, the  numbers 

-  a,  ...  -  10,  -  1,  0,  1,  10,  ...  ,  +/3  .........  (1), 

(—  a  and  +  /3  being  the  least  negative,  and  least  positive 
number,  which  give,  respectively,  only  changes  and  continua- 
tions) and  observe  the  number  of  changes  of  sign  in  each 
result. 
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Let  h  and  k  be  the  numbers  of  changes  of  sign  when 
any  two  consecutive  terms  in  series  (1),  a  and  b,  are  re- 
spectively written  for  x  ;  therefore  h  —  k  is  the  number  of 
real  roots  that  may  lie  between  a  and  b  ;  if  this  equals  zero, 
f(x)  =  0  has  no  real  root  between  a  and  b,  and  the  interval 
is  excluded;  if  h  —  k  =  l,  or  any  odd  number,  there  is  at 
least  one  real  root  between  a  and  b  ;  if  h  —  k  =  2,  or  any 
even  number,  there  may  be  two,  or  some  even  number,  or 
none  ;  the  latter  case  will  happen  when,  as  explained  above 
(Art.  110),  some  number  between  a  and  b  makes  two  or 
some  even  number  of  changes  vanish,  without  satisfying 
f  (x)  =  0.  Similarly,  we  must  examine  all  the  other  partial 
intervals  ;  and  when  two  or  more  roots  are  indicated  as  lying 
in  any  interval,  their  nature  must  be  determined  by  a  suc- 
ceeding proposition. 

The  two  former  of  the  following  examples  are  extracted 
from  Fourier  s  work. 

Ex.  1  .    f(x]  =  x5  -  3x4  -  24ic3  +  95*'  -  46*  -  101  =  0, 
/'  (x)  =  5x*  -  I2x5  -  72x2  +  190«  -  46, 
f"(x)  =  Wx3  -  36ce2  -  144a;  +  190, 
-  72^-144, 


Hence  we  have  the  following  series  of  signs  resulting 
from  the  substitutions  of  -  10,  -  1,  0,  &c.,  for  x  in  the  series 
of  quantities 

/     /    /"    /'"  /v    r 

(-10)             +                  +  _        + 

(-1)    +           +     -  -     + 

(0)                                      +            -  -            + 

(1)           +     +     -  +     + 

+      +      +      +  +      + 

Hence  all  the  roots  lie  between  -10  and  +10,  because 

five  changes  have  disappeared  ;  one  root  lies  in  each  of  the 
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intervals  —  10  to  —  1,  and  —  1  to  0,  because  in  each  of  them 
a  single  change  is  lost  ;  no  root  lies  between  0  and  1  because 
no  change  is  lost  between  those  limits  ;  and  three  roots  may 
be  sought  between  1  and  10  (because  three  changes  have 
disappeared),  one  of  which  is  certainly  real;  it  is  doubtful 
whether  the  other  two  are  real  or  imaginary. 

OBS.  When  any  value  c  of  x,  makes  one  of  the  derived 
functions,  fm(x],  vanish,  we  may  substitute  c  ±  h  instead  of  c, 
h  being  indefinitely  small  ;  then  all  the  other  functions  will 
have  the  same  sign  as  when  x  =  c  ;  and  the  sign  of  fm  (c  ±  h) 
will  depend  upon  that  of  +  hfm+l  (c)  ;  i.  e.  it  will  be  the  same 
or  contrary  to  that  of  the  following  derivative,  /m""(c),  accord- 
ing as  h  is  positive  or  negative,  or  according  as  we  substitute 
a  quantity  a  little  greater  or  a  little  less  than  the  value  which 
makes  fm  (x)  vanish.  The  use  of  this  remark  will  be  seen  in 
the  following  example. 

Ex.  2.    f(x)  =  x4-  ±n?  -  3x  +  23  =  0, 


f"(x)=24x-24, 
'f»(x)  =  24. 

/  /           /"         /"'        /tv 

jr  =  0                +  0                         + 

x  =  Q  +  h,       +  ±                        + 

x=l               +  0           + 

a;  =  1  +  h,        +  +            + 

£C=10  +  +  +  +  + 

Every  value  less  than  0  gives  results  alternately  +  and  -, 
therefore  there  is  no  real  negative  root  ;  for  x  =  0,  we  have 
a  result  zero  placed  between  two  similar  signs,  and  therefore 
corresponding  to  it  there  is  a  pair  of  imaginary  roots.  There 
is  no  root  between  0  and  1,  but  there  may  be  two  roots  be- 

tween 1  and  10. 

17 
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Ex.  3.    /(a?)  =  x6  -  tx*  +  4<te3  +  GO;*;2  -  x  -  1  =  0. 

Here  there  is  no  root  <  -  1  ;  there  is  one,  and  there  may 
be  three,  between  -1  and  0;  there  is  one  root  between  0 
and  1  ;  and  there  may  be  two  roots  between  2  and  3. 

114.     The  above  process  will  determine  the  intervals  in 
which  the  roots  are  to  be  sought,  but  not  always  their  nature; 
when  an  even  number  of  roots  is  indicated,  they  may  all  turn 
out  to  be  impossible.     The  series   of  magnitudes,  between 
—  oo  and  +  oo  ,  to  be  substituted  for  x  in  the  derived  func- 
tions, has  been  divided  into  intervals  of  two  sorts,  each  con- 
tained by  assigned  limits,  a  and  I.     The  first  sort  of  interval 
is  one  within  which  no  root  is  comprehended  ;  i.  e.  the  limits 
of  which,  give  the  same  number  of  changes  of  signs  in  the 
series  of  derived  functions.     The  second  sort  is  one  within 
which  roots  may  lie  ;  i.  e.  where  the  number  of  changes  re- 
sulting from  the  substitution  of  b,  is  less  than  the  number 
resulting  from  the  substitution  of  a,  in  the  series  of  derived 
functions.     This  second  sort  of  interval  has  two  subdivisions, 
viz.  cases  where  the  indicated  roots  do  really  exist,  and  others 
where  they  are  imaginary.     When  we  have  ascertained  that 
a  certain  number  of  roots  may  lie  between  a  and  b,  we  may 
substitute  c  (a  quantity  between  a  and  b]  in  the  series  of  de- 
rived functions,  and  if  any  changes  disappear,  our  interval  is 
broken  into  two  others;  if  no  changes  disappear,  we  may 
increase  or  diminish  c,  and  make  a  second  substitution,  and 
it  may  still  happen  that  no  change  is  lost  ;  and  so  on  con- 
tinually ;  and  we  may  be  left  after  all  in  a  state  of  uncertainty, 
whether  the  separation  of  the  roots  is  impossible  because  they 
are  imaginary,  or  only  retarded  because  their  difference  is 
extremely  small. 

1  lencc  when  we  know  that  two  limits  may  include  a  cer- 
tain number  of  roots,  we  must  have  a  special  rule  for  deter- 
mining whether  they  are  possible  or  impossible  ;  this  has 
been  given  by  Fourier  in  the  two  following  propositions;  in 
proving  which,  we  assume  that  the  development  off(x  +  h) 
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in  Art.  27  may  be  put  under  the  following  forms,  so  as  to 
exhibit  the  remainder  of  the  series,  when  we  take  only  one, 
two,  &c.  terms  (see  Art.  121)  ; 

/(*  +  *)=/(*)  +*/'(*•), 

f(x  +  h]  =/(*)  +  hf  (x)  +  W», 

and  so  on,  where  X,  //.,  &c.,  are  quantities  certainly  situated 
between  x  and  x  +  h,  but  of  which  the  exact  values  are  un- 
known, and  for  our  purpose  are  unnecessary. 

115.  Having  given  that  between  two  limits  a  and  b, 
f"  (x)  =  0  has  no  root  at  all,  /'  (x)  =  0  one  root  and  no  more, 
and  that  f(x]  =  0  may  have  either  two  roots  or  none,  to  dis- 
cover whether  these  roots  exist  or  not. 

By  what  has  already  been  proved,  the  series  of  signs  re- 
sulting from  the  substitution  of  a  in  the  series  of  quantities 


will  present  two  more  changes  than  the  series  resulting  from 
the  substitution  of  b  ;  also,  if  we  leave  out  the  first  term, 
there  will  be  one  more  change  for  a  than  for  b  ;  and  if 
we  leave  out  the  first  two  terms,  there  will  be  exactly 
the  same  number  of  changes  for  a  as  for  b.  Therefore  f(x) 
and  /"  (x)  will  be  both  constantly  positive,  or  constantly 
negative,  for  a  and  b,  and  for  all  intermediate  values;  and 
f  (x)  will  have  a  sign  different  from  that  of  f(x)  and  f"  (x.) 
when  x  =  a,  and  the  same  as  that  off(x)  and/"(x)  when 
x=  b. 

The  two  roots  of  f(x]  =  0,  indicated  as  lying  between 
a  and  b,  will  be  real  or  imaginary,  according  as  it  is,  or  is 
not,  possible  to  find  a  quantity  c,  between  a  and  b,  such 
that  f(c)  shall  have  a  sign  contrary  to  that  which  is  common 
to/(a)  and/(i). 

Let  therefore,  if  possible, 

c  =  a  +  h=b  —  Tc 
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be  a  quantity  between  a  and  b,  such  that 


or,  expanding  so  that  the  terms  of  the  second  order  may 
include  the  remainder  of  each  series,  and  denoting  by  X,  /*, 
quantities  intermediate  to  a  and  b, 


Or,  since  under  the  given  conditions  the  last  fraction  in 
each  line  must  be  positive,  and  also 


we  must  have 


If  then  this  condition  can  be  satisfied,  a  quantity  c, 
between  a  and  b,  may  exist  so  as  to  make  f(c]  of  a  sign 
contrary  to  /(a)  and/(6)  ;  and  if  it  can  "be  found,  the  indicated 
roots  are  real  and  are  separated  :  but  if  the  condition  is  not 
satisfied,  that  is,  if  the  difference  of  the  limits  be  equal  to,  or 
less  than,  the  sum  of  the  fractions 


j  \u)     j  \yj 

taken  without  regard  to  sign,  no  such  value  of  c  exists,  and 
the  indicated  roots  are  imaginary. 
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It  is  manifest  that  if  any  three  consecutive  derivatives, 
/»,  /-»,  /"*(*), 

satisfy  the  prescribed  conditions  for  a  given  interval,  the 
same  process  will  determine  the  nature  of  the  pair  of  roots 
of  f  (x}  =  0  indicated  in  that  interval ;  and  whatever  number 
.  of  impossible  roots  f  (x)  =  0  may  have,  f(x)  =  0  has  at  least 
as  many  (Art.  53). 

116.  When  the  above  condition  is  satisfied,  we  must 
substitute  a  quantity  c  between  a  and  b  in  f(x) ;  if  f(c)  has 
a  sign  contrary  to  the  common  sign  of /(a)  and  f(k),  the 
separation  is  effected;  if  not,  we  infer  that  the  limits  are  not 
sufficiently  close  to  determine  the  nature  of  the  indicated 
roots  by  a  single  process.  In  the  latter  case,  f  (c)  necessarily 
differs  in  sign  from  one  or  the  other  off'(a),f'(b) ;  choosing, 
then,  that  limit  which  makes  f  (x)  have  a  contrary  sign  from 
f  (c),  we  must  with  it  and  c  repeat  exactly  the  same  process; 
and  we  are  certain  at  last  to  discover  either  that  no  roots  exist 
in  the  interval,  or  to  separate  them  if  they  do. 

Ex.         ic5-3a;4-24x3+95ic2-46x- 101  =  0. 
/          /         /"         /"         /v         /T 

(2)  ~  +  +  + 
210 

(3)  -  +  +  +. 

Here,  since  there  are  two  more  changes  for  a:  =  2,  than 
for  x  =  3 ;  one  more,  omitting  the  first  term ;  and  the  same 
number,  omitting  the  two  first  terms ;  the  equation  may  have 
two  roots  between  2  and  3,  and  the  conditions  respecting  the 
roots  of  /'  (x}  =  0,  /"  (x)  =  0  are  satisfied ;  and  since  for  the 
two  limits,  the  fraction 

/»   T  7       j  32 

4^-T-  becomes  —  and  — , 

f  (x) 

the  sum  of  which  is  greater  than  the  difference,  1,  of  the  limits ; 
therefore  the  two  indicated  roots  are  imaginary. 
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117.  In  the  next  proposition,  it  will  be  necessary,  for  any 
proposed  interval,  to  know  the  number  of  roots  which  each 
derivative,  when  formed  into  an  equation,  may  have  in  that 
interval.    The  best  practical  way  of  doing  this,  is,  in  the  two 
series  of  signs  produced  by  the  two  limits,  to  write  over  each 
sign  the  number  of  changes  presented  by  the  series  commenc- 
ing with  that  sign  and  going  to  the  end  of  the  series ;  and ' 
then  to  take  the  difference  between  each  number  in  the  upper 
Hue  and  the  corresponding  one  in  the  lower.     Applying  the 
process  to  the  foregoing  example,  we  have 

321100 

(2)  -     +  +     + 
210100 

(3)  +    +    + 
111000 

where  the  series  of  indices  2,  1,  0,  1,  0,  0,  mark  the  number 
of  roots  which  the  equations 

/(*)=0,  ./»=0,  /»=0,&c., 

may  have,  between  the  limits  2  and  3.  Also,  we  observe 
that  in  this  series  (and  indeed  in  every  case,  if  we  consider 
the  way  in  which  they  are  formed,)  any  index  has  immediately 
adjacent  to  it,  either  the  same,  or  one  differing  from  it  by  the 
addition  of  +  1. 

118.  When  any  number  of  roots  of/(o;)=0  are  indi- 
cated as  lying  between  a  and  b,  this  interval  may  always  be 
broken  up  into  others,  in  which  such  of  the  roots  as  are  real 
are  situated  singly. 

From  observing  the  number  of  changes  lost  in  the  series 
formed  by  /(a-)  and  all  its  derivatives,  and  also  in  the  series 
formed  by  each  of  the  derivatives  and  all  those  which  follow 
it,  in  passing  from  a  to  &,  let  the  number  of  roots  which 
=  0  may  have,  or  which  the  derivatives  taken  in  order 
when  formed  into  equations  may  have,  between  those  limits, 
be  determined ;  and  let  them  be  8,  8',  B",  &c.  Now  suppose 
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that  in  the  series  (where  each  function  ia  accompanied  by 
its  index,  i.  e.  the  number  of  roots  which,  when  formed  into 
an  equation,  it  may  have  between  a  and  b) 

/(*)  /»  /»  .../*«  /rW  /"(*),  - 
8        8'        8"  2         1        e 

yr  (#)  is  the  first  whose  index  is  1 ;  then  the  preceding 
function  has  2  for  its  index,  for  it  cannot  have  0,  otherwise, 
since  the  first  index  is  not  zero,  there  would  be  some  function 
before  f(x)  having  1  for  its  index.  Now  if  e  be  not  zero, 
since  f  (x}  =  0,  /m  (a;)  =  0,  cannot  have  a  common  root,  two 
new  limits  a',  b',  may  be  found  within  the  former,  intercepting 
the  root  of  f  (x}  =  0,  but  excluding  every  root  off1*1  (x)  =  0. 
Hence  the  interval  a,  b,  will  be  broken  up  into  the  three 
aa,  a'b',  b'b,  the  first  and  third  of  which  give  forf(x)  an 
index  zero,  and  therefore  an  index  1  to  some  preceding  function, 
and  the  second  a'b'  will  either  make  some  preceding  function 
have  an  index  1,  or  will  allow  fr(x)  still  to  be  the  first 
function  whose  index  is  unity  for  that  interval,  the  indices 
of/*"1  (a;)  and  f™  (x)  being  2  and  0. 

Suppose  the  latter  to  be  the  case;  then,  by  Art.  115,  we 
may  find  whether  f^1  (x)  =  0  has  two  real  roots  or  none  be- 
tween a  and  b';  if  there  are  two  real  roots,  then  taking  a 
quantity  c  between  them,  the  interval  a'b'  is  divided  into 
the  two  a'c  and  c'b',  each  of  which  makes  /^(x),  or  some 
preceding  function,  have  an  index  1 ;  but  if  the  t\vo  roots 
of  f~l  (x}  =  0,  indicated  as  lying  between  a  and  b',  are 
imaginary,  since  every  quantity  intermediate  to  a  and  b'  will 
make  fr~l  (x}  and  f1*1  (a;)  have  the  same  sign,  therefore  in 
passing  from  a  to  b'  through  the  root  of  f(x)  =  0,  since  the 
adjacent  functions  have  the  same  sign,  two  changes  will  be 
lost.  Hence  we  may  diminish  the  indices  of  all  the  pre- 
ceding functions  by  2,  and  proceed,  relative  to  the  interval 
a'b',  with  that  function  preceding  fr(x]  which  first  has  1  for 
its  index.  Hence  the  proposed  interval  is  replaced  by  partial 
intervals,  in  each  of  which  the  separation  of  the  included 
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roots  is  more  nearly  effected  than  in  the  original  interval ;  and 
by  proceeding  with  the  partial  intervals  in  the  same  manner 
as  we  did  for  a,  b,  we  shall  at  last  find  only  intervals  in  which 
the  index  of  f(x)  is  either  0  or  1 ;  and  the  separation  of  the 
roots  of  f(x)  =  0  which  lie  between  a  and  b,  will  be  com- 
pletely effected. 

Ex.  (x}  =  xi-x3 


(-10)  +  +  + 

(-1)      +  +  + 

(0)  +  +  + 
32210 

(1)  +  +  +  +  + 

There  is  no  root  between  —  10  and  —  1,  and  one  root 
between  —  1  and  0,  also  three  are  indicated  between  0  and  1 ; 
but,  forming  the  series  of  indices  for  that  interval,  we  see 
that  f"(x)  =  0  is  the  first  equation  to  which  the  criterion 

i     ( 'Vi  fi 9*     -i-  *^o*  •-[-  4- 

can  be  applied ;  also  ••'„.  (  becomes  -  -  which,  for 

T       i  'yM  1  V^Y*  —  -\ 

.T    (x)  L*x     ** 


4 
x  =  0,  becomes  —  - ,  and  this  neglecting  the  sign  is  greater 

O 

than  1,  the  difference  of  the  limits;  therefore  the  roots  are 
imaginary,  and  consequently  there  is  only  one  root  of  the  pro- 
posed equation  between  0  and  1. 


GEOMETRICAL   ILLUSTRATION    OF   FOURIER'S  METHOD   OF 
SEPARATING   THE   ROOTS. 

119.  The  criterion  of  the  reality  of  two  indicated  roots 
in  any  interval  may  be  readily  deduced  from  geometrical  con- 
siderations. 

Let  y  =f(x)  be  the  equation  to  a  parabolic  curve ;  then 
the  portion  of  it  between  x  =  a,  x  =  b,  (supposing  these  limits 
to  Batisfy  all  the  prescribed  conditions,)  must  have  the  shape 
PCQ  (Fig.  2),  0  being  the  origin,  ONM  the  axis  of*,  PN. 
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QM,  the  ordinates  of  its  extremities  having  the  same  sign, 
C  the  single  point  where  the  tangent  is  parallel  to  the  axis, 
and  the  curve  through  the  extent  PCQ  being  convex  to  the 
axis  of  x,  because  for  that  interval  f(x)  and  f"(x)  have  the 
same  sign.  But  if  O'N'M',  a  line  parallel  to  ONM  and  cut- 
ting the  curve  in  two  points,  be  the  axis  of  x,  the  curve  will 
have  the  ordinates  of  its  extremities  of  the  same  sign,  and 
will  have  its  tangent  parallel  to  the  axis  of  x  at  one  single 
point,  and  f(x),f"(x]  will  have  the  same  sign  for  all  points 
between  Pand  Q;  hence,  for  any  thing  that  yet  appears,  this 
construction  will  represent  the  function  f(x]  between  x  =  a 
and  x  =  b,  just  as  well  as  the  former ;  but  it  is  manifest  that 
when  f(x)  =  0  has  two  roots  between  a  and  b,  there  will  be 
two  points  of  intersection  with  the  axis  of  x,  and  the  second 
is  the  true  construction ;  and  the  former  belongs  to  the  case 
where  there  is  no  point  of  intersection,  and  where  the  abscissae 
of  the  points  of  intersection,  that  is,  the  roots  off(x)  =  0,  are 
imaginary.  If  we  knew  the  exact  value,  c,  of  OB,  we  might 
substitute  it  in /(a?),  and  if  the  sign  of  the  result  was  different 
from  that  of  f(a)  and  /(&),  then/(c)  would  be  represented 
by  R  G,  and  we  should  be  certain  that  there  were  two  points 
of  intersection ;  if  the  same,  f(c)  would  be  represented  by 
RC,  and  there  would  be  no  point  of  intersection.  But  if 
we  can  only  find  an  approximate  value  of  c,  and  the  sign  of 
f(c)  is  the  same  as  that  of  f(a)  and/(5),  we  are  uncertain 
whether  the  points  of  intersection  are  imaginary,  or  so  near 
to  one  another  that  our  approximate  foot  of  the  least  ordinate 
does  not  fall  between  them. 

Now  in  the  case  of  real  toots,  that  is,  when  O'N'M'  is 
the  axis  of  #,  and  there  are  two  points  of  intersection,  if 
tangents  Pt',  Qs  be  drawn  at  P,  Q,  it  is  manifest,  that  how- 
ever near  to  one  another  the  roots  are,  and  however  close 
the  limits  are  to  the  roots,  N'M'  must  exceed  N't'  +  J/Y, 

or  b  -  a  must  exceed     ®  -  &\  ',  if  therefore  we  find  either 

/  W 

18 


or 
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_j(a>  t  or  their  sum,  greater  than  b  -  a,  we  know 

/  (a) 
that  the  roots  cannot  be  possible,  and  may  pronounce  them 

impossible. 

But  when  we  find  the  difference  of  the  limits  greater  than 
the  sum  of  the  subtangents,  we  cannot  conclude  that  the  roots 
are  possible  ;  for  this  condition  is  satisfied  not  only  by  the 
axis  JV'J/'  but  also  by  JV3f,  as  long  as  the  tangents  Ft,  Qs, 
do  not  intersect  between  the  curve  and  the  axis. 

In  the  latter  case,  we  must  substitute  a  quantity  d  be- 
tween a  and  b  for  x,  then  if  f(d)  have  a  different  sign  from 
/(a)  and  /(&),  the  two  indicated  roots  are  real,  and  their 
separation  is  effected;  if  not,  f'(d)  will  have  the  same  sign 
either  as  /'(«)  or  f'(b)  ;  let  it  be  the  former,  then  no  root 
can  lie  between  a  and  d  ;  and  we  must  now  apply  the  cri- 
terion of  the  subtangents  to  the  new  and  closer  interval  from 
d  tob. 

120.  To  avoid  the  risk  of  trying  to  separate  two  roots 
that  are  actually  equal  to  one  another,  it  will  be  often  requi- 
site to  ascertain  directly  whether 

f(x)  =p0xn  +plSrl  +  .  .  .  +p^x  +p»=o  ......  (i) 

admits  of  a  pair  of  equal  roots  ;  and  the  labour  of  doing  so 
may  be  shortened  by  the  following  considerations.  If  (1)  has 
a  single  pair  of  equal  roots,  they  must  be  commensurable  ; 
for  in  that  case  f(x)  and  f'(x)  admit  of  a  common  divisor 
x  —  c  which,  put  equal  to  zero,  will  give  a  rational  value  for 
the  root  that  occurs  twice.  If  p0  =  1,  the  equal  root  c  must 
be  an  integer  (Art.  65),  andpn_15^n  must  be  divisible  respec- 
tively by  c,  c2  ;  if  p0  be  not  unity,  the  equal  root  must  be  a 
fraction  a  +  b,  and  pn_l,  pn)  plt  p0  must  be  divisible  respec- 
tively by  a,  a*,  b,  V  (Art.  32).  In  both  cases,  if  a  suspected 
equal  root  be  not  excluded  by  these  conditions,  we  must  try 
by  substitution  whether  it  satisfies  f(x)  =  0,  f(x)  =0. 


SECTION  VII. 

ON  THE  METHODS  OF  FINDING  APPROXIMATE 
VALUES  OF  THE  REAL  INCOMMENSURABLE 
ROOTS  OF  EQUATIONS. 


121.  WHEN  all  the  commensurable  roots  of  an  equation 
have  been  found,  and  all  the  incommensurable  roots  separated 
by  the  methods  explained  in  the  foregoing  sections,  the  next 
step  towards  the  solution  of  the  equation  is  to  find  approxi- 
mate values  of  the  incommensurable  roots;  and  to  this  we 
shall  now  direct  our  attention. 

It  will  however  be  necessary  previously  to  prove  certain 
properties  of  the  polynomial /(x),  which  forms  the  first  mem- 
ber of  the  equation. 

Since  f(x  +  h)  -f(x)  =f'(x)h+f'(x)  |°  +  ...  +A", 

and  as  long  as  x  is  finite,  none  of  the  quantities  /'(x),  f"(x), 
&c.,  being  integral  functions,  can  become  infinite,  therefore  by 
taking  h  sufficiently  small  we  may  make  the  second  member 
as  small  as  ever  we  please ;  consequently  if  x  increase  con- 
tinuously by  insensible  degrees  between  two  limits  a  and  b, 
f(x)  will  also  vary  continuously  by  insensible  degrees  between 
the  same  limits ;  and  will  go  on  increasing  as  long  as  f'(x) 
continues  positive;  and  when  /'(a?)  is  negative,  it  will  go  on 
diminishing. 

Again,  since 
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and  since  by  diminishing  h  we  can  make 


as  near  zero  as  ever  we  please,  or  always  intermediate  in  value 
to  +  e  and  —  e,  where  e  is  as  near  zero  as  ever  we  please  ; 
by  taking  h  sufficiently  small,  we  shall  always  have 


if  therefore  x  be  always  taken  between  a  and  b,  and  if  A,  B, 
denote  the  least  and  greatest  values  which  f'(x)  can  assume 
between  those  limits,  h  fortiori,  the  following  inequality  may 
be  satisfied, 

f(x  +  h}  -f(x)  >  k  (A  -  e)  <  h  (B  +  e). 

Suppose  now  that,  between  the  limits  a  and  b,  are  inter- 
posed a  series  of  ascending  values  of  a;,  ax  ,  a2  ,  ...  an  so  near  to 
one  another  that  the  above  inequality  may  be  always  satisfied, 
when  we  take  one  of  those  values  for  x  and  the  following  one 
for  x  +  h  ;  then 

/(«,)-/(«)  >  («t-a)  (A-e}<  (a,  -a)  (B+e) 
/(«J  >  (a.-Ot)  (A-e)  <  (^-aj  (B+e) 


-/(«»)  >  (*  -«„)  (A-e)  <  (b  -an)  (S  +  e)  ; 
therefore,  adding, 

/(*)  -/(«)  >  (b  -«)  (A-e)<  (b  -a)  (5  +  e); 
or,  since  this  is  true  however  small  e  is, 

/(*)-/(«)  >  (&-o)-4  <  (ft-a)  A 

But  as  x  changes  by  insensible  degrees  from  a  to  b,  f'(x) 
will  change  by  insensible  degrees,  and  will  assume  all  values 
between  A  and  B,  these  being  the  least  and  greatest  values 
which  it  can  have  in  that  interval.  Therefore  every  quantity 
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between  A  and  B  will  be  a  value  of  f'(x)  corresponding  to 
some  value  of  x  between  a  and  b.     Suppose  therefore 


b-a       ' 

which  we  have  shewn  to  lie  between  A  and  2?,  to  be  equal  to 
the  value  assumed  by  f'(x)  when  x  =  X  ;  then 


where  X  is  some  quantity  lying  between  a  and  b. 


NEWTON'S  METHOD  OF  APPROXIMATION. 

122.  When  we  know  an  approximate  value  of  a  root,  we 
may  easily  obtain  other  values  of  it,  more  and  more  exact, 
by  a  method  invented  by  Newton,  which  rapidly  attains  its 
object.  We  shall  give  this  method,  first  in  the  form  in 
which  it  was  proposed  by  its  author,  and  afterwards  with 
the  conditions  which  Fourier  has  shewn  to  be  necessary  for  its 
complete  success. 

Let  f(x)  =  0  be  an  equation  having  a  root  c  between 
a  and  b,  the  difference  of  these  limits,  b  —  a,  being  a  small 
fraction  whose  square  may  be  neglected  in  the  process  of 
approximation. 

.    Let  c1?  a  quantity  betwen  a  and  b,  be  assumed  as  the  first 
approximation  to  c,  then  c  =  cx  +  h,  where  h  is  very  small  ; 


Now  since  h  is  very  small,  h\  h3,  &c.,  are  very  small 
compared  with  h;  also  none  of  the  quantities/  "(<",),  /"'(ci)>  &c., 
can  become  very  great,  since  they  result  from  substituting 
a  finite  value  in  integral  functions  of  x;  therefore,  provided 
/'(c,)  be  not  very  small  (that  is,  provided  /'(*)  =  0  have  no 
root  nearly  equal  to  ct  or  to  c,  and  consequently  /(*)=<> 
no  other  root  nearly  equal  to  c  besides  the  one  we  are 
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approximating  to)  all  the  terms  in  the  series  after  the  first  two 
may  be  neglected  in  comparison  with  them  ;  and  we  have,  to 
determine  \  the  resulting  approximate  value  of  h,  the  equation 


z      /(«.)  -    f/Ml 

*    /w    t/ww 


and  the  second  approximation  is 


Similarly,  starting  from  ca  instead  of  ct,  the  third  approxi- 
mate value  will  be 


c-e.  (/( 

'    •    (/' 


'(*)  W 

and  so  on  ;  and  if  we  can  be  certain  that  each  new  value  is 
nearer  to  the  truth  than  the  preceding,  there  is  no  limit  to  the 
accuracy  which  may  be  obtained. 

Ex.1.  £cs-2o;-5=0. 

Here,  one  root  lies  between  2  and  3,  and  the  equation  can 
have  only  one  positive  root  ;  also,  upon  narrowing  the  limits, 
we  find  that  x  =  2  gives  a  negative,  and  x  =  2-  2  a  positive 
result,  therefore  2-1  differs  from  the  root  by  a  quantity  less 
than  0*1,  and  we  may  assume  ct  =  2*1.  Hence 


o  1  0-061 

"  2  -IT23' 


or  c,  =  2-1  -  0-0054  =  2'0946. 
Similarly, 

c3  =  2-09455149. 
Ex.  2.  x'  -  7x  -  1  =  0. 

There  is  only  one  positive  root,  lying  between  3  and  3'1  ; 
and  it  equals  3-048917339. 

Oiis.     To  guard  against  over  correction,  that  is,  against 
applying  such  a  correction  to  an  approximate  value,  as  shall 
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make  the  new  value  differ  more  from  tho  root  by  excess  than 
the  original  approximate  value  did  by  defect,  or  vice  versd,  we 
must  lie  certain  that  each  new  value  is  nearer  to  the  truth  than 
the  preceding  ;  this  gives  rise  to  the  following  conditions,  first 
noticed  by  Fourier. 

123.  For  the  complete  success  of  Newton's  method  of 
approximation,  the  following  conditions  are  necessary. 

(1)  The    limits    between    which   the    required   root  is 
known  to  lie  must  be    so   close,   that    no    other    root    of 
/(ic)=0,  and  no  root  of/'  (a;)  =  0,  or/"(ar)=0,  lies  between 
them. 

(2)  The  approximation  must  be  begun  and  continued 
from  that  limit  which  makes  f(x)  and  f"  (x)  have  the  same 
sign. 

Let  c  be  a  root  of  f(x)  =  0  which  lies  between  a  and  b, 
a<b,  Cj  the  first  approximate  value,  and  h  the  whole  cor- 
rection, so  that  c  =  ct  +  h  ; 

then  f(Cl  +  k)  =  0,    or  /(c,)  +  hf(\)  =0, 
X  being  some  quantity  between  ct  and  c,  (Art.  121). 

Therefore,  supposing  X  =  c1,  which  amounts  to  neglecting 
all  powers  of  h  above  the  first,  and  requires  thaty(a;)  =0  have 
no  root  besides  c  in  that  interval,  and  calling  the  resulting 
approximate  value  of  A,  hlt  we  have 


Now  the  true  value  ia  c  =  cl+h) 
the  1st  approximate  value  is  ct  with  error  h, 
the  2nd  approximate  value  is  ca  =  c,  +  \  with  error  h—hlt 
which  (neglecting  signs)  must  be  less  than  h, 

i.  e.  7i2  —  (h  —  AJ2  must  be  positive,  or  2/i/*,  -  Ji?  =  +  , 


which  condition   (since  X  is  an  indeterminate  quantity  be- 
tween c,  and  c,  or  between  a  and  b)  cannot  in  all  cases  be 
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secured  unless  f(x)  be  incapable  of  changing  its  sign  be- 
tween a  and  b;  i.e.  unless  f'(x)  =  0  have  no  root  between  a 
and  b. 

f>t  /      \  -g 

Moreover,  we  must  have  -7--  >  -  ,  or  >  1. 


Now  if  f"(x]  preserve  an  invariable  sign  between  a  and 
b  i.e.  if  f"(x)  =  Q  nave  no  ro°t  m  that  interval,  then  f'(x) 
will  increase  or  diminish  continually  from  a  to  b  ;  therefore 
c  must  be  taken  equal  to  that  limit  which  gives  f'(x)  its 
greatest  numerical  value  without  regard  to  sign. 

First,  let  /'(a?),  f"(x},  have  the  same  sign  from  a  to  b; 
then  f'(x)  increases  continually  in  that  interval;  therefore 
we  must  have  cx  =  b,  or  we  must  begin  from  the  greater 
limit.  But/(&)  has  the  same  sign  as  f(c  +  h)  —f(c)  +  hf'(c] 
=  hf'(c},  or  as  /'(c)  ;  therefore  we  must  have  cx  equal  to  that 
limit  which  makes  f(x)  and  f"(x)  have  the  same  sign. 

Secondly,  let  f'(x),  f"(x),  have  contrary  signs  from  a  to 
i;  then  f  (x)  diminishes  continually  in  that  interval;  there- 
fore we  must  have  Cj  =  a,  or  we  must  begin  from  the  lesser 
limit.  But  /(a)  has  the  same  sign  as  f(c  —  k)  =f(c)  —hf'(c} 
=  —  A/'(c)?  °r  as  —  f'(c}  ')  therefore  in  this  case,  equally  as  in 
the  former,  we  must  have  ct  equal  to  that  limit  which  makes 
f(x)  and  f"(x]  have  the  same  sign. 

These  conditions  being  fulfilled,  we  have 


c  —  c, 

or  --  *- 


therefore  ca  lies  between  c  and  ct  ;  hence  the  new  limit  c2  fulfils 
the  requisite  conditions,  and  we  may  with  certainty  from  it 
continue  the  approximation. 

124.     To  estimate  the  rapidity  of  the  approximation,  we 
have 

error  in  1st  approximate  value  ct,  =  h, 
error  in  2nd  approximate  value  c^=h-hl. 
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But 


or     -il  =  _ 


Let  the  greatest  value  which  f"(x)  can  assume  between  a 
and  5  (which  will  be  either  /"(a)  or  /"(&),  if  /'"(»)  =  0  have 
no  root  in  the  interval)  be  divided  by  the  least  value  of  2/'(#) 
in  that  interval  which  will  be  either  2/'(a)  or  2/'(&),  and  let 
the  quotient  be  denoted  by  (7;  then,  neglecting  signs, 

h-h^tfC; 

hence  if  the  first  error  h  in  ct  be  a  small  decimal,  the  error 
h  —  \  with  which  c2  is  affected  (since  C  will  not,  except  in 
particular  cases,  be  very  large)  will  be  very  small  compared 
with  h  ;  and  if  the  quantity  0  be  less  than  unity,  the  number 
of  exact  decimals  in  the  result  will  be  doubled  by  each  suc- 
cessive operation.  The  quantity  C,  when  thus  computed  for 
a  given  interval,  preserves  the  same  value  throughout  the 
operations  which  it  may  be  necessary  to  make  in  order  to  ap- 
proximate to  the  value  of  the  root  lying  in  that  interval  ;  and 
as  we  thus  know  a  limit  to  the  difference  between  the  approxi- 
mate value  already  found  and  the  true  value,  we  may  always 
avoid  calculating  decimals  which  are  inexact,  and  only  obtain 
those  which  are  necessarily  correct. 

Ex.  6a;8-  141  x  +  263  =  0. 

This  equation  has  two  positive  roots,  one  between  2*7 
and  2*8,  and  the  other  between  2  -8  and  2*9.  Now  f'(x) 


=  18ic2-  141  =  0,   has   a   root  =  A          =  2'798  between  2-7 

and  2-8,  therefore  these  limits  are  not  sufficiently  close;  but 
this  root  is  greater  than  2  '79;  also  2  '7  and  2  '79  substituted 
in  f(x)  gives  results  with  different  sighs  ;  and  2-7  substituted 
in  f(x)  and  /"(a)  gives  results  with  the  same  sign;  therefore 
^  =  2-7. 

19 
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With  regard  to  the  other  interval  2'8,  2 '9,  /'(os)  =  0, 
f"(x)  =0,  have  no  roots  between  these  limits,  and  2'  makes 
f(x)  and/"(x)  have  the  same  sign;  therefore  ^  =  2*9 ;  and 
starting  from  these  values  we  are  certain  in  each  case  to  get  a 
new  value  nearer  to  the  truth. 

f"  (x] 
Again,  the  greatest  value  which  £/2.^  can  assume  in  the 

interval  2 '7,  2 -79,  is  nearly  equal  to  10;  hence  if  hlt  A2,  be 
consecutive  errors,  we  have  h2  <  \  (^)2. 10. 

The  same  formula  will  be  found  to  be  true  for  consecutive 
errors  in  the  interval  2 '8,  2 '9. 


GEOMETRICAL   ILLUSTRATION    OF    NEWTON'S    METHOD    OF 
APPROXIMATION. 

125.  The  nature  of  Newton  s  method  of  approximation, 
and  the  necessity  of  Fourier  s  limitations,  are  well  illustrated 
by  the  following  geometrical  considerations. 

Let  y  =f(x)  be  the  equation  to  a  parabolic  curve,  then  the 
portion  of  it  between  x  =  a  and  x  =  b,  (supposing  these  limits 
to  satisfy  all  the  prescribed  conditions,)  must  have  the  shape 
PCQ,  (Fig.  1,)  0  being  the  origin,  00  the  axis  of  x,  PN, 
QM  the  extreme  ordinates  having  different  signs ;  and  there 
being  no  point  of  inflexion  and  no  tangent  parallel  to  the 
axis  in  the  interval  between  x  =  a  and  x  =  5,  since  neither 
/"  (*}  =  °>  nor  /'  (#)  =  0  has  a  root  between  a  and  b.  Now 
if  QT  be  a  tangent  at  Q,  it  is  manifest  that  OT  will  be  in- 
termediate to  OC  and  OM,  whatever  be  the  magnitude  of 

f  (tt\ 
CM;  but  MT=  ~~  is  the  correction  furnished  by  Newton  s 

J  (°) 

method ;  hence  if  we  start  with  that  end  of  the  arc  which  is 
convex  towards  the  axis  of  x,  and  therefore  from  that  limit 
OM=  b  which  makes  f(x]  and  / "(x)  have  the  same  sign,  we 

shall  get  a  new  limit  OT=b'  =  b-  which  is  certainly 


closer  than  the  former  and  on  the  same  side  of  the  root  ;  and 
if  we  repeat  the  process  with  b',  the  next  value  of  the  root  will 
be  OT',  which  is  still  nearer  to  the  truth.  But  if  we  com- 
mence with  that  end  of  the  arc  which  is  concave  to  the 
axis  of  x,  and  therefore  from  that  limit  ON=.  a  which  makes 
f(x)  and  /"'(#)  have  contrary  signs,  the  correction  will  be 

•ft  \ 
NU=  —  jrj-4  ;  and  the  new  value  0Z7will  exceed  OC,  and 

/  (a) 

may  exceed  OC  by  more  than  ON  falls  short  of  0(7;  so  that 
we  cannot  be  certain  that  the  new  limit  is  closer  than  the 
former  ;  and  if  we  again  correct  OU,  the  result  may  be  still 
more  erroneous. 

We  may  however  obtain  a  new  inferior  limit  by  drawing 
PS  parallel  to  QT,  then  OS  will  always  lie  between  O^Vand 

OC,  and  we  have  NS=-,  and  OS  =  a-.    Thus 


we  have  two  new  limits,  and  as  many  figures  as  their  values 
have  in  common,  so  many  are  exact  in  the  approximation. 

If  the  primitive  interval  were  not  sufficiently  small  to 
exclude  all  roots  of  /'  (x)  =  0  and  /"  (x}  =  0,  then  it  might 
happen  that  the  limit  b  might  correspond  to  a  point  B  situated 
beyond  a  point  of  inflexion  R,  and  the  tangent  at  B  might 
meet  the  axis  at  a  point  remote  from  (7;  and  if  B  were 
situated  at  the  extremity  of  a  maximum  ordinate,  the  result 
would  be  still  more  erroneous. 

In  connection  with  these  geometrical  illustrations  of  New- 
tons  method  of  approximation,  and  of  Fourier  's  criterion  of 
the  reality  of  two  roots  at  Art.  118,  the  following  remarks  may 
be  made.  If  instead  of  the  equation  f(x)  =  0,  we  consider 
the  equation  f(x)=y,  and  suppose  y  to  assume  successive 
known  values,  we  shall  have  a  system  of  equations,  differing 
only  in  their  final  terms  ;  and  the  roots  of  all  of  them  may  be 
exhibited  by  means  of  the  intersections  of  the  same  curve 
with  a  system  of  parallel  straight  lines.  For  suppose  the 
equation  f(x)=y  to  represent  the  curve  PCQ  (fig.  2)  when 
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referred  to  ONM  as  axis  of  x ;  then  if  we  draw  another  axis 
O'N'M'  parallel  to  the  former,  and  call  NN'  =a,  we  have 
PN' =  y  =y  —  a,  so  that  relative  to  the  new  axis  the  same 
curve  is  represented  by  the  equation  y  +  a  =/(«);  and  if  we 
suppose  3/  =  0,  the  roots  of  /(#)—  a  =  0,  are  the  abscissas  of 
the  points  of  intersection  O'A,  O'JB,  &c.  If  the  new  axis  were 
drawn  so  as  to  touch  the  curve  at  C,  and  CJR  =  c,  then  the 
equation  /(or)  —  c  =  0  would  have  a  pair  of  roots  =  O'R' ;  and 
if  b  were  taken  less  than  c,  so  that  the  axis  were  situated  be- 
tween C  and  R,  then  f(x)—b  =  Q  would  have  a  pair  of  ima- 
ginary roots,  the  curve  having  receded  from  the  axis  without 
intersecting  it.  We  thus  perceive  that  the  slightest  alteration 
in  the  final  term  of  an  equation,  may  change  two  real  roots 
lying  close  together,  into  a  pair  of  equal  roots,  or  into  a  pair 
of  imaginary  roots  conjugate  to  one  another. 

126.  The  following  method,  known  as  Horners  method, 
of  calculating  the  real  incommensurable  roots  of  a  numerical 
equation,  is  laborious ;  but  it  possesses  the  advantage  of  de- 
termining with  certainty,  to  as  many  places  of  decimals  as 
may  be  desired,  the  successive  digits  in  the  decimal  part  of 
any  root  known  to  lie  between  two  consecutive  integers.  It 
requires  a  peculiar  mode  of  forming  the  equation  whose  roots 
shall  be  those  of  a  proposed  equation  diminished  by  a  given 
quantity,  which  we  proceed  to  explain. 

If  we  wish  to  diminish  the  roots  of  a  numerical  equation 
of  the  71th  degree,  Xn  =  0,  by  a  given  number  a,  we  may,  in- 
stead of  putting  x  =  y  +  a  as  in  Art.  25  and  expanding,  employ 
the  following  more  expeditious  method.  Dividing  Xn  by 
x  —  a,  let  JL^J  be  the  quotient,  and  rt  the  remainder  which  is 
numerical;  again,  dividing  X^  by  x-a,  let  X^  be  the 
quotient  and  rx  the  remainder ;  and  so  on  through  n  divisions ; 
then 

Xn    =(x-a)Xn_  +  rt 
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hence  by  successive  substitutions  we   get  the   transformed 
equation 

Xn  =(x-  a)n  +  rn(x-  a)"'1  +  ...  +  rt  =  0. 

The  coefficients  r1}  r2,  ...rn,  which  are  the  remainders  after 
one,  two,  &c.,  n  repeated  divisions  of  Xn  by  x  —  a,  can  be 
readily  found  from  Art.  6 ;  where  it  is  shewn  that  when  any 
polynomial  f(x]  is  divided  by  x  —  a,  the  coefficient  of  the  first 
term  in  the  quotient  is  the  same  as  that  of  the  first  term  of 
the  polynomial;  and  the  other  coefficients  and  the  remainder 
are  formed,  one  from  the  other,  by  multiplying  the  coefficient 
of  the  preceding  term  by  a  and  adding  the  product  to  the 
coefficient  of  that  term  off(x]  which  involves  the  same  power 
of  x  as  the  preceding  term  does ;  the  last  quantity  that  can 
be  so  formed  being  the  remainder.  Hence  if  we  perform  n 
separate  divisions  of  Xn  by  x  —  a  by  this  uniform  process,  we 
shall  obtain  n  remainders,  which  are  the  coefficients  of  the 
transformed  equation.  The  facility  of  the  method  will  be 
seen  in  the  following  examples;  when  «  =  1,  the  process  is 
merely  one  of  addition. 

Ex.  1.     To  diminish  by  4  the  roots  of  the  equation 
2x*  -  6x*  -  x3  +  Ox  +  3  =  0. 

227      28,     115  =  ^, 

2     10      47,     216  =  rs, 

2      18,     119  =r3, 

2,       26  =  r4; 

/.  2  (o;-4)4+  26  (»-4)8  +  119  (a -4)*  + 216  (x-4)  +  115  =  0. 
The  second  line  gives  the  coefficients  of  the  quotient 

2x*  +  2x*  +  7x  +  28, 

and  the  remainder  115,  after  dividing  the  proposed  by  a? -4, 
which  are  calculated  thus :  2  we  know  is  the  coefficient  of  x*t 
and  if  we  multiply  it  by  4  and  add  the  product  to  —  6,  the 
coefficient  of  the  same  power  of  a;  in  the  line  above,  we  get  2 
the  coefficient  of  Xs ;  again,  multiplying  2  by  4  and  adding 
the  product  to  the  coefficient  of  ce*  in  the  line  above,  we  get 
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7  for  the  coefficient  of  x ;  and  so  on.  In  the  third  line  are 
given  the  coefficients  of  the  quotient,  and  the  remainder,  after 
dividing  23?  +  2x*  +  7x  +  28  by  x  —  4  (which  amounts  to  per- 
forming two  successive  divisions  of  the  proposed  by  x  —  4)  ; 
and  they  are  formed  by  the  same  uniform  law,  of  multiplying 
any  one  by  4  and  adding  the  product  to  the  coefficient  which 
stands  over  it  in  the  line  above,  for  the  next  following  co- 
efficient. When  the  roots  are  to  be  diminished  by  unity,  the 
process  is  still  easier,  as  no  multiplication  is  requisite  in  form- 
ing the  coefficients.  Thus  if  it  were  required  to  diminish  by 
unity  the  roots  of  the  above  equation 

2x*  -  6xa  -  of  +  Ox  +  3  =  0, 

2     -4-5-5,     -2  =  rl5 

2  -2    -7,  -12  =  r8, 

2        0,     -7=r3, 

2,         2  =  r4; 

.'.  2  (x  -  I)4  +  2  (a;  -  I)3  -  7  (a:  -  I)2  -  12  (x  -  1)  -  2  =  0. 

The  former  result  shews  that  x  —  4  has  no  positive  value, 
and  this  shews  that  x  —  1  has  but  one  positive  value ;  there- 
fore the  proposed  has  but  one  root  greater  than  1,  and  it  is 
less  than  4. 

Ex.  2.     To  diminish  by  3  the  roots  of  the  equation 
4a;7  -  Gxe  -  7x6  +  Sx4  +  7x3  -  23a?2  -  22#  -  5  =  0. 

The  transformed  equation,  which  may  be  calculated  with 
the  same  ease  as  in  the  preceding  example,  will  be  found 
to  be 

4  (x  -  3)7  +  78  (x  -  3)6  +  641  (x  -  3)5  +  2873  (a;  -  3)4 
+  7573  (a?  -  3)8+  11704  (x  -  3)8 
+  9722  (a;  -  3)  +  3232  =  0, 
and  shews  that  the  proposed  has  no  root  greater  than  3. 

It  is  plain  that  when  all  the  roots  of  an  equation  are 
possible,  this  method  of  transformation  combined  with  Des 
Carte*  Kule  of  Signs,  will  afford  a  ready  means  of  separating 
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the  roots.  For  suppose  the  roots  to  be  diminished  by  some 
number  o,  and  let  the  proposed  and  transformed  equation  be 

x*+plx°-1+...+pn  =  Q (1), 

OE-a)"  +  rn(*-a)n-1  +  ...+rl  =  0 (2); 

then  these  equations  give  as  many  positive  values  for  x,  and 
for  x  —  a,  respectively,  as  each  has  changes  of  sign.  If  they 
present  the  same  number  of  changes,  there  is  no  positive 
value  of  x  less  than  a ;  if  (2)  has  a  certain  number  less  of 
changes  than  (1),  then  x  admits  of  the  same  number  of  values 
between  0  and  a.  Again,  if  a  second  transformed  equation, 
where  b  >  a, 

(x-b}n+pn(x-iy-i  +  ...+pl  =  Q, 

present  a  certain  number  less  of  changes  than  (2),  x  will 
admit  of  the  same  number  of  values  between  a  and  b.  If 
therefore  we  deduce  in  succession  the  several  transformed 
equations  in  x  —  1,  x  —  2,  ...  x—  10,  and  count  the  changes 
lost  at  each  transformation,  we  shall  learn  how  many  roots 
the  proposed  has  between  0  and  1,  1  and  2,  ...  9  and  10. 

127.  When  by  the  preceding  or  any  other  of  the  methods 
that  have  been  devised  for  separating  the  roots,  the  equation 
f(x)  =  0  is  found  to  have  one  root,  and  one  only,  between  a 
and  a+  1,  we  may  calculate  with  certainty,  to  as  many  places 
of  decimals  as  may  be  desired,  the  successive  digits  in  the 
decimal  part  of  that  root.  We  must  first  transform  f(x)  by 
the  method  just  explained,  so  that 

f(x)  =  (x-a)n  +  rn(x-a)n-1  +  ...+rl  =  0, 

where  rlt  r,,  ...  rn  are  the  remainders  after  1,  2,  &c.  n  re- 
peated divisions  of  f  (x)  by  x  —  a  ;  then  making  x  —  a=y, 
or  x  =  a+y,  we  get 

/  +  *•„/-'+. ..+r1  =  0, 

which  has  its  roots  equal  to  those  of  f(x)  =  0,  each  diminished 
by  a,  and  it  has  therefore  one  root,  and  one  only,  between  0 
and  1.  Consequently  (Art.  30)  the  equation 

*+10rBy1»-1  +...+10V1  =  0 (1), 
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has  one  root,  and  one  only,  between  0  and  10;  let  this  be 
ascertained  by  trial  to  be  between  b  and  b  +  1  ,  so  that  it 
equals  b  +  z  where  z  is  between  0  and  1.  Now  let  (1)  be 
transformed  into 


or  zn  +  pnz~+  ...+Pl  =    -} 
which  has  one  root,  and  one  only,  between  0  and  1  ; 


has  a  root  between  0  and  10,  =c  +  v  suppose,  where  c  is  an 
integer  found  by  trial,  and  v  lies  between  0  and  1.  So  that 
by  carrying  on  this  uniform  process,  we  may  obtain,  to  as 
many  places  of  decimals  as  may  be  desired, 

V.  b       z  b        z. 

=  =  =  a  +  -  +  -  =  a 


or  *  =  a+- 


.        .       ... 

b,  c,  d,  &c.  being  written  as  the  successive  digits  of  the  deci- 
mal part  of  the  root. 

If  the  root  be  greater  than  10,  we  may,  by  a  similar  me- 
thod, determine  its  successive  digits. 

Ex.  1.     To  find  the  positive  root,  lying  between  1  and  2, 
of  a;8-  3x-  1  =  0. 

Writing  down  only  the  coefficients  of  the  terms  in  the 
successive  operations,  we  have 

1          0       -3-1  vrith  a  root  >  1  <  2. 
Divide  by  #—  1, 

1  i     _2,  -3  =  7-, 

1        2,      Q  =  ra 
1,      3  =  r3 
•'•  1          3          0-3  has  a  root  >  0  <  1  ; 
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/.  1        30          0     -3000  1    ^ 

(or,  by  trial,  >  8  <    9 

Divide  by  x  —  8, 

1        38        304,  -568=7-, 
1  46,      672  =ra 

1,        54  =  r3 
/.  1        54       672     -  568  has  a  root  >  0  <  1 


.-.  1      540    67200     -  568000 1   ^as  a  root  >  0  <  10 

[or,  by  tnal,  >  7  <   8 
Divide  by  x  —  7, 

1         54*7        71029,  -  70797  =rt 
1  554,       74907  =  rz 

1,  561  =ra 

.'.I       561     74907     -70797  has  a  root  >0<1 


C  v,a 

.'.  1     5610     7490700  -70797000-^ 

(or, 


has  a  root  >  0  <  10 
,bytrial,>9<10 

Divide  byte—  9,  and  repeat  the  same  process,  then  the 
next  decimal  in  the  root  will  be  determined,  and  so  on  for 
any  number  of  decimals  ; 

/.  a;  =  1.879  ... 

Ex.  2.  To  calculate  the  positive  root,  lying  between 
5  and  6,  of 

»3  +  2^-23^-70  =  0. 

Diminishing  the  roots  by  5  we  find 


having  a  value  of  x  —  5  between  0  and  1  ; 

/.  /+  170/  +  7200^-10000  =  0  .........  (1), 

has  a  root  between  0  and  10,  which  by  trial  is  found  to  be 
between  1  and  2. 

Diminishing  the  roots  of  (1)  by  1,  we  find 

(y  -  I)8  +  171  (y  -  1)2  +  7371  (y  -  1)  -  2629  =  0, 

having  a  value  of  y  -  1  between  0  and  1  ; 

20 
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/.  2s  +  17102s  +  7371003 -2629000  =  0 (2), 

has  a  root  between  0  and  10,  which  by  trial  is  found  to  lie 
between  3  and  4. 

Diminishing  the  roots  of  (2)  by  3,  we  find 

(z  -  3)3  + 1713  (z  -  3)2  +  742239  (z  -  3)  -  402283  =  0 
having  a  value  of  z  —  3  between  0  and  1 ; 

.-.  v*+  17130v2  +  74223900t>- 402283000  =  0 (3), 

has  a  root  between  0  and  10,  which  by  trial  is  found  to  lie 
between  4  and  5.  Diminishing  the  roots  of  (3)  by  4,  we  shall 
find  the  next  decimal  in  the  root  to  be  9 ;  and  so  on ;  and  we 
therefore  have  x  =  5 . 1349. 

CONTINUED  FRACTIONS. 

Before  proceeding  to  the  main  object  of  finding  the  roots 
of  equations  under  the  forms  of  continued  fractions,  it  will  be 
necessary  to  investigate  several  general  properties  of  that  sort 
of  expressions. 

Every  expression  having  the  form 


is  called  a  continued  fraction.  We  shall  at  present  consider 
only  the  case  where  the  numerators  yS,  7,  S,  &c.  are  equal  to 
unity,  and  the  quantities  a,  5,  c,  &c.,  are  positive  integers ;  so 
that  the  continued  fraction  will  be  of  the  form 

1  111 

a  +  -  or  a  + 


b+  c+  d+  ... 


as  it  may  be  conveniently  written. 

Expressions  of  this  sort  present  themselves,  whenever  we 
attempt  .to  express  numerically  the  values  of  fractional  or 
irrational  quantities. 
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For  suppose  we  were  required  to  estimate  the  value  of 
a  quantity  x,  not  expressible  by  an  integer ;  if  we  first  seek 
the  whole  number  a  which  is  next  less  than  x,  the  difference 
x  —  a  is  a  fraction  less  than  unity,  which  we  may  represent 

by  - ,  y  being  a  quantity  greater  than  unity ;  similarly,  if  b 

" 
be  the  whole  number  next  less  than  y,  the  difference  y  —  b 

may  be  represented  by  - ,  z  being  a  quantity  greater  than 

0 

unity.    Proceeding  in  this  manner,  we  have 

x==a+y>  y  =  t  +  ->  s=c  +  u'  w  =  ^+->&c-> 

1       1         1 

•  •   *^  —  ^  ~r  f    ~        ~     7  ,         « 
b+  c+  a  + ... 

If  among  the  quantities  x,  y,  z,  &c.,  there  occurs  one 
which  is  exactly  expressible  by  an  integer,  the  continued 
fraction  terminates ;  in  the  contrary  case,  it  may  be  prolonged 
indefinitely.  The  former,  as  we  proceed  to  shew,  will  happen 
whenever  the  quantity  proposed  to  be  transformed  is  a  com- 
mensurable fraction ;  and  the  latter,  when  it  is  irrational  or 
otherwise  incommensurable;  and  the  corresponding  limited 
and  unlimited  continued  fractions  are  called  rational,  and 
irrational,  respectively. 

128.  To  convert  any  proposed  fraction  —  into  a  continued 
fraction. 

AM 

The  integer   next   less  than  —  is  the  quotient  of  the 

division  of  m  by  n ;  let  a  be  this  quotient  and  p  the  remainder  ; 
then 

m 

—  =  a 
n 

Similarly,  let  b  be  the  quotient  of  the  division  of  n  by  p, 
and  q  the  remainder ;  then 
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Again, 


-  ,  &c.. 


_ 

~- 


Hence  we  see  that,  to  reduce  a  vulgar  fraction  to  a 
continued  fraction,  we  must  proceed  exactly  in  the  same 
manner  as  to  find  the  greatest  common  measure  0f  its  nume- 
rator and  denominator  ;  taking  care,  however,  first  to  divide 
the  numerator  by  the  denominator,  so  that  when  the  nume- 
rator is  less  than  the  denominator,  the  first  quotient,  a,  will 
be  zero. 

And  as  the  process  of  finding  the  greatest  common  mea- 
sure of  two  numbers  always  leads  to  a  remainder  zero,  and  a 
quotient  expressed  exactly  by  an  integer,  we  see  that  every 
commensurable  quantity  can  be  expressed  by  a  continued 
fraction  which  terminates  ;  and  conversely,  every  terminating 
continued  fraction  is  the  expression  of  a  commensurable  quan- 
tity ;  for  by  performing  the  calculations  indicated,  it  can  be 
reduced  to  an  ordinary  fraction. 

Ex.  By  performing  the  process  of  finding  the  greatest 
common  measure  of  743  and  611,  we  find  the  quotients  1,  4, 
1,  1,  1,  2,  3,  1,  3,  and  a  remainder  zero  ; 

.  Zi?  =  1  +  J_JLJLJ__i.  J  __  L1 

'611  4  +  1  +  1  +  1  +  2+3  +  1  +  3' 

Hence,  also,  it  results  that  an  incommensurable  quantity 
can  be  converted  only  into  a  continued  fraction  which  does  not 
terminate  ;  of  which  we  shall  now  give  an  instance. 


129.     To  convert  ^N  (N  not  being  a  complete  square) 
into  a  continued  fraction. 

Let  a'be  the  greatest  square  in  N,  so  that  N=a*  +  b; 

then  a  is  the  greatest  integer  in  VF;   let  -,    be   the  re- 
mainder ; 
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x 


=a+"  8Upp03e' 


a  being  the  greatest  integer  in  x',  and  —  the  remainder. 

x 

Suppose  that,  in  continuing  this  process,  we  arrive  at 


(r.  ,   1 

or1  =  --  =  p  +  -  , 


being  the  greatest  integer  in  x(r\  and  -  the  remainder  ; 

*J 


n 
•'•  y  =  7T^ 


-  (up -m)       •" -  (nP  - »»)  »' 

if  m'  =  np-m,  n' =     ~(^~W)  =— ^  ;    (1) 


being  the  'greatest  integer  in  y,  and  -  the  remainder. 


Q.    .,    .  „  x 

bimilarly,   «  =  -  r,  —  =  p  +  —  ;   &c. 

%  W 

m",  ?t",  being  formed  from  m',  n',  ///,  by  precisely  the  same 
laws  as  m,  ri,  were  from  m,  n,  /*,  in  equations  (1)  ;  and  /A"  be- 
ing the  nearest  integer  to  z  ;  and  so  on  for  the  rest. 

Hence  y,  z,  &c.  and  the  quotients  /&',  ft",  &c.  will  be 
found  by  an  easy  and  uniform  process,  which  must  be  con- 
tinued till  we  arrive  at  a  quotient  =2a;  after  which,  the 
quotients  will  recur  (as  will  be  hereafter  shewn)  in  the  same 
order,  beginning  with  a. 

OBS.     Since  m'  =  nfi-m,     and   nn  =  N-  (n^  -  m)',    or 
-w/A2,  since  nn°  =  N-m*, 


- 


*N+m\ 
being  the   quantity   which    precedes     —  -  —  J; 


158 
we  see  that  m  and  n  will  always  be  integers,  since  they  are  so 

\TN+  o    ,  */F+  a     ,  .  ,  .„ 

in  the  first  two  cases,  —  -  —  and  —  ^—  ;  and  it  will  appear 
they  are  always  positive. 

Ex.  1.    To  express  V23  by  a  continued  fraction. 

—  =  4,  writing  down  only  the  integral  part  ; 

OO  _  1C 

alsowi  =  0,  n  =  l,  .'.  m   =4.1—0  =  4,  n'  =  —  -  -  =7, 
l       ,».  7.1-4-8,  ."-5?i-S, 


V23  +  4 


_ 


7 

Hence  the  quotients  1,  3,  1,  8  will  recur;  and  consequently 
—  11111         1 


1+  3+   1+   8+   1+   3+...' 


CONVERGING  FRACTIONS. 

130.    Returning  to  the  consideration  of  the  expression 


c+ 
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the  fractions  formed  by  taking  1,  2,  3,  &c.,  of  the  quantities 
o,  b,  c,  &c.,  are  called  converging  fractions  ;  thus 


a  I      ab  +  l 


are  converging  fractions. 

The  converging  fractions,  taken  in  order,  are  alternately 
less  and  greater  than  the  true  value  of  x;  thus  -  is  too 

small  ;  a  +  T  is  too  large,  because  a  part  of  the  denominator 
is  omitted  ;  again,  b  +  -  is  too  large,  and  therefore 

C 

a  +  -   is  too  small,  and  so  on. 


The  quantities  a,  b,  c,  &c.,  are  called  quotients  ;  and  any 
one  with  the  quantity  which  must  be  added  to  it  (supposing 
it  were  the  last)  to  make  the  value  of  a  exact,  is  called  a  com- 
plete quotient.  Thus,  using  the  notation  of  p.  155, 

«  +  j>   *+*>  '  +  i,&c., 
are  complete  quotients. 

131.  To  transform  any  continued  fraction  into  a  series  of 
converging  fractions. 

Suppose  -  ,  -^7  ,  ^77  ,  three  successive  converging  fractions. 

Write  down  the  quotients,  and  under  them  the  converging 
fractions, 

a        be  d 

a  ab+l  abc  +  a  +  c 
I      b  bc+1 
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Now  as  far  as  we  have  gone  we  observe  that,  having 
formed  the  first  two  converging  fractions,  and  written  them  one 
row  in  advance  of  the  quotients,  the  numerator  of  any  fraction 
is  formed  by  multiplying  the  numerator  of  the  preceding  by 
the  quotient  that  stands  over  it,  and  adding  the  numerator  of 
the  fraction  preceding  that  ;  thus 

abc  +  a  +  c  =  (ab  +  1)  c  +  a  ; 

and  the  denominator,  in  the  same  manner,  by  multiplying  the 
denominator  of  the  preceding  by  the  quotient  over  it,  and 
adding  the  denominator  preceding  that  ; 

thus  be  +  1  —  be  +  the  denominator  of  -  . 
Suppose  the  law  to  hold  up  to  the  quotient  m,  so  that 
being  the  fraction  preceding  ^ 


p     pm  +p° 
then  *-,  =**•  —  r*j  . 
q      qm  +  q 

n  i 

Now  PT,  differs  from  %-,  only  in  taking  in  another  quotient, 

so  that  if  m  -\  —  ?  be  written  for  m.  we  have 
m 

rn    I    jft   _j  __    ]       I      jj° 

p"  _     V         m'J     r  __  (pm  +y)  m  +  p  _p'm 
'  ~ 


M  ,     0  ~  (  qm  +  2°)  m'  +  q  ~  q'm  +  q  ' 
q  (m  +  —  7  1  +  q       ^ 
\        m  I 

which  is  the  same  form  as  the  preceding  ;  if  therefore  the  law 
hold  for  the  formation  of  any  one  converging  fraction,  it  holds 
for  the  formation  of  the  next  ;  but  we  have  seen  that  it  holds 
for  the  third,  therefore  the  law  obtains  generally. 

rr  j  o 

Ex.  1.     To  find  a  series  of  fractions  converging  to  —  —  . 

Here  the  quotients  are  (Art.  128)  1,  4,  1,  1,  1,  2,  3,  1,  3; 

1  15 

and  the  first  two  fractions  are  T  ,  and  1  +  -  or  -  . 

1  44 
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Hence,  writing  down  the  quotients  and  the  first  two  frac- 
tions in  the  manner  directed  above,  and  forming  the  rest  by 
the  rule,  we  get 

1411123      1      3 

1  5  6  11  JJ  45  152  197  743 
145    9    1437125162611' 

the  last  being  the  original  fraction,  and  the  preceding  alter- 
nately greater  and  less  than  the  true  value. 

If  the  proposed  quantity  has  no  integral  part,  then  the 
first  quotient,  as  was  before  observed,  will  be  zero,  and  the 

first  converging  fraction  - . 

Ex.  2.     To  find  a  series  of  fractions  converging  to  V23. 
The  quotients  are  (Art.  129)  4,  1,  3,  1,  8,  1,  3,  1,  8, ... 
Hence  we  have 

413181      3      1       8... 

4  5  19^  24  211  235  9^6  1151 
1  1  T  T  ~44~  ~49~  191    240  '" 

Ex.  3.  Two  scales,  whose  zero  points  coincide,  are  placed 
side  by  side,  and  the  space  between  consecutive  divisions  in 
one  is  to  that  in  the  other  as  1  to  1 '0657  7 ;  to  find  those 
divisions  which  most  nearly  coincide.  They  are  15  and  16, 
61  and  65,  76  and  81,  &c. 

132.  The  difference  between  any  two  consecutive  con- 
verging fractions,  is  a  fraction  whose  numerator  is  unity, 
and  denominator  the  product  of  the  denominators  of  the 
fractions. 

This  is  immediately  verified  with  respect  to  the  first  two 
converging  fractions;  for 


21 
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To  prove,  therefore,  that  it  is  generally  true,  it  will  be 

TJ         7}       2? 

sufficient  to  consider  three  consecutive  fractions  ^  ,  -  ,  -^  , 

0 

and  to  shew  that  if  the  property  holds  for  the  two  £*  ,  £ 
it  must  hold  also  for  -^  and  -s  . 


p'     p     mp+p      p_ 
'    j-q-  * 

and  by  the  hypothesis 


.-.  -2.  MP  =  _     or/^  ~  q'p  =  1. 

2      2     22 

133.  In  a  series  of  converging  fractions,  each  fraction 
approaches  nearer  to  the  value  of  the  quantity  to  which  the 
approximation  is  made,  than  that  which  precedes  it  ;  and  (the 
integral  part,  or  zero,  being  the  first  converging  fraction)  all 
the  converging  fractions  of  an  odd  order  are  less,  and  all  those 
of  an  even  order  greater,  than  the  true  value. 

ITT-   i         p      mp  +  pQ 
We  have  l—  as—*-  —  S  ; 
q      mq  +  q 

and  to  deduce  the  value  of  x,  the  quantity  to  which   the 
approximation  is  made,  from  that  of  2L  ,  it  is  sufficient  to 

replace  the  quotient  m  by  the  complete  quotient  m  +  —  =  y 

f* 
suppose,  where  y  is  always  positive  and  greater  than  unity  ; 

.  ~-. 
~ 

_p  _  1  j»°  y 

~ 


_ 

~  -  '        ~     = 


Now  5°  <  q,  and  y  >  1,  therefore  on  both  accounts  the 
value  of  x  —2  is  less  than  the  value  of^  -x  (not  regarding 
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the  signs)  ;  therefore  the  successive  converging  fractions  ap- 
proach nearer  and  nearer  to  x. 

Also  since  ^  —  x  and  x  —  £ 
2  2 

have  the  same  sign,  the  successive  converging  fractions  are 
alternately  greater  and  less  than  the  true  value  ;  but  the  first 

converging  fraction  -  is  less  than  x]  therefore  all  the  converg- 

ing fractions  of  an  odd  order  are  less  than  x,  and  form  an 
increasing  series  ;  and  all  the  converging  fractions  of  an  even 
order  are  greater  than  x,  and  form  a  decreasing  series. 

134.  All  converging  fractions  are  in  their  lowest  terms. 

For  if  the  numerator  and  denominator  of  the  fraction  ^  had 

a 
a  common  measure,  then  from  the  equation  p'q  —  q'p=±l,  it 

would  follow  that  this  common  measure  must  divide  unity. 

135.  The  error,  in  taking  any  converging  fraction  for 
the  value  of  the  continued  fraction,  is  less  than  unity  divided 
by  the  product  of  the  denominators  of  that  fraction  and  the 
following  one  ;  and  greater  than  unity  divided  by  the  product 
of  that  denominator  and  the  sum  of  that  denominator  and  the 
following  one. 

»  1 

For,  since  x  —  *-  =  + 
*•*  - 


q 

and  y  is  greater  than  m  and  less  than  m+1  ;  therefore,  leaving 
the  sign  out  of  consideration, 

_p  1  1 


_ 


q      q  (qm  +  q")      q 

or,  since  q  —  qm  +  qn, 
_p_     J_  1 

*  ~  <? <  n'    i 


136.     We  can  also  obtain  a  superior  limit  of  the  error, 
depending  only  on  the  denominator  of  that  converging  fraction 
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which  we  take  for  the  approximate  value ;  and  an  inferior 
limit,  depending  only  on  the  denominator  of  the  following  one. 
For  since  q  is  always  greater  than  q, 

—  is  less  than  ~  and  •  ,  *       greater  than  ^ ; 

/  /  -*• 

therefore,  a  fortiori, 

_-£     I      J- 

These  limits  are  to  be  preferred,  on  account  of  their 
simplicity,  to  the  former ;  and  in  most  cases  are  sufficiently 
exact. 

Hence  we  may  at  any  step  measure  the  accuracy  of 
our  approximation.  Thus,  in  the  examples  of  Art.  131,  the 

fraction  \  ^ ,  which  converges  towards  — ,  differs  from  it 

!"_'•>  oil 

by  a  quantity  less  than  .      .2  and  greater  than     /1fi2\8  > 

Q1  A 

the  fraction  —  — ,  which  converges  towards  V23,  differs  from 

I  • '  I 

it  by  a  quantity  less  than 

Ex.  To  find  a  series  of  fractions  converging  to  the  value 
of  the  ratio  of  the  circumference  of  a  circle  to  its  diameter ; 
and  to  estimate  the  error  with  which  each  converging  fraction 
is  affected. 

The  value  of  this  ratio,  exact  to  ten  places  of  decimals, 
is  3*1415926535 ;  therefore,  adding  unity  to  the  last  decimal, 
the  value  of  TT  will  be  comprised  between  the  fractions 

31  415  926  535       ,  31  415  926  536 

10  ooo  ooo  ooo  a  10  ooo  ooo  ooo ' 

If  now  we  perform  the  successive  divisions  for  each  fraction, 
we  find  the  two  series  of  quotients 

3,     7,     15,     1,     292,     1,     1,     6 
3,     7,     15,     I,     292,     1,     1,     1; 
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therefore,  reserving  only  the  quotients  which  are  common  to 
both,  and  which  must  belong  to  the  continued  fraction  which 
expresses  the  value  of  TT,  and  forming  the  converging  fractions, 
we  get 

3,    7,     15,      1,       292,         1,  l, 

3      22      333      355      103993      104348 
1'     7  '    106'    Fl3'     33102  '     33215  ' 

These  fractions  are  alternately  greater  and  less  than  the 

22 

true  value  of  TT  ;  thus  —  is  too  great ;  it  is  the  ratio  dis- 
covered by  Archimedes,  and  differs  from  the  true  value  by 
a  quantity  lying  between 

1  1  1         ,     1 

and  _  ._  . v  or  — —  and 


7  x  106  7  (7  +  106)        742  791 ' 

355 
The  fraction  -  -  is  the  value  discovered  by  Adrian  Metius ; 

llo 

it  is  also  too  great,  but  far  nearer  than  that  of  Archimedes, 
since  it  only  leaves  an  error  comprised  between 

1  1 

and 


3740526  3753295 


137.    In  order  that  the  fraction      may  differ  from  the 

? 

- 


exact  value  of  x  by  a  quantity  less  than  a  given  quantity  -  , 


it  is  sufficient  that  we  have  -=  <  -  .  or  q  =  or  >  V«. 

f     a 

Hence  we  can  always  obtain,  either  exactly,  or  within  any 
degree  of  approximation,  the  value  of  a  quantity  expressed  by 
a  continued  fraction  ;  for  if  the  continued  fraction  terminates, 
we  then  obtain  its  value  exactly  ;  and  if  it  does  not  terminate, 
we  can  obtain  a  converging  fraction  whose  denominator  satis- 
fies the  condition  q  =  or  >  Vet,  because  the  denominators  of 
the  converging  fractions  are  integers,  and  go  on  increasing 
indefinitely. 
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138.  In  a  series  of  converging  fractions,  each  fraction 
differs   less  from  the  value  of  the  quantity  to   which  the 
approximation  is  made,  than  any  other  fraction  in  more  simple 
terms. 

Let  -^  be  one  of  the  converging  fractions,  and  let  -  be 
q  s 

mm 

another  fraction  whose  denominator  is  less  than  q.    If  -  be 

S 

one  of  the  converging  fractions,  the  proposition  is  manifest 

7* 

from  what  has  been  proved.     But  if  -  be  not  one  of  the 
converging  fractions,  then  it  cannot  lie  between  *-  and  the 

preceding  ^  ;  for  if  it  could,  then  +  (^ — )  would  be  less 

q  W      '/ 

1  s 

than  -5- ,  or  +  (p°s  —  q°r)  <  - ,  which  is  impossible,  because 

the  first  member  of  this  inequality  is  an  integer  different  from 
zero,  and  the  second  a  proper  fraction,  since  s  <  q. 

Since  then  -  cannot  lie  between  ^  and  +- ,  if  it  lie  to 

s  r       ff 

the  right  of  t  (supposing  the  three  arranged  in   order  of 

magnitude)  it  differs  from  x  more  than  *-  does :  and  if  it 

q 

lie  to  the  left  of  ^  ,  it  differs  from  x  more  than  ^-  does, 

and  therefore  a  fortiori  more  than  ^  does. 

1 

139.  Every  periodic  continued  fraction  is  the  expression 
for  one  of  the  roots  of  a  quadratic  equation  whose  coefficients 
are  commensurable. 

Let  the  continued  fraction  be 

x  =  a,   __1 1_   J_  1 

&  +  ...  k+  1+  y' 

where  y  =  r  ^ _  _  _  • 

«+...  u+  v+      ' 
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so  that  a,  b,  c,  ...  I  are  quotients  which  do  not  recur,  and 
r,  s,  ...v  are  those  which  recur  indefinitely. 

i 
Let  ^  ,  ^  ,  be  converging  fractions  in  the  value  of  x,  the 

last  quotients  comprised  in  them  being,  respectively,  k  and  7  ; 
so  that  I  and  r  are  the  quotients  which  stand  over  them,  when 

P     P 

formed  according  to  the  method  of  Art.  131;  and  let  -^,   -^t 

V      V 

be  converging  fractions  in  the  value  of  y,  the  last  quotients 
comprised  in  them  being,  respectively,  u  and  v  ;  then,  as  in 
Art.  133, 

-p'y+p   u-Py±L. 
~'ft+s'  y~  Q'y+Q' 

between  which  equations,  eliminating  y,  we  obtain  an  equation 
of  the  second  degree  in  x,  which  demonstrates  the  property 
announced.  When  we  wish  to  find  x  under  an  irrational  form, 
we  must  take  the  positive  value  of  y  in  the  equation 


and  substitute  it  in  the  preceding  value  of  x. 
Ex. 


-  -  ...     . 

2a  +  x  +  a 


,  or  <c2  =  l  +  a*. 


LAGRANGE'S  METHOD  OF  APPROXIMATION  BY  CONTINUED 
FRACTIONS. 

140.  To  approximate  to  the  roots  of  an  equation  by  the 
method  of  continued  fractions. 

Let  the  equation  f(x]  =  0  have  only  one  root  between 
the  integers  a  and  a  + 1 ;  then  writing  a  +  -  for  a?,  the  first 
transformed  equation  will  be 
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and  since  only  one  value  of  i  lies  between  0  and  1,  y  has 
only  one  value  greater  than  1 ;  if  therefore  we  substitute  suc- 
cessively 2,  3,  4,  &c.  for  y,  stopping  at  the  first  which  gives 
a  positive  result,  the  integer  preceding  that,  is  the  integral  part 

of  the  value  of  y.   Let  this  be  5,  and  in  (I)  write  I  +  -  for  y ; 

then  the  second  transformed  equation  will  have  only  one 
root  greater  than  unity,  the  integral  part  of  which,  as  before, 
will  be  the  whole  number  next  less  than  the  one  in  the 
series  2,  3,  4,  &c.,  which  first  gives  a  positive  result  when 
written  for  z ;  let  this  be  c,  and  in  the  second  transformed 

equation  write  c  +  -  for  z,  then  the  third  transformed  equa- 
u 

tion  will  have  only  one  root  greater  than  unity,  the  integral 
part  of  which  may  be  found  as  before,  and  so  on.  We  thus 
obtain  successively  the  terms  of  a  continued  fraction 

1      1         1 

Cl  +  7    ;          " 
0+  C  + 


which  expresses  the  required  value  of  x ;  consequently  we 
are  able  (Art.  137)  to  find  this  value  to  any  required  degree 
of  exactness. 

If  any  of  the  numbers  b,  c,  d,  &c.  is  an  exact  root  of  the 
corresponding  transformed  equation,  the  process  terminates, 
and  we  find  the  exact  value  of  x.  Also,  if  one  of  the  trans- 
formed equations  be  identical  with  a  preceding  one,  the  con- 
tinued fraction  expressing  the  root  is  periodical;  for,  after 
that,  the  same  quotients  will  recur  in  the  same  order ;  in  this 
case  a  finite  value,  in  the  form  of  a  surd,  may  be  obtained 
for  the  root  (Art.  139)  by  solving  a  quadratic  whose  coefficients 
are  rational,  both  of  whose  roots  will  be  roots  of  the  proposed, 
(Art.  16)  since  the  coefficients  of  the  latter  are  supposed 
rational ;  consequently  the  first  member  of  this  quadratic  will 
be  a  factor  of  the  first  member  of  the  proposed  equation, 
which  may  therefore  be  depressed  two  dimensions. 
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Ex.  1 .     To  find  the  positive  root  of  x*  —  2«  —  5  *  0  under 
the  form  of  a  continued  fraction. 

Comparing  this  with  x*  —  qx  +  r  =  0,  we  find  that 

r*      q*      25       8   . 

j-|^  =  —  -  —  isa  positive  quantity, 

therefore  (p.  61)  the  equation  has  two  impossible  roots ;  and 
since  its  last  term  is  negative,  its  third  root  is  positive. 
Substituting  2  and  3,  the  results  are  —1  and  +16,  therefore 

the  root  lies  between  2  and  3.     Assume  x  =  2+-.  and  the 

y 
transformed  equation  is 

y-10/-  6^-1=0, 

in  which  10  and  11  being  substituted  give  —  61,  +54. 
Assume  y  =  10  +  - ,  and  we  obtain 

61s3  -94z2  -20z  -1  =  0, 

whose  root  lies  between  1  and  2.  Proceeding  in  this  manner 
we  find 

1111 

a?  =  2  +  ,-r—  ,—r  r-7 


10+  1+  1+  2  +  ... 

the  value  of  the  root,  in  a  continued  fraction,  which  may  be 
converted  into  a  series  of  converging  fractions. 

Ex.2.  «3-7aj  +  7=0. 

The  roots  which  lie  respectively  between  If  and  2;  1J 
and  1§  ;  and  -  3,  -  3  £  ;  (Art.  49)  will  be  found  to  be 

J_J_J_I.     1+J_J__Li. 
rl+  2+  4+  y'  2+  1+  4+  y' 


where  y  is  the  root  greater  than  unity  of 

=  0; 

22 


170 

In  this  case,  therefore,  the  three  roots  terminate  by  the  same 
quotient  ;  a  property  that  has  been  shewn  to  belong  to  the 
equation 

(ax)*  -  (1  +  a  +  a2)  (3ax  -  2a  -  1)  =  0, 

where  a  is  any  integer,  and  a  a  divisor  of  1  +  a  +  a2.  The 
example  before  us  results  from  making  a  =  4,  a'  =  3. 

141.  When  an  equation  has  several  roots  between  two 
consecutive  integers,  this  method  of  approximating  to  them 
may  be  rendered  easier  by  combining  it  with  Sturm's 
theorem. 

Substituting  0,  1,  2,  3,  &c.,  successively  for  x  in  the  series 
of  quantities  (Art.  101) 

/(*),/(*),/*(*),•••/»(*)  ............  (1), 

and  noting  between  what  substitutions,  changes  of  sign  are 
lost,  and  how  many,  we  shall  perceive  between  what  integers 
the  roots  lie,  and  how  many  in  each  interval.  For  those 
roots  which  are  situated  singly  between  consecutive  integers, 
the  process  will  be  that  described  above  ;  but  for  those  which 
lie  in  groups  between  consecutive  integers,  we  must  proceed 
as  follows.  Suppose  several  roots  to  lie  between  a  and  a  +  1  ; 

substitute  a  +  -  for  x  in  series  (1).  and  let  the  result  be 

y 


i(y),  *,(y),...*.(y)  ............  (2); 

then  as  many  roots  as  f(x]  -  0  has  between  a  and  a  +  1,'so 
many  positive  roots  greater  than  unity  will  <£  (y)  ==  0  have  ; 
and  if  we  write  1,  2,  3,  &c.,  for  y  in  series  (2),  and  observe 
between  what  substitutions  changes  are  introduced,  the  con- 
secutive integers  between  which  those  values  of  y,  either 
singly  or  in  groups,  are  situated,  will  be  determined.  If 
there  still  be  a  group  of  values  of  y  between  consecutive  in- 

tegers I  and  6  +  1,  put  y  =  6  +  1  in  series  (2),  and  let  the 
result  be 

*(«).*,(«),*.(«),...*,(«)  ............  (3); 
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then  as  many  roots  as  <£  (y)  =  0  has  between  b  and  b  +  1,  so 
many  positive  roots  greater  than  unity  will  ty  (z)  =  0  have ; 
and,  as  before,  substituting  1,  2,  3,  &c.,  for  z  in  series  (3), 
and  observing  where  the  changes  are  introduced,  we  may 
determine  the  situation  of  those  values  of  z ;  and  the  process 
must  be  continued  till  we  arrive  at  a  transformed  equation 
whose  positive  roots  are  situated  singly  between  consecutive 
integers ;  the  approximation  to  each  of  these  roots,  as  well  as 
to  all  those  already  partially  found,  may  then  be  continued, 
as  in  Art.  140,  to  any  degree  of  accuracy.  Thus  all  the 
values  of  x  between  a  and  a  + 1  will  be  determined ;  and  the 
other  groups  of  values  of  x,  if  there  be  any,  must  be  treated 
in  the  same  manner. 

142.  It  is  manifest  that  Fourier's  method  of  separating 
the  roots  might  be  employed  with  similar  advantages.  For, 
being  applied  to  the  proposed  equation  f(x}  =  0,  it  would 
enable  us  to  ascertain  between  what  integers  the  roots  lie, 
and  how  many  in  each  interval.  Next,  being  applied  to  the 
transformed  equation 


=     or 


(a  and  a  +  1  being  one  of  those  intervals,)  it  would  point  out 
between  what  integers  the  values  of  y  lie,  and  how  many  in 
each  interval.  Similarly,  in  the  next  transformed  equation 

<t>  &  +  1   =  0,  or  t  (z}  =  0, 


b  and  b  +  1  being  an  interval  containing  more  values  of  y 
than  one,  it  would  shew  the  situation  of  the  values  of  z  ;  and 
so  on  for  all  the  transformed  equations  which  it  might  be 
necessary  to  obtain,  to  completely  separate  the  processes  for 
approximating  to  each  root  of  f(x)  =  0. 

The  following  is  an  instance  of  the  employment  of  Sturm's 
theorem. 
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Ex.  /(»)  =  6*8  -  141#  +  263, 

ffti  -**-*, 

/,(*)  =  94*  -263, 

/.(*)  =  + 

/  /,  /,  /a 

(2)  +  + 

(3)       +       +       +       +; 

hence  two  values  of  x  lie  between  2  and  3  ; 
/.  a  =  2  +  -, 


<#>  ^l  02  03 

(1)  +  +  +  + 

(2)  +  + 

Hence  two  values  of  y  lie  between  1  and  2  ;  and,  putting 

»/=!+-,  it  will  be  found  that  z  has  one  value  between  3 
z 

and  4,  and  another  between  5  and  6  ;  and  the  roots  must  now 
be  approximated  to  by  separate  processes. 


SOLUTION  OF  INDETERMINATE  EQUATIONS  OF  THE  FIEST 
ORDER  BY  CONTINUED  FRACTIONS. 

143.  Another  useful  application  of  continued  fractions  is 
to  find  the  integral  values  of  x  and  y,  which  satisfy  the  inde- 
terminate equation  of  the  first  order,  ax  +  by  =  c. 

We  suppose  a,  b,  c,  to  be  integers  positive  or  negative, 
and  the  two  former  prime  to  one  another ;  for  if  they  are  not, 
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c  must  necessarily  have  the  same  divisor,  since  x  and  y  repre- 
sent integers.     Let  x  =  a,  y  =  /S,  be  a  solution,  then 

aa.  +  b/3  =  c  ; 
and  therefore  by  subtraction, 

a  (a;  -a)  =-&(#-£); 

but  since  a  and  b  are  prime  to  one  another,  y  —  /3  must  be  a 
multiple  of  a  =  at  suppose  ;  therefore  x  —  a  =  —  bt, 

that  is,  x=a  —  bt,  y  =  /3  +  at, 
where  t  is  any  integer  positive  or  negative.     Now  to  find 

a  and  ft,  resolve  T  into  a  continued  fraction;  and  in  the 
series  of  converging  fractions,  let  -  be  that  which  imme- 

diately precedes  j-  ,  then  pb  —  qa  =  +  1  ,  according  as 

p  a 

|>0r<6; 

.'.  cp  .b  —  cq.a  =  ±c'f 

hence,  comparing  this  with  the  proposed  equation,  if  the 
second  members  have  the  same  sign,  fi  =  cp,  a=-—cq;  if 
different  signs,  @  =  —  cp,  a.  —  cq. 

Ex.  1. 


711  137 

T  =  1  +  -  —  -  ,  and  the  converging  fractions  are  -  ,  -  ,  -  ; 

O  2  +  J  1      £>     0 

/.  3.5-7.2  =  1,  and  5.  87  -7.  58  =  29; 

.'.  x  =  87  -  It,  y  =  -  58  4  5f. 
Ex.  2.  lla;  +  I3y  =  190. 

x  =  1140  -  13*,  y  =  -  950  +  lit. 

144.     When  we  wish  to  solve  ax  +  by  =  c  in  positive  in- 
tegers, t  must  be  restricted  in  the  general  values 


First,  suppose  a  and  b  to  be  positive,  and  therefore  c 
positive  since  x  and  y  are  to  be  positive  ;  then  we  must  have 
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a 

a  -  lt>  0,  ft  +  at  >  0,  or  t  <  |  and  >  -  -;    therefore  only 
those  integral  values  of  t  which  are  comprised  between  the 

limits  -  -    -  are  admissible.     These  limits  are  never  contra- 

a  '  b 

dictory;  for  since  a  and  ft  are  positive  or  negative  integers 
which  satisfy  the  relation  aa  +  fyS  =  c,  we  have  aa  +  bj3>0, 


and  therefore  ?  >  --;  but  they  may  not  include  any  integer, 
b         o, 

in  which  case  the  proposed  equation  has  no  solution  in  in- 
tegers ;  and  in  no  case  has  it  more  than  a  certain  number  of 
such  solutions. 

Secondly,  let  the  equation  be  ax  —  by  =  c,  a  and  b  being 
positive  ;  then  x  =  a  +  It,  y  =  (3  +  at;  and  in  order  that  these 


a 

values  may  be  positive,  we  must  have  t  >  —  j-  and  t  >  --  ; 

hence  we  may  give  t  any  value  above  the  greatest  of  these 
limits,  so  that  the  proposed  equation  will  admit  of  an  infinite 
number  of  solutions  in  positive  integers. 

In  Ex.  1  (Art.  143)  t<  12?  >  llf;  .-.  t  has  only  one 
value  12  ;  and  x  =  3,  y  =  2  are  the  only  positive  integral 
values.  Similarly,  in  Ex.  2,  t  has  only  one  value  87. 

The  equation  ax  +  by  +  cz  =  d  may  be  solved  in  positive 
integers,  by  assigning  values  1,  2,  3,  &c.  to  the  variable  whose 
coefficient  is  greatest,  and  of  which  consequently  the  admis- 
sible values  lie  within  the  narrowest  limits  ;  and  solving,  as 
above,  the  resulting  equations. 


Ex.  1.  Wx  +  9y  +  72!  =  58.  Here  x  can  only  have  the 
values  1,  2  or  3.  If  x  =  1,  we  get  ty  +  7z  =  48,  which  admits 
of  the  single  solution  y  =  2  =  3.  If  #  =  2  or  3,  we  get  the 
equations  ty  +  7z  =  38,  9y  +  lz  =  28,  neither  of  which  admits 
of  a  solution.  Therefore  the  only  solution  of  the  proposed  is 
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Ex.  2.     3Qx  +  3y  +  5s  =  100  is  satisfied  by  the  four  sys- 
tems of  values  for  x,  y,  z  respectively : 

1,  5,  11;  1,  10,  8;  2,  5,  5;  2,  10,  2. 

The  equation  (mx  +  q}y  =  nx*+px  +  r  may  be  solved  in 
positive  integers,  by  putting  it  under  the  form 

„  .  nfr  —  mpq  +  nq2 

my  —  mnx  —  ng  +  mp  H ^ i- , 

mx  +  q 

and  equating  mx  +  q  successively  to  all  the  divisors  of 
?nV  —  mpq  +  nq* ; 

then  if  any  one  gives  an  integral  value  for  x,  that  value  can 
be  substituted  for  x-,  and  if  the  second  member  be  then 
divisible  by  w2,  we  shall  obtain  an  integral  value  of  y. 

Thus  xy  +  x2  =  2x  +  3y  +  29  has  two  solutions, 
x  =  4,  y  =  2l;  and  x  =  5,  y  =  1. 


PROPERTIES  OF  THE  CONTINUED  FRACTION  WHICH 
EXPRESSES  JN. 

145.  The  last  application  we  shall  make  of  continued 
fractions  shall  be  to  determine  the  nature  of  the  development 
of  the  square  root  of  a  number  not  a  complete  square,  in  that 
form;  preparatory  to  which  the  following  property  must  be 
demonstrated. 

Let  — ^  be  the  development  of 

a+  b+  c  +  ...  m+  m'+  m" 

a  proper  fraction  -^;  then  writing  down  the  quotients  and 

V 
corresponding  converging  fractions,  we  have 

a,      b,      c,       ...  m,  in',  m", 

1      ft  _         p_  £  £_   P 

a  ab  +  1   '"    q   f   3"    Q' 
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whence  we  obtain  the  following  equations : 


-•+£ 


Z-t-2»        •   j 

0  > 

Wl  +  — 

111 

1     1 

m"  +  tri  +  m  +  .  . 

.  b+  a' 

'  Q 

q"  fp" 

that  is,  the  development  of  ^j  in  a  continued  fraction  \Z—t 

p\ 
being  the  last  of  the  series  of  fractions  which  converge  to  -x  J 

p 

gives  the  same  quotients  as  the  development  of  -^  ,  but  in  an 

V 

inverted  order ;  if  therefore  in  any  case  (£'  =  P,  the  series  of 
quotients  will  be  symmetrical,  i.  e.  the  same  taken  from  the 
beginning  and  end,  or  of  the  form  a,b,c,...  c,  b,  a. 

146.  If  N  be  a  whole  number  (not  a  complete  square), 
then  V^may  be  developed  in  an  indefinite  continued  fraction 
whose  quotients  recur  in  periods,  the  last  quotient  in  each 
period  being  double  of  the  greatest  number  whose  square  is 
less  than  N,  and  the  period,  as  to  the  other  quotients,  being 
the  same  taken  from  the  beginning  and  end. 

In  the  continued  fraction  which  expresses  *JN  (formed  as 
explained  in  Art.  129),  let  the  series  of  complete  quotients, 
partial  quotients,  and  converging  fractions,  be 


177 

then  any  complete  quotient  —  is   formed  from   that 

n 

which  precedes  it  by  the  law  m  —  u?n°  —  m0,  n=     ~  m  •  and 

n 

we  must  first  shew  that  all  the  quantities  m,  n,  m',  n',  &c.,  are 
positive  integers.  Suppose  this  to  be  the  case  up  to  m\  n°t 
then  all  the  partial  quotients  up  to  ^  are  positive  integers, 

and  the  converging  fractions  up  to  ^  inclusive  can  be  formed 

in  the  usual  way ;  and  therefore,  since  i^  is  the  com- 

n 

plete  quotient  corresponding  to  •£ ,  we  have 


p 


'.  \       n 
which,  by  equating  rational  and  irrational  parts,  gives 

pm  +p*n  =  qN,         ((pq°  —  qp°)  m  =  qq°N-  pp\ 
qm  +  q°n  =  p,  \(p<£  ~  qp°)  n  =  p*  —  Nq*. 

But  pq°  —  qp*  =  -f  1  or  —  1,  according  as  -  >  or  < 
therefore  n  is  a  positive  integer ;  also  the  equation 

qm  +  q°n  =  p  gives  —  =  -  ( —  —  m } ; 

q    n\q      J 

/V\  i 

and  since  q>q°,  n>*-  —  m,  and  consequently  n>\N—m; 

>  /*,     /.  n  <  */N+  m, 

which  would  be  impossible  if  in  were  negative.  Hence  m 
and  n  will  be  always  positive  integers,  since  they  are  so  in 
the  first  two  cases. 

23 
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We  can  now  find  the  limits  which  m  and  n  cannot  sur- 
pass, however  far  the  process  be  carried  on  ;  for  the  equation 
X—  m*  =  nn°  shews  that  m  <  ViV,  and  therefore  m  cannot  ex- 
ceed a  the  nearest  integer  to  V^;  and  since  m  +  m°  =  /A°W°, 
2a  is  the  limit  both  of  w°  and  p?.  But  since  the  continued 
fraction  which  expresses  vCY  is  unlimited,  and  since  there  can 
only  be  a  certain  number  of  values  of  m  and  w,  the  same  value 
of  m  must  occur  with  the  same  value  of  n  an  infinite  number 
of  times,  that  is,  the  same  complete  quotient  must  recur  ;  and 
whenever  this  happens,  then  the  succeeding  quotients  will  be 
the  same  as  those  before  obtained,  and  will  recur  in  the  same 
order;  therefore  the  continued  fraction  which  expresses  "fN 
will  (at  least  after  a  certain  number  of  terms)  be  composed  of 
a  constant  period  of  quotients,  and  we  must  now  determine 
the  point  at  which  that  period  begins. 

Suppose  the  recurring  period  of  quotients  to  be 


then  since  N—  m*  =  nn°,   and  N—  m2  =  tin*,    .'.  n°  =  n°', 
also  since  m  =  /*V  -  m°,   m  =  cm,0  -  m*t 

.'.  m°-m^  =  n°(^-co}. 
But  the  equation 

am  +q°n  =  p  gives  m  =  —  —  ±-  n  =  a  +  -  —  %-  n, 
22  22 

since  -  ,  being  an  approximate  value  of  \^N}  can  only  differ 

from  a  by  a  small  fraction  -  ; 

2 

g°      r 
.  .  a  —  m  =  n  -  ---  ; 

2      2 
therefore,  since  q°  <  q,   a  —  m  <  n, 

hence  a  -  m°  <  n°  and  a  -  mf  <  n°  ; 
therefore  7/1°  -  m?  <  M«  or  m°~mt°  <  1  , 
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but  it  also  equals  the  integer  //,°  —  o>  ;  this  integer  then  must 
equal  zero,  or  w  =  tf  and  m°  =  m°.  In  the  same  manner 
we  can  shew  that  the  quotient  which  precedes  <o  is  equal  to 
that  which  precedes  /A°,  and  so  on  to  the  quotient  a,  so  that 
a  is  the  quotient  which  first  recurs  and  with  which  therefore 
the  period  commences. 

Hence  the  quotients  and  converging  fractions  may  now  be 
represented  by 

a;a,  £,  ...  X,     fi',    a,  &  ...  X,      /*;     a,  ft,  ... 
a  P"     P.   P_  PL     h.  PL 

i     ••«"«?  '2"    ••&"&'&" 

Let  z  be  the  complete  quotient  of  which  /A,  the  last  partial 
quotient  in  the  first  period,  is  the  integral  part,  then 


qz  + 


or  /i  —  a  is  the  greatest  integer  in  *-  and  tlierefore  =  a  ; 


Lastly,  since 

°-aq('     p-  aq 
2 


are  consecutive  converging  fractions,  and  the  development  of 

the  latter  equals  —  -5-^  —  \-  ,  therefore  (Art.  145)  the  period 
a+  p  +  ...  X 

of  quotients  a,  /8,  7  ...  K,  X  is  the  same  taken  from  the  begin- 
ning and  end,  i.  e.  X  =  a,  *  =  £,  &c.  Hence  the  quotients 
proceed  according  to  the  law, 

a;  a,  &  %  ...  %  &  a,  2a;   a,  &  ...  ft,  a,  2a;   a,-&c. 


180 

which  law  would  be  yet  more  regular,  if  the  first  quotient  were 
either  2a,  or  zero ;  i.  e.  if  the  irrational  quantity  developed 
were  VJV  +  a  instead  o 


SOLUTION  OF  THE  INDETERMINATE  EQUATION  OF  THE 
SECOND  ORDER,  3?  -  Ny*  =  +  1  . 

147.    Every  converging  fraction,  ^-  ,  which,  corresponds 

to  the  quotient  2a  in  any  period,  is  such  thaty  —  N<f=  ±  1. 
For  since  fi  =  2a,  the  equation  m  +  m  =  fin,  in  which  neither 
m  nor  m  can  exceed  a,  will  necessarily  give  m  =  m  =  a,  and 
n  =  1  ;  therefore  the  equation  (p^  —  qp°)  n  =p*  —  Ngf1  becomes 


p*-N<f=±  1  according  as     >  or  < 

Hence  the  equation  a?  —  Ny*  =  ±  1  may  be  always  solved 
in  whole  numbers  (at  least  with  the  upper  sign)  whatever  be 
the  number  N  (provided  it  be  not  a  perfect  square),  in  an 
infinite  number  of  ways.  If  the  number  of  terms  in  the 
period  a,  /8,  ...  /9,  a,  2a,  be  even,  all  the  fractions  in  the 
different  periods  corresponding  to  2a  -will  be  >  VN,  and 
we  shall  obtain  solutions  only  of  a;8  —  Ny*  =  +  1  ;  but  if  the 
period  consist  of  an  odd  number  of  terms,  then  the  first 
fraction  which  corresponds  to  2a  will  be  <  V^,  the  second 
fraction  corresponding  to  2a  >  *JN,  and  so  on  ;  so  that  all 
fractions  corresponding  to  2a  which  stand  in  odd  places  will 
satisfy  y*  —  Ny*  =  —  1,  and  those  in  even  places  the  equation 


Ex  l  V 

•UA.    i.  JC  ~  _. 

For  V23  we  have  (p.  161)  the  quotients  and  converging 
fractions, 

4,    1,    3,     1,  8,      1,     3,     1,       8,    ... 

4      5      19  24  1151 

i'  r  4 '  T' ^4o~?  •" 

/.  a-  =  24,  y  =  5;  ora;=1151,  3/  =  240,  &C. 
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Ex.2.  a2-13/=  +  l; 

With  the  upper  sign  x  =  18,     y  =  5  ; 
with  the  lower          x  =  649,  y  =  180. 

The  preceding  investigation  of  the  properties  of  the  con- 
tinued fraction  which  expresses  */N,  is  taken  from  Legendre's 
Essai  sur  la  Theorie  des  Nombres. 

It  may  be  observed  that  if  p  be  a  prime  number,  the 
polynomial  X*'1  +  x*^  +  .  .  .  +  x  +  1  or  X  possesses  the  remark- 
able property  that  the  indeterminate  equation 


can  be  satisfied  by  taking  for  Y  and  Z  integral  functions  of  xf 
in  an  infinite  number  of  ways  if  p  =  4«+  1,  and  in  only  one 
way  if  p  =  M  +  3.  If  p  =  3,  the  equation 


admits  the  three  solutions 

Z=x;    Y=x-\,  Z=x+l. 


SECTION  VIII. 

ON  THE  SYMMETRICAL  FUNCTIONS  OF  THE  ROOTS 
OF  AN  EQUATION. 


148.  A  SYMMETRICAL  function  of  the  roots  of  an  equation, 
as  was  before  observed,  is  an  expression  in  which  each  root 
is  alike  involved  ;  and  which  is  consequently  made  up  of  all 
the  roots  in  such  a  manner  that  if  any  two  be  interchanged, 
its  value  is  not  altered.     Thus 

~P\  =  «  +  5  +  c+...+?,  p2  =  ab  +  ac  +  bc  +  &c., 
and,  in  general,  all  the  coefficients  are  symmetrical  functions 
of  the  roots  ;  for  in  these  expressions,  if  b  were  written  in 
every  place  where  a  occurs  instead  of  a,  and  a  in  every  place 
where  b  occurs  instead  of  b,  or  if  any  other  two  of  the  roots 
were  interchanged,  the  values  of  the  expressions  would  not  be 
altered.  Our  researches  will  be  confined  to  those  symmetrical 
functions  which  are  rational. 

149.  We  shall  first  consider  the  elementary  cases  where, 
in  each  term,  only  one,  two,  three,  &c.,  of  the  roots  are  in- 
volved; viz. 


&c., 


The  first  is  formed  by  taking  the  sum  of  the  roots  each 
raised  to  the  same  power  m,  and  consists  o  n  terms. 

The  second  is  formed  by  taking  all  the  permutations  of 
the  roots  taken  two  together,  and  affecting  the  first  letter 
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in  each  product  with  the  index  w,  and  the  second  with  the 
index  p ;  and  it  consists  of  n  (n  —  1)  terms. 

The  third  is  formed  by  taking  all  the  permutations  of 
the  roots  taken  three  together,  and  affecting  the  first  letter 
in  each  product  with  the  index  m,  the  second  with  the  index 
p,  and  the  third  with  the  index  q ;  and  it  consists  of 

n  (n  —  1)  (n  —  2)  terms. 

Similarly,  the  symmetrical  function  each  term  of  which 
contained  r  roots,  would  be  formed  by  taking  all  the  per- 
mutations of  the  roots  taken  r  together,  and  in  each  product 
affecting  the  first  letter  with  the  index  m,  the  second  with 
the  index  p,  the  third  with  the  index  q,  and  so  on ;  and  it 
would  consist  of  n  (n  —  1)  (n  —  2)  ...  (n  —  r  +  1)  terms.  (The 
above  supposes  all  the  indices  m,  p,  q,  &c.,  to  be  unequal : 
we  shall  afterwards  revert  to  the  case  where  some  of  them 
are  equal.) 

Since,  therefore,  in  the  above  cases,  any  term  being  given, 
all  the  others  may  be  deduced  from  it,  by  forming  all  the 
permutations  of  the  letters  which  compose  it,  and  affecting 
the  letters  in  each  with  the  indices  taken  always  in  the  same 
order ;  we  may  denote  them  by  the  symbol  2  prefixed  to  any 
one  of  the  terms,  thus 

2(am),    2(a"V),   2(a"W); 

and  the  first,  that  is,  the  sum  of  the  mth  powers  of  the  roots 
may  be  indifferently  expressed  by  2  (am)  or  Sm;  we  shall 
generally  employ  the  latter,  as  the  sums  of  similar  powers  of 
the  roots  are  the  simplest  sort  of  symmetrical  functions,  and 
are  the  quantities  by  which  all  others  are  expressed. 

150.  The  value  of  every  rational  symmetrical  function  of 
the  roots  of  an  equation  can  be  expressed  by  the  coefficients, 
without  knowing  the  actual  values  of  the  roots,  as  we  shall 
shew.  But  it  will  be  necessary  to  consider  only  the  case  of 
integral  functions ;  because  when  the  terms  of  a  symmetrical 
function  are  fractional,  we  can,  by  reducing  them  to  a  common 
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denominator,  express  the  function  by  a  single  fraction  whose 
numerator  and  denominator  are  integral  symmetrical  functions. 

Thus  — ,  -f  -n  H j  —  3a£c,  which  is  a  fractional  symme- 

"2c       2o       '2a 

trical  function  of  the  three  quantities,  a,  b,  c,  becomes  by 
reduction-         I<?2+^  -. 

In  the  elementary  cases  of  Art.  149,  the  indices  are  the 
same,  and  of  course  have  their  sum  the  same,  in  every  term 
of  each  ;  i.  e.  the  function  is  homogeneous ;  if  a  symmetrical 
function  should  present  itself  not  fulfilling  these  two  con- 
ditions, it  can  be  separated  into  two  or  more  symmetrical 
functions  that  do  fulfil  them ;  so  that  the  only  symmetrical 
functions  necessary  to  be  considered  are  those  which,  besides 
being  rational  and  integral,  are  homogeneous,  and  such  that 
each  has  the  same  indices  in  every  one  of  its  terms. 


NEWTON'S  THEOREM  FOR  THE    SUMS  OF  THE  POWERS   OF 
THE   ROOTS. 

151.  To  express  the  sum  of  the  mth  powers  of  the  roots 
of  an  equation  in  terms  of  the  coefficients,  and  the  sums  of  the 
inferior  powers. 

We  have  (Art.  60) 


therefore,  effecting  the  divisions,  which  can  all  be  exactly  per- 
formed, since  a,  ft,  ...  J  are  roots  of  /(a:)  =  0,  we  get  (Art.  6) 


+  &c. 
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.  .  .  +pm)  *"-"'-'  +  &c. 


~l  +pjm-*  +  .  .  .  +pm]  x™-1  +  &c. 
Hence,  adding  these  quotients  together,  we  have 


But  f(x)  =  nx«~1  +  (n  - 


hence,  equating  the  coefficients  of  corresponding  terms  in  these 
identical  expressions,  we  get 


or  ^2  +plSl  +2pa  =  0  ;  &c., 
.  .  .  pm_1  Si  +  npm  =(n-  m)pm, 
or  Sm  +plSm_l  +piS^_2  +...  +pm_,S1  +  mpm  =  0, 

the  formula  which  gives  the  sum  of  the  mth  powers  (m  being 
less  than  n)  of  the  roots,  in  terms  of  the  coefficients  and  the 
sums  of  the  inferior  powers  ;  and  by  means  of  which  the 
sums  of  all  similar  powers  whose  index  is  less  than  the  degree 
of  the  equation,  can  be  successively  expressed  by  integral 
functions  of  the  coefficients. 

But  if  m  be  equal  to  or  greater  than  n,  multiplying  the 
equation  by  af™,  we  have 

xm  +p1xm-l+p2xm-*  +  .  .  .  +pnxn-*  =  0  ; 

therefore,  replacing  x  successively  by  all  the  roots  a,  ft,  c,  ...  /, 
and  taking  the  sum  of  the  results,  we  have 


24 
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Hence,  making  m  =  n,  n  +  1,  w  +  2,  &c.,  successively,  we 
find,  observing  that 


Hence  the  sums  of  all  similar  powers  whatever  of  the 
roots,  can  be  expressed  by  integral  functions  of  the  coeffi- 
cients. 

OBS.  The  sums  of  the  powers  of  the  roots  of  any  equa- 
tion Sl}  St,  Ss,  &c.,  form  what  is  called  a  Recurring  Series; 
that  is,  a  series  in  which  an  equation  of  the  first  degree  with 
constant  coefficients  holds  good  between  a  certain  definite 
number  of  consecutive  terms,  in  whatever  part  of  the  series 
they  be  taken;  for,  any  one  of  them,  Sm,  depends,  when  the 
equation  is  complete,  upon  the  n  preceding,  by  the  equation 
(1),  in  which  the  constants  of  relation  are  the  coefficients  of 
the  equation. 

152.  To  find  the  sums  of  the  negative  similar  powers  of 
the  roots,  we  must  write  -  for  x,  and  apply  the  above  formulae 

t7 

to  the  transformed  equation  in  y. 

153.  We  may  observe  that  by  the  preceding  method  the 
value  of  <£  (a)  +  <f>  (b)  +  ...  +  0  (/),  {where  <f>  (x)  denotes  any 
rational  algebraic  function}  may  be  readily  found.     For, 


f(x]       -x- 

therefore,  performing  the  divisions,  and  reserving  only  the 
remainders,  (Art.  6) 


&c. 


_ 
f(x]  x-a 

T*  +  &c.  =  *-'  {0  (a)  +  0  (ft)  +  ...  +  0  (/)}  +  &c.  . 
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/.  </>  (a)  +<f>  (5)  +...+<£(/)=  A  =  coefficient  of  the  highest 
power  of  x,  in  the  remainder  of  the  division  of  f'(x)  .  <f>  (x) 
by/(aO. 

154.  In  practical  applications  to  equations  of  a  low 
degree,  or  consisting  of  a  small  number  of  terms,  we  may, 
instead  of  calculating  the  sums  of  the  powers  successively 
from  one  another,  express  them  immediately  in  terms  of  the 
coefficients  of  the  equation,  by  the  following  method. 

For  x  write  -  in  the  identical  equation 
9 


=  (x  -  a)  (x  -  V) 
x  (x  —  c)  .  .  .  (x  —  1}  ; 


Hence,  taking  the  Napierian  logarithms  of  both  sides, 

y*  +  &c. 


therefore,  equating  coefficients, 


af  -  4^,  +^4,  &c.  ; 
and,  in  general,  8m  =  coefficient  of  ym  in  the  expansion,  by 

ascending  powers  of  y,  of  —  in  log  ly"f(  ~J  r  • 

Ex.1.  x*  +  rx  +  s  =  0. 

Let  x*  +  rx  +  s  =  (x-a)  (x-b)(x-c)(x-d); 
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.-.  y'  (r  +  sy)  -  \y*  (r  +  syf  +  &c.  =  -  yS^  - 

-W4  -*/*-*/*-*«•  s 

hence,  equating  coefficients,  we  have 


Ex.  2.  The  sum  of  the  with  powers  of  the  roots  of 
x«_  1  _  0  is  n,  when  w  is  a  multiple  of  n;  and  zero  in  all 
other  cases. 

Let  xn-l  =  (x-a}(x-b)  ...(x-l); 


Ex.  3.    To  express  the  sum  of  the  mth  powers  of  the  roots 
of  a  quadratic  in  terms  of  its  coefficients. 

Let  cc2—  px  +  q=  (x  —  a)  (x—  fy  ; 


therefore,  taking  the  Napierian  logarithms  of  both  sides,  and 
writing  down  only  the  terms  which,  when  developed,  will 
involve  ym,  we  have 


therefore,  equating  coefficients  of  ym, 
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Hence,  if  q  =  1,  b  =  -,p=  a  +  -  ;  and  the  value  of  a"  +  — 
da  am 


in  terms  of  a  +  -  ,  is  given  by  the  series 
a 


vTO(m-r-l)(m~r-2)...(m~2r+l) 
1.2.3...r  ~^ 

Ex.  4.  xn  -  2)Xn~l  +  q  =  0. 

,,,  =  coefficient  of  ym  in  expansion  of  —  m  log  {1  —  y  (p  —  qy*~1)} 


„ 


1.2.3 

155.  Similarly,  we  may  express  the  coefficients  imme- 
diately in  terms  of  the  sums  of  the  powers.  For  since 
(Art.  154) 


&c.  = 


hence,  equating  coefficients, 
^i  =  -#i> 


EX. 

Here  /^  =  0,  and  proceeding  as  above,  and  in  the  develop- 
ment of  the  second  member  reserving  only  powers  of  y  as  far 
as  the  sixth,  we  have 
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A  =  - 

Ps  =  - 

A  =  -i 


USE  OF  THE  SUMS  OF  SIMILAR  POWERS  OF  THE  ROOTS  IN 
APPROXIMATING  TO  THE  VALUES,  REAL  OR  IMAGINARY, 
OF  THE  ROOTS. 

156.  The  employment  of  the  sums  of  similar  powers  of 
the  roots,  was  first  pointed  out  by  Newton  as  a  method  of 
approximating  to  the  greatest  root,  in  the  following  pro- 
position. 

If  in  the  series  8lt  82,  S3,  &c.,  formed  by  the  sums 
of  the  powers  of  the  roots  of  an  equation,  each  term  be 
divided  by  that  which  precedes  it,  the  successive  quotients 
continually  converge  to  the  greatest  root,  provided  it  be 
real. 

Suppose  a,  b,  p  (cos  0  ±  V^l  sin  0),  &c.,  to  be  the  roots, 
arranged  in  order  of  numerical  magnitude,  each  pair  of  imagi- 
nary roots  being  estimated  in  that  respect  by  its  modulus 
(Art.  85),  then 
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1  cos  (m  4  1)  0  +  &c. 


Of  m    •    ] 

om  a   +t 

+  (£}     2cos(wi  +  l)0  +  &c. 


=  a. 


supposing  the  greatest  root  to  be  real ; 

fb\m    fb\m*1 

which  (since  the  fractions  [•),(-       ,  &c.,  may,  by  the  in- 

\a/       \a/  *'    J 

crease  of  w,  be  made  as  small  as  ever  we  please}  approaches 

fif 

to  a  as  its  limit ;  and  therefore  -^  is  an  approximation  to 

*^«» 

the  greatest  root  provided  it  be  real,  becoming  closer  and 
closer  as  m  increases.  But  if  there  be  a  pair  of  imaginary 
roots  whose  modulus  exceeds  the  greatest  of  the  real  roots, 
then 


+  &c. 

IL=P 


and  therefore,  by  the  increase  of  m,  approximates  to 

cos  (m  +  1)  6 
^       cos  md 
which  may  evidently  have  any  value. 

157.     Again,  according  as  the  two  greatest  roots  are  real 
or  imaginary,  we  have 


or  =  pm-l2cos7?i#  +  (-)  +(-)   +  &c.> . 
(  \pJ      \pJ  ) 

Hence,  whether  a  and  b  be  real  or  imaginary,  provided 
they  be  the  two  greatest  roots,  we  shall  have,  by  the  con- 
tinual increase  of  m, 

Sm  =  am  +  bm  nearly, 

•  * 


+l 
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cacli  equation  being  nearer  to  the  truth  than  the  preceding ; 

.'.  SIH.S,^-S^l  =  (abr(a-b)\    (uj 

£,„+,  -  8^  -  S*m+2  =  (aft)*"  (a  -  ft)",     (O 
and  the  quotient  of  the  latter  divided  by  the  former,  =  oh. 

This  shews  that  if  from  every  three  terms  of  the  series 
£,,  S2,  S3,  &c.,  another  series  ^,(um)  be  formed  by  subtracting 
the  square  of  the  mean  from  the  product  of  the  extremes,  then 
the  quotients  obtained  by  dividing  each  term  of  the  new  series 
by  that  term  which  precedes  it,  continually  converge  to  the 
product  of  the  two  greatest  roots. 

When  the  two  greatest  roots  are  real,  since  the  first  is 
already  known,  the  second  becomes  known  by  the  process  just 
described.  When  they  are  imaginary,  as  their  product  is 
known,  it  remains  to  determine  their  sum,  which  may  be  done 
as  follows.  We  have 

8.8^  -  SH« 8^  =  ambm (a  +  b}(a-  V)\    (t>J 

and  dividing  this  by  um  we  get  a  result  =  a  +  b ;  which  shews 
that  if  from  every  four  terms  of  the  series  Sl}  8t,  83,  84,  &c. 
another  series  S(wm)  be  formed  by  subtracting  the  product 
of  the  means  from  that  of  the  extremes :  then  the  quotients 
obtained  by  dividing  each  term  of  this  series  by  the  corre- 
sponding term  of  the  series  2  (um)  continually  converge  to  the 
sum  of  the  two  greatest  roots. 

Hence  the  product  and  sum  of  the  two  imaginary  roots 
being  known,  each  of  them  can  be  found.  This  is  the  chief 
method  yet  known  for  approximating,  with  tolerable  facility, 
to  the  real  and  imaginary  parts  of  impossible  roots. 

Ex.1.  z3-10a;2 -6^-1  =  0 

=  10,  112,  1183,  12512,  132330,  1399555,  14202042,  &c. 
14202042 
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=l,-7,-14,  29,  96,-34,-503,-347,  2083,  3838,-6159, 
2  (wj  =         -63,-399,-2185,-10202,-49444,-2412t  1,-1 168158, 
2(O  =          -69,-266,-2308,-11323,-50414,-245363,-l2077l3; 
the  first  series  being  a  divergent  one,  shews  that  a  and  b  are 
imaginary ; 

,     .          ,      1168158 
the  second  gives  ab=  241gn  =4.84, 

1207713 

the  second  and  third  give  a  +  b  =  — \       — =  1.03 ; 

1168158 


.'.  a  =     (1.03  +  4.3  \^"l),   6  =     (1.03  -  4.3  Y^T~1). 

The  remaining   roots  c  and  d  may  be  found   from   the 
equations 


4.H4 


THEOREMS    FOR    EXPRESSING   SYMMETRICAL    FUNCTIONS 
OF  THE  ROOTS   BY  THE   COEFFICIENTS. 

158.  Every  rational  symmetrical  function  of  the  roots 
of  an  equation  can  be  expressed  by  the  coefficients  of  that 
equation. 

First,  to  find  the  value  of  the  double  function  S(am6F). 

If  we  multiply  together  the  two  equations 


..  .+1", 
we  have  8mS,  =  a"1^  +  5m+p  +  cm+p+  ...  +  f"* 


Now  the  first  line  is  equal  to  SnH.p;  and  the  second  consists 
of  all  the  permutations  of  the  roots  taken  two  together,  the 
first  letter  in  each  being  affected  with  the  index  m,  and  the 
second  with  the  index  p,  and  is  therefore  equal  to  the  double 
function  ^(a"1^); 

.'.  SmSp  =  S^,  +  2(a-b>), 
or  2(aM^)  =  ^m^-^,...  (I). 

25 
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Next,  to  find  the  value  of  the  triple  function  2(am 
.Multiplying  together  the  equations 

2  (ambp)  =  ambp  +  aV  +  b~ap  +  &c., 
Sq=     aq+     bq+     cq  +  &c., 
the  result  will  consist  of  three  different  partial  products  ; 

(1)  the  sum  of  products  of  the  form  am+qV  =  2  (a" 

(2)  the  sum  of  products  of  the  form  amP*  =  2  (a 

(3)  the  sum  of  products  of  the  form  a"W  =  2  (a" 
.-.  Sg  2  (awi>)  =  2  (a-*^  +  2  (aMZO  +  2  (a"W), 

a  formula  which  enables  us  to  calculate  a  triple  function  from 
knowing  how  to  calculate  a  double  one. 

Hence,  replacing  2(a'V),  2(aro^),  2(aro^),  by  their 
values  obtained  from  formula  (1),  we  have 

2  (ambfcq]  =  SmSpSq  -  Sn^p8q  -  Sm^8p  —  S^ 


In  the  same  manner  might  the  quadruple  function 
S  (ambpc9dr],  or  the  sum  of  any  succeeding  combinations,  be 
expressed  by  the  sums  of  the  powers  ;  and  as  these  latter  are 
expressible  by  integral  functions  of  the  coefficients,  it  follows 
that  all  the  above  symmetrical  functions  can  be  expressed 
by  integral  functions  of  the  coefficients.  And  as  every  sym- 
metrical polynomial  in  a,  b,  c,  &c.  must  be  composed  of  the 
assemblage,  by  addition  or  subtraction,  of  several  symmetrical 
functions  of  the  form  2  (a'"&V...),  it  follows  that  the  value  of 
every  rational  symmetrical  function  whatever  of  the  roots  of 
an  equation  (without  the  roots  being  known)  can  be  expressed 
by  the  coefficients  of  the  equation. 

OBS.  The  above  expressions  for  the  elementary  sym- 
metrical functions  will  require  to  be  modified,  when  any  of 
the  indices  become  equal.  Thus,  if  ra  =p  in  the  formula 

*(«mb")  =  smsp-sm+p, 

since  nmb'  =  5"V,  the  terms  in  2  (ambp)  will  become  equal  two 
and  two,  and  2  (ambp)  will  be  reduced  to  22  (ambm)  ; 
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Similarly,  if  m  =p  =  q  in  2(a"W),  the  six  combinations 
formed  by  interchanging  a,  b,  c,  in  aW  are  reduced  to  one, 
and  2  (o"W)  is  reduced  to  62  (ambmcm)  ; 


and  in  general,  if  t  of  the  exponents  become  equal,  the  gene- 
ral formula  must  be  divided  by  1  .  2.  3  ...  t.  If  2(ami1>c'...) 
have  r  roots  in  each  term,  it  will  consist,  as  we  have  seen, 
of  n  (n  —  1)  ...  (n  —  r  +  1)  terms  ;  and  if  t  of  the  indices  become 

i    -j.     -11          •  .L    fn(n  —  l)...(n  —  r  +  l) 
equal,  it  will  consist  of  -  -'  terms. 

i.Z,o...t 

Ex.  1.     Let  the  roots  of  x*+p3?+qx  +  r  =  0  be  a,  b,  c, 
to  find  the  value  of  2  «26. 


-  20)  -  (-  3r  +  3p£  -/)   (Art.  154) 


Ex.  2.  Let  the  roots  of  xn  -  I  =  0  be  a,  J,  c,  &c.,  to  find 
the  value  oft  (ambp). 

*{<TV*}~8»8f-8m>f. 

Hence  the  value  is  n*  —  n,  when  m  and  p  are  both  mul- 
tiples of  n  ;  and  —  n,  when  7/1  +p  only  is  a  multiple  of  n  ;  and 
zero,  in  all  other  cases.  (Ex.  2,  Art.  1  54.) 

Ex.  3.  Let  the  roots  of  xn  +plxn~l  +  ...  +pn  =  0  be  a,  b,  c, 
&c.,  to  find  the  value  of  2  («3&2c).  It  will  be  found  to  be 


159.  Any  rational  function  whatever  of  a  root  of  an 
equation  of  the  nib  degree,  can  be  reduced  to  an  integral  func- 
tion at  most  of  n  —  1  dimensions  ;  or  to  a  fraction  whose  nu- 
merator is  at  most  of  m  —  1  dimensions,  and  denominator  of 
n  —  m  dimensions,  $  the  proposed  function  be  integral  and  of 
m  dimensions. 

If  a,  b,  c,  ...  I  be  the  n  roots  of  f(x)  =  0,  and  if  the  pro- 
posed function  of  one  of  them  a  be  integral,  and  of  the  form 
F(a)  =A0  +  Ala+  ...+  Amam, 
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where  m  is  greater  than  n  ;  then  considering  /(a?)  as  divisor, 
and  forming  the  identical  equation 


and  making  x  =  a,  we  get  F(a)  =  R,  where  E  is  at  the  most 
of  n  —  1  dimensions  in  a. 

We  may  therefore  always  suppose  the  dimension  m  of 
F(a)  to  be  less  than  n;  and  now  taking  jP(a?)  for  divisor, 
and  forming  the  identity 

f(x)=F(x)xQ'  +  R', 

7?' 
and  making  #  =  «,  we  get  F(a}=--^,,  where  #  is  at  the 

most  of  m  —  1  dimensions  in  a,  and  $'  of  n  —  m  dimensions. 
But  if  F  (a)  the  proposed  function  be  fractional  =  -~  -f 

ijr  (a) 

suppose,  then, 


the  denominator  is  a  symmetrical  function  of  the  roots  of 
f  (x)  =  0,  and  can  be  expressed  by  the  coefficients  of  f(x)  =  0. 

The  numerator  is  similarly  an  integral  symmetrical  function 

ftx\ 
of  the  roots  of  J        =  0,  and  can  be  expressed  in  terms  of  the 

CC  ""~  (X> 

coefficients  of  that  equation  ;  that  is,  in  terms  of  a  and  the 
coefficients  of/(oj)  =  0;  therefore  the  equation  (1)  takes  the 
form 


and  is  reduced  to  the  preceding  case. 

By  the  same  method  any  rational  function  of  several  roots 
of  an  equation,  may  be  replaced  by  an  integral  function  of 
the  same  roots.  For  if  other  roots  J,  c,  ...  of  f(x)  =0,  be 

contained  in  the  expression  J^-  ,  this  latter  may  in  the  first 
place  be  put  under  the  form 
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where  A0,  A^  &c.  are  rational  functions  of  the  coefficients  of 
f(x)  =0,  and  of  b,  c,  &c. ;  then  the  quantities  A^  Alt  &c., 
can  be  rendered  integral  with  respect  to  another  root  b ;  then 
with  respect  to  another  root  c ;  and  so  on,  till  the  expression 
is  rendered  integral  with  respect  to  all  the  roots  involved 
in  it. 


TRANSFORMATION   OF   EQUATIONS  BY  SYMMETRICAL 
FUNCTIONS. 

The  theory  of  symmetrical  functions  will  enable  us  to 
transform  an  equation,  whose  roots  are  unknown,  into  another 
whose  roots  are  all  the  combinations,  formed  after  an  assigned 
law,  of  the  roots  of  the  proposed,  taken  two,  three,  &c.  at  a 
time.  We  shall  first  exemplify  the  method  in  the  following 
transformation,  as  being  the  most  convenient  practical  one  of 
solving  a  problem  of  considerable  interest. 

160.  To  transform  an  equation  into  one  whose  roots  are 
the  squares  of  the  differences  of  its  roots. 

Let  a,  b,  c,  ...I  be  the  n  roots  of  the  proposed,  then  the 
roots  of  the  transformed  equation  will  be 

(a_ft)«,   (a-c}\  (i-c)2,&c., 

in  number  \n  (n  —  1),  since  they  include  all  the  combinations 
of  the  n  quantities  a,  b,  c,  ...  I  taken  two  together;  hence  the 
degree  of  the  transformed  equation  will  be  \n(n  —  1)  =m 
suppose. 

Let  the  transformed  equation  be 


and  let  slt  *8,  ...s{  denote  the  sums  of  the  first,  second,  &c., 
*th  powers  of  its  roots  ;  then  (Art.  155)  all  the  coefficients  may 
be  expressed  by  these  sums,  thus 
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therefore  it  only  remains  to  calculate  slt  s2,  &c.  Now  if 
#„  £„  &c.,  denote,  as  usual,  the  sums  of  the  powers  of  the 
roots  of  the  proposed  equations,  and  k  be  any  positive  integer, 
we  have 


Therefore,  changing  x  successively  into  a,  b,  c  ...  ?,  and  taking 
the  sum  of  the  resulting  equations,  we  have 

(a-  b}"  +  (a  -  c}"  +  ...  +  (a  -  ?)*  +  (b  -  a)k  +  (b  -  c}k  +  ... 


=  nSk  -  kS.8^  +  k 


JL  •  < 


Now  if  k  be  an  odd  number,  each  member  of  this  equa- 
tion is  separately  zero  ;  but  if  k  be  an  even  number  and  =  2i, 
then  the  value  of  the  first  member  is  2*4  ;  and  in  the  second 
member,  the  terms  are  equal,  taken  from  the  beginning-  and 
end  ; 


,          V 


Hence  to  form  the  equation  whose  roots  are  the  squares 
of  the  differences  of  the  roots  of 


or,  as  it  is  called,  the  equation  of  differences,  we  must  first 
calculate  &,  St,  8S,  &c.,  in  terms  of  plt  p»  &c.  ;  and  next 
*u  *t»  *a>  &c-5  by  the  formula  just  investigated;  and  lastly 
?i>  ?»>  ?s>  &c->  the  coefficients  of  the  required  equation,  by  the 
method  of  (Art.  155). 

Nil.    We  have  seen  one  use  of  the  equation  of  differences 
(Art.  40),  viz.  to  determine  a  limit  less  than  the  least  difference 
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of  the  roots  of  a  proposed  equation ;  another  is  to  determine, 
within  certain  limits,  the  number  of  impossible  roots  which 
the  proposed  equation  contains. 

If  the  transformed  equation  be  complete  and  have  no 
continuations  of  sign,  it  cannot  have  a  negative  root ;  and 
therefore  the  primitive  equation  has  no  impossible  roots, 
because  a  pair  must  give  rise  to  a  real  negative  root  in  the 
equation  of  differences ;  but  if  the  transformed  equation  have 
continuations  of  sign,  then  it  has  either  impossible  or  nega- 
tive roots ;  and  as  these  can  only  arise  from  impossible  roots 
in  the  proposed  equation,  it  follows  that  this  latter  has  im- 
possible roots.  Also  if  the  proposed  equation  have  p  pos- 
sible roots,  and  if  the  difference  of  no  two  of  its  imaginary 
roots  be  a  real  quantity,  the  transformed  equation  will  have 

^-12 '  positive  roots,  and  the  rest  will  be  either  negative 

m 

or  imaginary ;  hence  if  the  last  term  of  the  transformed  equa- 
tion be  positive,  ^  ^  — -  is  even ;  and  therefore  p,  which 

A 

must  be  of  the  same  parity  as  n,  will  be  of  the  form  4m  or 
4m  +  1,  according  as  n  is  even  or  odd.  Similarly,  if  the 
last  term  of  the  transformed  equation  be  negative,  it  may 
be  shewn  that  the  number  of  real  roots  in  the  proposed 
equation  will  be  of  the  form  4w  +  2  or  4m  -f  3,  according 
as  n  is  even  or  odd. 

Ex.  1.     x3  —  2x  —  5  =  0.    The  equation  of  differences  is 
f  -  I2y*  +  36y  +  643  =  0, 

which  has  not  all  its  roots  positive ;  therefore  the  proposed 
has  impossible  roots. 

Ex.  2.  To  transform  x*  +  rx  +  8  =  0  into  one  whose  roots 
shall  be  the  squares  of  the  differences  of  ita  roots. 

Here,  by  Ex.  (Art.  154),  and  by  the  formula  of  Aria.  160 
and  155,  we  have 
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=  3r',     #7  =  7rs,    S8  =  4s2,     S,  =  -  3r3, 


0,    s2  =  -16s,    s3  =  -78ra,    s4  =  576s2, 
-  40r*s,  s6  =  -  7936s3  +  2190r4  ; 


Hence  the  transformed  equation  is 

y»  +  ssy4  +  26rV  -  1  12s2/  +  216r2s#  +  256s3  -  27r4  =  0. 

/s\s      /r\* 

Hence  if  the  last  term  be  positive,  or    -)>(-),  the 

w/        \4/ 

number  of  real  roots  in  the  proposed  will  be  of  the  form  of 
4/nj  but  there  cannot  be  more  than  two,  therefore  there  are 


none.    If  the  last  term  be  negative,  or  (  -  I  <  (-  )  the  number 

\«V         \4/ 
of  real  roots  of  the  proposed  will  be  of  the  form  4m  +  2,  and 

therefore  there  will  be  two.     These  results  agree  with  those 
found  at  p.  62. 

OBS.  The  absolute  or  final  term  of  the  equation  of  differ- 
ences, which  put  equal  to  zero  expresses  the  condition  for  the 
proposed  having  equal  roots,  and  in  most  cases  is  the  only 
one  wanted,  is  a  symmetrical  function  of  the  roots  of  the  first 
derived  equation  ;  and  we  shall  shew  that  it  can  be  calculated 
for  any  equation,  supposing  its  expression  determinable  for 
an  equation  of  the  next  inferior  degree. 

L61  2m  5  ?w-i  denote,  respectively,  the  product  of  the  squares 
of  the  differences  of  the  roots  of  f(x)  =  0,  and  of 


.=o  ...  (i), 


But,  by  the  supposition,  qm_l  can  be  expressed  in  terms  of 
the  coefficients  of  (1),  that  is,  of  a  and  Pl,  p^  &c.,  and  there- 
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fore  qm,  being  an  integral  function  of  one  of  the  roots  of 
f(x)  =  0,  can  be  reduced  (Art.  159)  to  the  form 

qm  =  A0  +  Ap  +  AJI*  +...+  A^cT1. 

But  since  qm  is  a  symmetrical  function  of  the  n  roots 
«,&,...  7,  this  equation  must  still  remain  true  when  5,  c,  .  .  .  I, 
are  severally  substituted  for  a  ;  hence  it  is  satisfied  by  n  quan- 
tities and  is  only  of  n  —  1  dimensions  ; 

.-.  qm  =  A0.    (Art.  14). 

Ex.  xa  +pa?  +  qx  +  r  =  0. 

f(x) 
Here  ^-^-L  =  y?+(a  +p}  x  +  a*  +pa  +  q,  hence  (Art.  84) 

it/  ~™~  CL 

qt  =  (5  _  c)*  =  (a  +p)*-  4  (a*+pa  +  q)=-  3o8-  2pa  +/-  4j  ; 
{/»  }8=  (3«2+  2^«  +  ?)2  =  (/  -  3?)  «2  +  (^  -  9r)  a  +  28-  3/>r, 
reducing  by  the  relation 

a8  =  —  pc?  —  qa  —  r.    (2)    Hence 


-/)  (g'-Spr), 

and  as  we  only  want  the  term  independent  of  a  when  this  is 
reduced  so  as  to  contain  no  power  of  a  higher  than  the  second 
by  relation  (2),  we  get  by  successive  substitutions 

qs=  (3  (/  -3q)a  +  2/  -  3pq  -  27r}  (pa*  +  qa  +  r}  +  ... 


-3q)  a"-f  &c. 
-p*r  -  4/  +  9pqr  -  27r2  -  3pr  (p*  -  Bq)  +  A 


In  the  particular  case  of  a  biquadratic  equation,  Mr  Cayley 
has  shewn  that,  if  it  be  put  under  the  form 
ax*  +  ±bxs  +  6ccc2  +  4cfo  +  e  =  0, 

and  if  /=  oe  -  4Z>d  +  3c2,   J  =  ace  +  2l>cd  -  ad*  -  eb*  -  c*, 
then  a,  &  7,  S  being  the  four  roots, 

7-8)9=  16  (P-27.7*). 
26 
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162.  Besides  the  method  of  Art.  160,  we  may  also  trans- 
form an  equation  by  means  of  symmetrical  functions,  as 
follows. 

Suppose  that  each  root  of  the  transformed  equation  is  to 
be  a  rational  function,  <f>  (a,  b,  c,  &c.),  of  any  number  of  the 
roots  of  the  proposed  equation ;  then  having  formed  all  the 
combinations  <£(a,  b,  c,  &c.)>  £(a»  c>  ^>  &c-)>  &c->  tne  trans- 
formed equation,  resolved  into  its  factors,  will  be 

{y-<f>(a,  b,  c,  &c.)}{y-$(a,  c,  d,  &c.)]  ...  =  0; 
and  as  this  product  is  not  altered  by  interchanging  a,  b,  c,  &c., 
among  themselves,  (for  the  only  effect  of  that  is  to  place  its 
factors  in  a  different  order)  we  are  certain  that,  after  multi- 
plication, the  coefficients  of  the  different  powers  of  y  will  be 
symmetrical  functions  of  a,  b,  c,  &c.,  and  may  therefore  be 
expressed  by  the  coefficients  of  the  proposed  equation. 

Hence  if  we  can  discover  a  rational  function  of  four  letters 
which,  when  the  letters  are  permuted  in  all  possible  ways, 
admits  of  only  three  values,  we  may  transform  a  biquadratic 
into  a  cubic ;  and  the  roots  of  the  cubic  may  be  so  composed 
of  the  roots  of  the  biquadratic,  as  to  lead  to  the  determination 
of  the  latter.  It  is  evident  that  each  of  the  expressions  ab+cd, 
and  (a+b—c—d)*,  answers  the  abovenamed  condition ;  and  we 
proceed  to  apply  to  the  solution  of  a  biquadratic  this  method, 
which  has  for  its  leading  feature  the  circumstance  that  we  can 
form  functions  of  four  letters  which  admit  of  only  three  values. 

Ex.  1.  To  transform  x*  +  pxs  +  qx*  +  rx  +  s  =  0,  roots 
a,  b,  c,  d,  into  one  whose  roots  shall  be 

ab  +  cd,   ac  +  bd,   ad  +  bc; 
the  transformed  equation  is 

{y  -  (ab  +  cd)}.{y  -  (ac  +  bd)}.{y  -  (ad  +  bc)}  =  0, 
in  which  the  coefficient  of  y8  evidently  =  —  q, 
the  coefficient  of  y 
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and  the  last  term  with  its  sign  changed 

=  2  (cfbcd)  +  2  (aW)  =  (/  -  2    8 


=0,  ...(1). 

Ex.  2.     Hence,   also,   we  can  transform    the  proposed 
equation  into  one  whose  roots  shall  be 

(a+b-c-d)*,    (a  +  c-b-d)*,    (a  +  d-b-c)\ 
For  \Qtz  =  a  +  b-c-d* 


+  4  (db  +  cd)  =p*  - 

s  —  »2  +  4<7 

•••  y=      4       ' 

and  substituting  in  (1),  the  transformed  equation  in  z  is 
z3  -  (3/  -  Sq)  z2  +  (3p4  -  16/2  +  16^  +  IQpr  -  64«)  a 


Either  of  these  transformed  equations  may  be  employed 
in  the  solution  of  the  proposed  biquadratic.  Thus,  in  the 
first  case,  let  a  be  a  value  of  y,  then  ab  +  cd=a;  abcd=s; 
therefore  ab  and  cd  are  known  ;  also 

ab(c  +  d)+cd(a  +  b)  =  -r,  (a  +  b)  +  (c  +  d)  =-p; 

therefore  a  +  b,  and  c  +  d  are  known  ;  hence  all  the  roots  are 
obtained  from  one  root  of  the  reducing  cubic.  In  the  second 
case,  if  we  know  el  z%  za  the  three  values  of  z,  by  means  of 
these,  and  the  equation  a-\-b  +  c  +  d  =  —p,  we  can  find  the 
roots  of  the  biquadratic  merely  by  addition  and  subtraction  ; 
or  they  may  all  be  expressed  by  a  single  formula 


—  p, 

where  the  first  two  radicals  carry  double  signs  ;  and  the  sign 
of  the  third  radical  is  determined  by  the  relation 
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Ex.  3.     To  transform  x*+px*  +  qx  +  r  =  0,  roots  a,  b,  c, 
into 

'> 


whose  roots  are 

(a  +  bY      (a 


lab     '       lac  Ibc 

It  will  be  found  that  -/  =  ^  +  3,  (Art.  21) 


r 


"  obc 


,      O 


163.     To  transform  an  equation  into  another  which  shall 
want  an  assigned  number  of  terms. 

Let  the  given  equation  be 

x*  +])1x*~1  +jpzxn^  +  . . .  +  pn  =  0 (l)i 

and  assume 

y  =  a0  +  alx  +  a^x?+  ...  +amxm (2), 

where  a0,  av  &c.  are  indeterminate,  and  m<n.  Since  y  has 
the  same  number  of  values  as  a;,  the  transformed  equation  in 
y,  resulting  from  the  elimination  of  x  between  (1)  and  (2), 
will  be  of  the  n*1  degree.  This  elimination  may  be  performed 
by  means  of  symmetrical  functions,  as  follows.  Kaising  equa- 
tion (2)  to  the  r01  power,  and  not  admitting  any  power  of  x 
greater  than  x*  by  means  of  (1),  we  get 


0' 


where  A0,  A^  &c.  are  integral  homogeneous  functions  of  a 
a,,  &c.  of  the  rtt  degree.     Hence  substituting  for  x  its  n 
values  in  this  equation,  and  taking  the  sum  of  the  results, 

+...+An.lsn_l  ......  (3), 
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where  sr,  8r)  denote,  respectively,  the  sum  of  the  r01  powers 
of  the  roots  of  the  proposed  equation,  and  of  the  transformed 
equation  in  y,  which  suppose  to  be 

y»+?iyrt  +  giyrt+...+Sr.  =  0  .........  (4), 

then  (Art.  155) 

?,  =  -$»   &  =  -*$  +  *$•,  &c.; 

so  that  by  means  of  (3)  all  the  coefficients  qlt  qt,  &c.  can  be 
expressed  in  terms  of  «0,  a15  &c.  and  the  coefficients  of  (1). 
Now  suppose  that  we  wish  to  exterminate  m  successive  terms 
beginning  with  the  second  in  (4),  then  we  must  have 
$  =  0,  £a  =  0,  &c.  8m  =  0; 

but  as  these  equations  are  respectively  of  1,  2,  &c.  m  dimen- 
sions in  «0,  ax,  ...  aro;  therefore  the  determination  of  these 
quantities,  one  of  which  may  be  taken  arbitrarily,  will  depend 
by  Bezout's  theorem  on  an  equation  of  the  degree  1  .  2  .  3  ...m. 
If  we  wish  to  exterminate  all  the  terms  except  the  first  and 
last,  the  problem  will  depend  on  the  solution  of  an  equation 
of  the  degree  1  .  2  .  3  ...  (n  -  1). 

Ex.  1.     To  solve  x3  +px*  +  qx  +  r  =  Q,  by  taking  away 
its  second  and  third  term. 

Assume  y  =  a  +  bx  +  x*  ...............  (1), 

and  let  the  transformed  equation  in  y  be 


then  from  the  equations  P=  0,  $=0,  which  are  respectively 
of  the  first  and  second  degree  in  a  and  b,  those  two  quantities 
may  be  determined,  and  expressed  by  the  coefficients  of  the 
proposed.  The  equation  in  y  is  then  reduced  to  y9  +  E  =  0, 
and  furnishes  three  values  of  y.  But,  squaring  and  cubing 
(1),  and  reducing  by  means  of  the  proposed,  we  get 


two  equations  along  with  (1),  will  furnish  a  value  of  a; 
expressed  rationally  by  y,  y*,  and  y3  ;  so  that  the  three  values 
of  x  become  known  from  those  of  y. 
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Ex.  2.    To  solve  x*+px3+  qa?+rx  +  s  =  Ql>y  taking  away 
its  second  and  fourth  terms. 


Assume  y  =  a 

and  let  the  transformed  equation  in  y  be 


then  from  the  equations  P=0,  R  =  0,  which  are  respectively 
of  the  first  and  third  degrees  in  a  and  b,  those  two  quantities 
may  be  determined  and  expressed  by  the  coefficients  of  the 
proposed,  by  means  of  the  solution  of  the  Cubic. 

The  equation  in  y  is  thus  reduced  to 

#4+<?/  +  S=o, 

which  can  be  solved  as  a  quadratic,  and  will  furnish  four 
values  of  y  ;  then,  as  in  the  preceding  example,  obtaining  the 
values  of  y2,  y5,  and  y*  under  the  forms 

f  =  b0  +  b,x  +  bj?  +  b3x3,  &c., 

we  get  a  value  of  x  expressed  rationally  by  the  first  -four 
powers  of  y  ;  so  that  the  four  values  of  x  become  known  from 
those  of  y. 

This  method  of  solving  the  general  equations  of  the  third 
and  fourth  degree  is  known  as  Tschirnhaitseri  s  Method. 

Ex.  3.  To  take  away  the  second,  third,  and  fourth  terms 
of  x*+plx*~l+...+pn  =  Q,  by  means  of  the  solution  of  a  single 
cubic  equation. 

Assume       y  =  a0  +  avx  +  a^x*  +  a3x3  +  aj£, 
and  let  the  transformed  equation  in  y  be 

y*  +  wn~l  +  &/"*  +  ...  +  2.  =  o. 

Then  by  what  was  shewn  above,  Sr  the  sum  of  the  r*  powers 
of  the  roots  of  this  equation  is  a  homogeneous  function  of  the 
quantities  o0,  a,  ...  a4  of  the  rto  degree  ;  consequently  the  co- 
efficients qv  «7S,  &c.  are  homogeneous  functions  of  those  same 
quantities,  the  degree  of  each  being  equal  to  its  subscribed 


207 

index.  To  make  the  second,  third,  and  fourth  terms  of  the 
transformed  equation  disappear,  we  must  have 

&  =  0,    &  =  0,    ?s  =  0; 

the  first  of  these  is  linear,  let  a0  be  determined  from  it  in 
terms  of  at,  «8,  aa,  at,  and  substituted  in  the  other  two,  and 
suppose  the  latter  to  become  Qz  =  0,  $8  =  0  ;  $2,  Q3  being 
respectively  homogeneous  functions  of  the  second  and  third 
orders,  of  the  four  quantities  alt  aa,  aB)  a4.  Hence  Qt  may 
be  put  under  the  form 

PV  +  2PQat  +  JB,  or  (Pa,  +  QY  +  E-Q1, 

where  P  is  a  constant,  and  Q,  E,  homogeneous  functions  of 
ai->  a<ti  as>  respectively  of  the  first  and  second  degrees:  simi- 
larly R  —  Q*y  being  a  homogeneous  function  of  the  second 
order  of  the  three  quantities  ax,  «2,  «8,  can  be  resolved  into  a 
square,  and  a  homogeneous  function  of  two  of  them  a,,  az; 
and  this  latter  can  be  reduced  to  the  form 

(P\+Q\Y+(R'ai}\ 
so  that  by  these  reductions  $2  =  0  assumes  the  form 


where  f,  g,  h,  Jc  are  linear  functions  of  at,  a2,  «8,  «4;  and  this 
equation  may  be  satisfied  by  making 


These  latter  equations  are  linear  and  give  aa,  at  in  terms  of 
«x  and  a2 ;  and  if  the  values  of  «3,  «4  be  substituted  in  Qa  =  0, 
its  first  member  will  become  a  homogeneous  function  of  the 
3rd  order,  of  a^  and  a2;  and  if  either  «x  or  «2  be  taken  arbi- 
trarily, the  other  will  be  determined  by  solving  a  cubic 
equation.  Thus  the  values  of  a0,  «3,  «4  become  known,  and 
the  transformed  equation  in  y  is 

By  the  same  transformation  the  second,  third,  and  fifth 
terms  may  be  made  to  disappear  from  any  equation,  but  the 
determination  of  «0,  «j ...  «4  will  require  the  solution  of  an 
equation  of  the  fourth  degree,  instead  of  a  cubic.  Hence  also 
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it  appears  that  by  this  process,  joined  to  the  transformation 
which  consists  in  replacing  the  unknown  quantity  by  its 
inverse,  we  may  exterminate  in  any  equation  either  the  second, 
third  and  fourth  terms  from  the  end;  or  the  second,  third 
and  fifth  terms  from  the  end ;  and  in  equations  of  the  fifth 
degree,  we  may  exterminate  any  three  terms  between  the  first 
and  last,  the  solution  at  most  of  a  biquadratic  equation  being 
required.  This  application  of  Tschirnhausens  method  is  due 
to  Mr  Jerrard. 

164.  To  determine  the  roots  of  f(x)  =  Q,  an  equation  of 
the  71th  degree,  having  given  one  of  the  values  of  a  rational 
function  of  them  that  is  susceptible  of  1.2.3  . . .  n  distinct 
values  by  the  permutations  of  the  roots. 

Let  V  denote  this  rational  function,  and  Ft  the  given  value 
of  it;  also  by  F1?  F2,  ...Fr  let  the  r  =  1.2.  3  ...  (»-l)  values 
be  denoted,  which  F  assumes  when  in  its  expression  the  n  —  1 
quantities  x2,  xs,...xn  are  permuted  in  all  possible  ways 
without  changing  the  place  of  xt.  We  may  hence  form  an 
equation  in  F  of  the  rth  degree 

(F-  FJ  (F-  F2) ...  (F-  Fr)  =0 (1), 

whose  roots  are  all  different,  and  whose  coefficients,  being 
symmetrical  functions  of  #2,  x3,  ...  xn  the  roots  of 

/(a) -*-(»_  00  =  0, 

can  be  expressed  rationally  by  the  coefficients  of  the  proposed 
equation  and  xr  Then  the  first  member  of  (1)  takes  the  form 
F(V,  or,) ;  and  as  (1)  is  satisfied  by  V—  F15  we  have  inden- 
tically  F ( F,,  a;,)  =  0.  Hence  /(»)  =  0  and  F(V»x)=Q  have 
one  common  root  a;,,  and  only  one ;  if  therefore  we  seek  the 
common  measure  of  f(x)  and  F(VV  x),  and  continue  the  pro- 
cess till  we  obtain  a  remainder  of  the  first  degree  in  x,  and 
equate  that  remainder  to  zero,  we  shall  find  ^  =  &  ( FJ.  Next 
by  fixing  upon  another  root  xz  with  a  different  coefficient  in 
the  expression  of  F,  and  going  through  the  same  process,  we 
shall  find  xt  =  <£2  ( Ft),  and  so  on. 
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Ex.     To  find  the  roots  xlt  xa,  xt  of  x*  -  6x*  +  1  lx  -  C  =  0, 
having  given  that  a  value  of  F=  xl  +  2xa  —  4a?a  is  3. 
The  equation  in  V  for  determining  o^  is 

(  V-  x,  -  2xa  +  4ag  (  F-  xl  -  2xa  +  4#2)  =  0, 
or  (V-x1Y  +  2(Xt  +  xa}(V-xl}+20xjca- 

But  ajl  +  a?t  +  aj,  =  6,  xfct+a;t(xt  +  xj  =  11,  x? 

.'.  F2  -  4  Fa?,  +  12  F+  Slo^  -  132a?1  +  108  =  0, 
or,  putting  for  F  its  given  value  3, 


which  is  found  to  have  a  common  measure  xl  —  3  with  the 
proposed.  Similarly,  the  equation  in  F  for  determining  xa 
will  be 

(F-  2ar2  -xt  +  4a?8)  (F-  2x2-  xs+4xj  =  0, 
which  may  be  reduced  to 

31o;22-159x2+  194  =  0, 

and  is  found  to  have  a  common  measure  x2  —  2  with  the 
proposed.  Also  the  equation  for  the  remaining  root  will  be 
found  to  be 


which  has  a  common  measure  xs  —  1  with  the  proposed. 

OBS.  Any  symmetrical  function  of  the  roots  has  but  one 
value,  however  the  roots  are  interchanged  amongst  themselves; 
but  a  function  of  the  roots  not  symmetrical  may  assume 
several  values  by  interchanging  the  roots  amongst  themselves. 
Thus  the  linear  function  of  the  three  roots  a,  b,  c, 

F=  ma  +  nb  +  rc, 

admits  of  six  values  ;  which  we  may  form  by  taking  along 
with  abc,  the  other  five  permutations, 

acb,   bac,   bca,   cab,   cba, 

and  substituting  the  letters  of  each  in  the  same  order  in 
which  they  stand  in  it,  in  the  expression  for  F.    But  if  n  =  r, 

27 
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so  that  F  is  symmetrical  with  respect  to  two  of  the  roots, 
then  V  has  only  three  distinct  values ;  for  the  two  values  in 
whicli  a  stands  first,  become  identical :  and  the  same  is  true 
of  the  two  values  in  which  b  stands  first,  and  in  which 
c  stands  first. 

Lagrange  has  shewn,  generally,  that  the  number  of  dis- 
tinct values  which  a  function  of  n  letters  can  assume  by  the 
permutations  of  the  letters  amongst  themselves,  when  it  falls 
short  of  1.2.3  ...  n,  is  always  a  divisor  of  1.2.3  ...  n. 

The  next  step  in  the  Problem  would  be  to  determine  by 
which  of  those  divisors  in  any  given  case,  the  number  of 
values  which  a  function  of  n  letters  admits  of,  is  expressed ; 
but  at  present  the  chief  results  which  have  rewarded  the 
labours  of  Mathematicians  in  this  inquiry,  are  the  following : 
(1)  that  a  function  of  n  letters  (»>4),  if  it  have  fewer  than 
n  values,  has  at  most  two  values;  and  (2)  that  a  function 
of  n  letters  (n  different  from  6),  if  it  have  exactly  n  values,  is 
symmetrical  with  respect  to  n  —  1  of  those  letters.  We  are 
prepared  for  the  exception  n  =  4  in  the  first  result,  because 
we  have  already  met  with  functions  of  four  letters  that  admit 
of  three  values ;  and  the  exception  n  =  6  in  the  second  result 
arises  from  the  circumstance  that  there  are  functions  of  six 
letters  which  have  six  distinct  values,  without  being  symme- 
trical relative  to  five  of  the  letters.  It  is  owing,  as  we  know, 
to  the  fact  of  the  existence  of  functions  of  three  letters,  such 
as  (a  +  oti  +  a'c)8  where  a3=l,  which  have  but  two  values; 
and  of  functions  of  four  letters,  such  as  (a  +  b  —  c  —  d)*,  which 
have  but  three  values,  that  we  are  able  to  solve  the  general 
equations  of  the  third  and  fourth  degree.  If  we  could  form 
functions  of  five  letters  admitting  of  only  four  distinct  values, 
we  might  expect  to  arrive,  in  the  same  way,  at  the  solution 
of  the  general  equation  of  the  fifth  degree ;  but  a  function  of 
five  letters,  if  it  have  fewer  than  five  distinct  values,  has  at 
most  two  values,  so  that,  for  the  general  equation  of  the  fifth 
degree,  it  would  be  impossible  to  form  a  reducing  equation  of 
*  degree  inferior  to  the  fifth. 
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Hence  we  perceive  the  important  bearing  which  the  re- 
search of  the  number  of  values  that  a  rational  function  admits 
of,  from  permuting  the  letters  of  which  it  is  composed,  has 
upon  the  Theory  of  Equations. 

It  is  always  possible  to  form  a  function  of  n  letters 
a,  b,  c  .  .  .  &,  I,  which  shall  have  but  two  values  ;  for  if  from 
each  of  these  letters  we  subtract  all  that  follow  it,  and  then 
take  the  product  of  all  these  differences,  we  shall  find  a 
function  v  of  n  letters 


-c)  ...  (k-l) 

having  only  two  values  ;  for  v2  would  be  a  symmetrical 
function  of  the  n  letters,  and  therefore  would  have  but  one 
value  ;  and  consequently  v  admits  of  only  two  values,  equal 
to  one  another  but  of  contrary  signs.  Hence  if  A  and  B 
represent  any  two  symmetrical  functions  of  the  n  letters 
a,  b,  c  ...  ?,  then  the  function  A  +  Bv  will  have  only  two 
values.  The  general  form  of  a  function  of  n  letters  having 
n  values,  is  that  it  is  symmetrical  relative  to  n  —  1  of  these 
letters. 


QUADRATIC   FACTORS  OF  EQUATIONS. 

165.     Every  equation  of  an  even  degree  has  at  least  one 
real  quadratic  factor. 

Let  the  proposed  equation,  having  roots  a,  b,  c,  &c.,  be 

n  =  0  ; 


and  let  n  =  2/i,  p  being  an  odd  number.  Let  it  be  transformed 
(Art.  ]  62)  into  an  equation  whose  roots  are  the  combinations 
of  every  two  of  its  roots,  of  the  form  y  =  a  +  b  +  mab,  m  being 
any  number  ;  also  let  the  transformed  equation  be  <£„(#)  =  0  ; 
then  its  coefficients  will  be  symmetrical  functions  of  a,  b,  c,  &c., 
and  therefore  rational  and  known  functions  of  plt  J9t,  &c.; 

and  its  degree  will  be    ^  ^"    -  which  is  odd;  therefore 
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have  at  least  one  real  root,  whatever  be  the 
value  of  m.  Hence,  making  m  =  1,  2,  3,  ...  {/*(2/*  -  1)  +  1}, 
successively,  each  of  the  equations  &(y)  =0,  fa(y)  =  0,  &c., 
will  have  at  least  one  real  root;  that  is,  we  shall  have 
p(2fi  —  1)  + 1  real  values  for  combinations  of  two  roots  of  the 
proposed  equation,  of  the  form  a  +  b  +  mab;  but  there  are 
only  /t(2/u,  —  1)  such  combinations  which  are  differently  com- 
posed of  the  roots  a,  b,  c,  &c.;  therefore  two  of  these  combi- 
nations, for  which  we  have  obtained  real  values,  must  involve 
the  same  pair  of  the  quantities  a,  b,  c,  &c.;  let  this  pair  of 
roots  be  a,  b,  and  a,  a',  the  real  roots  of  the  corresponding 
equations  <f>m(y)  =  0,  fa(y)  =0,  so  that 

a  +  b  +  mob  =  a,   a  +  b  +  mob  =  a  ; 

therefore  a  +  b  and  ab  are  real,  and  the  proposed  equation 
has  at  least  one  real  quadratic  factor,  and  two  roots,  either 
real,  or  of  the  form  a  +  /S  V7—  1.  Hence  every  equation  whose 
degree  is  only  once  divisible  by  2,  has  at  least  one  real  quad- 
ratic factor. 

We  shall  now  prove  that  if  it  be  true  that  every  equation 
has  at  least  one  real  quadratic  factor  when  its  degree  is 
r  times  divisible  by  2,  or  when  n  =  2rp  where  p  is  odd,  the 
same  is  true  when  the  degree  of  the  equation  is  r  + 1  times 
divisible  by  2.  For  let  n  =  2H"1/x;  then  the  degree  of  the 
transformed  equation  will  be  2>>(2H"1/Lt—  1),  which  is  only  r 
times  divisible  by  2 ;  therefore,  by  supposition,  the  trans- 
formed equation,  <£m  (y)  =  0,  will  have  two  roots,  either  real 
or  imaginary.  If  they  are  real,  then  exactly  in  the  same 
way  as  for  the  preceding  case  of  the  index  being  only  once 
divisible  by  2,  it  may  be  shewn  that  the  proposed  equation 
has  at  least  one  real  quadratic  factor.  If  they  are  imaginary, 
we  shall  have  y  =  a±£V-l,  each  of  which  quantities  ex- 
presses the  value  of  some  one  of  the  combinations 

a  -f  b  +  mab,   a  +  c  -f  mac,  &c. 

Suppose  therefore  that  we  have  a  +  b  +  mab  =  a  +  fi  V^l : 
then,  as  shewn  above,  we  can  give  m  such  a  value  TO',  that 
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</V  (y)  =  0  shall  have  a  root  corresponding  to  the  combination 
of  the  same  letters,  so  that  a  +  b  +  m'ab  =  a'  +  ft  V^~i,  from 
which  equations  we  can  obtain  values  of  ab  and  a  +  b  under 
the  forms 


.'.  a?  -  (7  +  8  V^l)  x  +  7'+  8'  \/^T  is  a  factor  of  /(a?)  ; 
but  if  any  real  expression  have  a  factor  of  the  form 


it  must  also  have  one  of  the  form 


.:  a?  -  (7  -  8  V^l)  x  +  7'-  8'  V~l  is  a  factor  of  /(a:)  ; 

if  therefore  these  two  expressions  have  no  simple  factor  in 
common,  their  product  will  be  a  biquadratic  factor  o 


which  can  always  be  resolved  into  two  real  quadratic  factors 
(Art.  93). 

If  they  have  a  factor  in  common,   since  they  may  be 
written 


it  can  only  be  of  the  form  x  —  e  ;  and  the  factors  themselves 
become 


-e),  (x-  K-\ 

and  therefore  the  proposed  equation  admits  the  real  quad- 
ratic factor 


Hence  an  equation  whose  degree  =  2H"1/*  will  have  a  real 
quadratic  factor,  provided  an  equation  whose  degree  =  2r/x 
has  one  ;  but  we  have  proved  this  to  be  the  case  when  r  =  l; 
therefore  it  is  universally  true  that  every  equation  of  an  even 
degree  has  at  least  one  real  quadratic  factor.  If  now  this 
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factor  be  expelled,  the  depressed  equation  will  have  its  co- 
efficients real  and  its  degree  even,  and  will  therefore,  as  before, 
have  one  real  quadratic  factor.  Hence  the  first  member  of 
ever)'  equation  of  an  even  degree  may  be  resolved  into  real 
quadratic  factors. 

» 

166.     Hence  if  we  divide  the  first  member  of  any  equa- 

tion 

a?  +    xn~l  +xn-'2  +...  +pn  =  0 


by  x*  +  ox  +  b,  admitting  no  terms  into  the  quotient  that 
have  x  in  the  denominator,  we  shall  at  last  obtain  a  remainder 
of  the  form  Ax  +  B,  A  and  B  being  rational  functions  of  a 
and  £  ;  and  in  order  that  ic2  +  ax  +  b  may  be  a  quadratic  factor 
of  the  proposed  equation,  it  is  necessary  and  sufficient  that 
this  remainder  should  equal  zero  for  all  values  of  x,  which 
requires  that  we  separately  have  A  =  0,  .5=0.  The  different 
pairs  of  values  real  or  imaginary  of  a  and  b  which  satisfy 
these  equations,  will  give  all  the  quadratic  factors  of  the 
proposed;  and  as  the  number  of  these  factors  is  ^n(n  —  1) 
(Art.  17),  the  final  equation  for  determining  one  of  the  quan- 
tities a,  b,  obtained  by  eliminating  the  other  between  the  two 
preceding  equations,  will  be  of  the  degree  ^n(n  —  1),  which 
exceeds  n,  if  n  >  3  ;  therefore  the  determination  of  the  quad- 
ratic factors  of  an  equation  will  generally  present  greater 
difficulties  than  the  solution  of  the  equation. 

As  the  proposed  equation  has  necessarily  %n  or^(n  —  1) 
real  quadratic  factors,  according  as  n  is  even  or  odd,  there 
will  always  exist  the  same  number  of  pairs  of  real  values  of 
n  and  b,  satisfying  the  equations  A  =  0,  B  =  0;  and  if  any 
of  these  pairs  of  real  values  be  commensurable,  they  may  be 
easily  found  ;  and  the  commensurable  quadratic  factors  being 
known,  the  equation  may  be  depressed. 

Ex.  i.  To  resolve  x'-6x*  +  nx-3  =  Q  into  its  factors. 
Dividing  by  y?  +  ax  +  b,  we  find  a  remainder 
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therefore,  to  determine  a  and  b,  we  have 
n  +  2ab  +  6a  -  a8  =  0, 
a*b  -  V  -  &b  +  3  =  0. 
Solving  the  former  with  respect  to  b,  and  substituting  in 

the  latter,  we  find  (aa  -  4)8  =  a*  -  64,  or  a  =  ^4+^-64  ; 
from  whence  b,  and  the  other  quadratic  factor 

a?  —  ax  +  a2  —  b  —  6, 
may  be  determined. 

Ex.  2.  To  resolve  x*  +pxs  +  qx*  +  TX-+S  into  its  two 
quadratic  factors 

ce*  +  mx  +  n,     x*  +  m'x  +  ri. 

Since  —  p  =  a  +  b  +  c  +  d,  the  sum  of  any  two  roots  is  not, 
in  this  case,  equal  to  the  sum  of  the  other  two  with  a  con- 
trary sign  ;  and  therefore  the  equation  for  determining 

m  =  —  (a  +  b} 

would  rise  to  the  sixth  degree.     But  we  have 
2m  —p  =  —  (a  +  b)  +  c  +  d, 

a  function  of  the  roots  the  six  values  of  which  are  equal  two 
and  two  and  of  opposite  signs,  and  which  we  may  denote  by 
£  ;  then  z  is  determinable  by  a  cubic  equation,  and  the  reso- 
lution may  be  effected  by  the  following  formula?  : 


ms       ,  _  r  —  qm  +  pm*  —  m'a 
p  —  2m  p  —  2m 

where  z  is  a  root  of  the  equation  (which  has  necessarily  a 
real  root) 


EVERY  ALGEBRAIC  EQUATION  HAS  A  ROOT. 
167.     There  is  no  uncertainty  about  the  existence  of  a 
real  root  for  every  equation,  except  for  an  equation  of  an  even 
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degree  with  its  last  term  positive  ;  an  equation  of  this  sort 
may  not  admit  of  any  real  root,  but  then  it  must  have  an 
imaginary  root  ;  and  we  are  now  able  to  supply  a  proof  of 
what  was  assumed  at  Art.  11,  namely  that  every  equation 
has  a  root,  in  the  following  Theorem  ;  the  truth  of  which,  at 
least  for  equations  with  real  coefficients,  may  be  considered 
to  have  already  been  established  in  the  foregoing  Proposition 
of  Art.  165. 

An  equation  of  any  degree  with  coefficients  either  real  or 
imaginary,  has  always  at  least  one  root  of  the  form  a  +  b  V—  1, 
where  a  and  b  are  real  finite  quantities,  but  either  of  them 
may  be  zero. 

We  must  first  prove  that  this  is  true  with  regard  to  the 
binomial  equations 

»"  =  +  !,    x*  =  ±*r^lt 

to  which  the  more  general  forms  xn  =  ±  c,  xn=±c  V—  1  may 
easily  be  reduced. 

The  equation  xn=l  is  always  satisfied  by  x  =  l,  and  the 
equation  x*  =  —  \  ,  when  n  is  an  odd  number,  by  x  =  —  I  ;  the 
other  cases  of  both  equations  are  included  in  the  solution  of 


for  suppose  we  have  found  a  value  x  =  a,  which  satisfies  this 
equation  :  then  since 

a"  =  +V~l,   a«*=(a*)"  =  -l,    and  a8"  =  (as)B  =  -  V^T  ; 
so  that  a*  and  a8  are,  respectively,  roots  of 

x*  -  -  1,  and  of  xn  =  -  \C1. 

It  is  therefore  only  necessary  to  consider  the  equation 

a;"  =  +  vd; 

if  n  be  odd,  n  is  of  one  of  the  forms  4ra  +  1,  or  4m  +  3  ;  and 
the  equation  is  satisfied  by  x  =  +  V—  1  in  the  first  case,  and 
by  -  V—  1  in  the  second  ;  if  n  be  even,  and  equal  to  2%'  where 
n'  U  odd,  then,  putting  o?=y,  the  proposed  equation  is  re- 
placed by  y'  =  +  V~l,  which,  as  n'  is  odd,  admits  of  a  root 
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±  V—  1 ;  and  then  two  values  of  x  can  be  obtained  tinder  the 
form  a  +  b  V—  1  by  extracting  the  square  root  of  +  V—  1  after 
the  ordinary  method.  Similarly,  if  n  =  2m  x  ri,  where  ri  is 
odd,  putting  x*  =  y,  the  equation  is  replaced  by  y*''n'  =  +  V^~l ; 
and  if  this  give  a  value  of  y  under  the  form  a  +  b  V—  1,  we 
get,  by  extracting  the  square  root,  two  values  of  x  under  the 
same  form.  But  if  r  =  1,  we  have  proved  that  a;2*'  =  +  V—  1 
admits  of  a  solution  of  the  form  a  +  b  V—  1 ;  therefore 
cen  =  +  V—  I  always  admits  of  a  solution  of  the  same  form, 
n  being  any  even  or  odd  number. 

Next  let  us  consider  the  general  case  of 

f(x)  =  xn  +plxn~*  +  ...  +pn  =  0, 

the  coefficients  being  real  or  imaginary.  If  in  it  for  x  we 
substitute  a  +  b  V^l,  where  a  and  b  are  real  quantities,  the 
first  number  will  assume  the  form  A  +  B  V^"l,  A  and  B  de- 
noting real  quantities  functions  of  a  and  b ;  and  in  order  that 
a  +  b  V—  1  may  be  a  root  of  the  proposed,  we  must  have 
.4  =  0,  S—Q,  or  we  must  have  the  modulus  of  A  +  E*^~1, 
viz.  *JA2  +  £*  =  Q.  Let  us  suppose  that  this  condition  is  not 
satisfied ;  we  shall  shew  that  a  corrected  value  of  the  same 
form,  can  be  given  to  x  such  that  the  result  of  the  substitution 
of  this  new  value  will  have  a  modulus  smaller  than  */A*+B* 
the  modulus  of  the  first  result.  To  this  end  assume 

x  =  a  +  b  V— 1  +  eu, 

where  e  denotes  a  number  as  small  as  we  please,  and  u  an 
indeterminate  quantity  which  may  receive  either  real  or  ima- 
ginary values.  If  in  the  development  of  f(x  +  h) 

-/(a)  +  ¥»  +  P2/»  +,..+*"...  (1) 

we  put  x  =  a  +  b  V— 1,  and  h  =  eu, 

f(x]  will  become  A  +  S  V^l ;  some  of  the  coefficients  of  the 
powers  of  k  may  vanish  by  this  substitution,  but  not  all  of 

28 


218 

them,  since  the  coefficient  of  hn  is  unity.  Let  hr  be_the  lowest 
power  of  //  which  does  not  vanish,  and  R  +  S  V-l  its  coeffi- 
cient, where  R  and  S  are  not  equal  to  zero  at  the  same  time. 

Calling  therefore  the  result  of  the  substitution  in  /(a?)  of 

we  get 

A'  +  tf  v^T  =  A  +  B  V~l  +  (R  +  S  V—  1)  (eu)r  +  terms 


Now  as  ur  =  c  always  admits  of  a  root  of  the  form 


we  may  suppose  ur  to  "be  a  real  quantity  c  ;  therefore,  substi- 
tuting for  u  its  value,  and  equating  to  one  another  the  real 
and  imaginary  parts  of  (2),  we  find 

A'  =  A+  Rcer  +  real  terms  in  e**1  .  .  .  en, 
J?=B  +  8cer  +  real  terms  in  e*1  ...  e\ 
Consequently,  the  square  of  the  modulus  of  A'  +  I?  V—  1  is 
A*+  B*  =  A*  +  ff+  2  (AR  +  BS)  cer+real  terms  in  em  ...  e8". 

Now  we  may  assume  the  number  e  so  small  that  the 
aggregate  of  the  terms  that  follow  A*  +  &  may  take  the  sign 
of  the  term  2  (AR  +  US]  cer  ;  and  we  may  always  render  this 
last  term  negative  by  taking  c  =  +  1  or  —  1  according  as 
AR  +  BS  is  negative  or  positive.  When  these  conditions 
relative  to  e  and  c  are  satisfied,  we  have 

4*  +  5"  less  than  A*  +  B*. 

This  demonstration  requires  that  AR  +  US  must  not  =  0  ; 
if  this  should  be  the  case,  then,  as  ur  =  c  V^~l  always  admits 
of  a  root  of  the  form  a  +  y3  V^l  ,  we  may  assume  ur  to  be  an 
imaginary  quantity  c  V^~I  ;  therefore,  substituting  for  u  its 
value  and  equating  to  one  another  the  real  and  imaginary 
of  (2)  as  before,  we  get 
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A  =  A  -  Scer  +  &c.,     B' 
.-.  A*  +  B'*  =  A*  +  B*  -  2  (4S-  BR)  cer  +  &c., 

the  terms  which  follow  being  real,  and  containing  no  power 
of  e  inferior  to  r.  Since  AR  +  BS  =  0,  we  cannot  have  also 
AS—BR  =  Q',  for  if  these  coexist,  then  we  find  the  sum  of 
their  squares  or  (A*  +  jB2)  (jR2  +  S*)  —  0,  which  resolves  itself 
into  either  -4  =  0,  J5  =  0  ;  or  .R  =  0,  $  =  0;  contrary  to  the 
suppositions  that  have  been  made.  The  quantity  AS—  BR 
being  different  from  zero,  we  may,  as  before,  assume  e  so 
small  that  the  term  involving  er  shall  exceed  the  aggregate 
of  all  the  succeeding  terms  ;  and  that  term  may  be  rendered 
negative  by  assuming  c  =  +  1,  or  —  1,  according  as  AS—  BR 
is  positive  or  negative.  Consequently,  when  the  two  con- 
ditions relative  to  e  and  c  are  satisfied  we  still  find  A*  +  B'* 
less  than  A*  +  B\ 

If  therefore  V^.2  +  B2,  the  modulus  of  the  result  of  sub- 
stituting a  +  bv  —  1  for  x  in  f(x),  does  not  vanish,  we  may, 
by  assigning  suitable  values  to  u  and  e,  obtain  a  corrected 
value  of  x  =  a  +  b  V—  1  +  eu,  such  that  *J  A'2  +  B1*,  the  modulus 
of  the  result  of  substituting  it  inf(x),  may  be  less  than  *JA*+B*. 
Hence  it  follows  that  there  must  exist  a  value  of  x  of  the  form 
a  +  b  V—  1  such  that,  upon  substituting  it  in  the  proposed 
equation,  we  shall  eventually  obtain  a  result  whose  modulus 
is  zero  ;  such  a  value  is  a  root  of  the  equation.  And  in  this 
value  of  x  the  quantities  a  and  b  are  finite;  as  we  shall 
establish  by  shewing  that  the  result  of  the  substitution  cannot 
be  a  finite  quantity  unless  a  and  b  be  finite.  For  representing 
as  before  the  result  of  the  substitution  of  a  +  b  V^l  for  x  in 
/(a?)  by  A  +  B\T^l,  we  get 


... 
1  (a+iV-l) 

Now  the  real  or  imaginary  quantities  p^  pt  ...  pn  have 
each  a  finite  modulus  ;  if  therefore  we  suppose  the  quantities 
a  and  b,  or  one  of  them,  to  increase  indefinitely,  the  modulus 
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of  each  of  the  fractions  -  ^7=  '  &c''  wil1  decrease  inde- 
a  +  o  V  —  1. 

finitely  ;  and  these  fractions  will  become 

c^  +  ftV^T,    0,  +  ftV^l,  &c., 

where  the  quantities  <x1?  ft,  &c.  may  be  as  small  as  we  please; 
for  any  one  of  them,  by  Art.  85,  admits  of  the  transformation 

pm  p  (cos  <f>  +  V-  1  sin  <ft) 

(0  +  1  V^T)™  ~~  rm  (cos  md  +  V^T  sin  m&) 

=  4;  (cos  (<£  -  mff)  +  V^T  sin  (</>  -md)}. 


Consequently  the  factor  of  (a  +  b  V^~I)n  will  be  reduced  to  an 
expression  of  the  form  1  +7  +  8  V—l,  where  7  and  8  may 
be  as  small  as  we  please;  and  the  modulus  of  this  factor 
8*  will  approach  indefinitely  near  to  unity.  But 


the  modulus  of  (a  +  b  V—  l)n  will  increase  indefinitely  ;  there- 
fore the  modulus  of  A  +  B  \T^~l  will  itself  increase  inde- 
finitely. 

Without  therefore  assigning  the  value  of  the  root,  and 
without  examining  whether  there  exist  several  values  of  x 
which  make  f(x)  =  0,  we  may  at  all  events  conclude,  from 
the  above  investigation,  that  an  equation  of  any  degree,  with 
either  real  or  imaginary  coefficients,  has  necessarily  one  root 
of  the  form  a  +  b  V—  1  ;  where  a  and  b  are  real  finite  quan- 
tities, but  either  of  them  may  be  zero. 


SECTION  IX. 
ON    ELIMINATION. 


168.  AN  equation  between  two  unknown  quantities  x 
and  y,  supposed  to  contain  no  term  which  is  fractional  or 
irrational,  is  said  to  be  of  the  degree  which  is  expressed  by 
the  sum  of  the  indices  of  x  and  y  in  that  term  where  the 
sum  is  the  greatest.  The  general  equation  of  the  74th  degree 
between  x  and  y  ought  to  contain  all  the  terms  in  which  the 
sum  of  the  indices  does  not  exceed  n  ;  therefore,  when  com- 
plete and  arranged  according  to  descending  powers  of  x,  it 
will  be 


When  an  equation  is  incomplete,  that  is,  when  it  does  not 
contain  all  the  terms  which  belong  to  its  degree,  we  must 
suppose,  in  the  general  equation,  the  coefficients  of  the  deficient 
terms  to  be  equal  to  zero. 

Although  we  are  always  at  liberty  to  divide  an  equation 
by  any  one  of  its  coefficients,  we  cannot  in  the  above  general 
equation  suppose  a0  =  l,  for  then  it  would  not  comprehend 
those  equations  which  want  the  term  involving  xn.  After 
having  divided  the  equation  by  any  one  of  its  coefficients, 
there  will  remain  as  many  indeterminate  constants  as  there 
are  terms,  wanting  one  ;  the  number  of  these  constants  will 
therefore  be 


which  expresses  how  many  conditions  an  equation  of  the  nth 
degree  may  be  made  to  satisfy,  by  a  suitable  determination 
of  its  coefficients. 
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To  eliminate  between  two  equations  of  any  degree  involv- 
in"  two  unknown  quantities,  is  to  obtain  an  equation  con- 
taining only  one  of  the  unknown  quantities,  and  which  gives 
all  the  values  of  this  unknown  quantity,  which,  together  with 
the  corresponding  values  of  the  other  unknown,  can  satisfy 
the  proposed  equations.  This  equation,  involving  only  one 
unknown  quantity,  is  called  the  final  equation,  and  its  roots 
are  called  suitable  values. 

In  what  follows,  we  shall  suppose  the  polynomials  which 
form  the  first  members  of  the  equations  to  be  freed  from  any 
common  divisor  which  they  may  admit;  for  if  they  had  a 
common  divisor  containing  both  variables,  it  might  be  re- 
duced to  zero,  and  therefore  the  proposed  equations  might 
be  satisfied,  by  an  infinite  number  of  systems  of  values  of  x 
and  y ;  or  if  they  had  a  common  divisor  containing  only  one 
of  the  variables,  there  would  be  a  limited  number  of  values 
of  that  variable,  and  an  unlimited  number  of  values  of  the 
other,  by  which  the  proposed  equations  might  be  satisfied ; 
so  that  in  both  cases  there  could  be  no  final  equation. 


METHOD  OF  ELIMINATION  BY  THE   GREATEST  COMMON 
MEASURE. 

169.  To  determine  all  the  systems  of  values  which  will 
satisfy  two  equations  between  two  unknown  quantities,  each 
being  of  any  degree. 

Let  F(x,  y)  =  0,  f(x,  y)  =  0,  be  two  equations,  respec- 
tively of  the  m*  and  wth  degrees,  admitting  only  a  limited 
numl)er  of  pairs  of  values  of  x  and  y,  and  their  first  members 
consequently  having  no  common  divisor,  involving  either  both 
or  only  one  of  the  variables.  Then  in  order  that  any  value 
y  =  0,  may  be  a  suitable  value,  it  is  necessary  that  there 
should  exist  one  or  more  values  of  x  which,  substituted  in  the 

ynomials  F(x,  £),/(*,  £),  will  reduce  them  to  zero ;  these 

lynomials  must  therefore  have  a  common  measure  a  func- 

:ion  of  JT,  which,  equated  to  zero,  will  give  one  or  more  values 


223 

of  x,  that,  jointly  with  y  —  #,  satisfy  the  proposed  equations. 
If  therefore  we  perform  the  operation  for  finding  the  greatest 
common  measure  of  F(x,  y),  f(x,  y),  (which  we  suppose  ar- 
ranged according  to  descending  powers  of  x)  introducing  or 
suppressing  factors,  functions  of  y,  so  that  no  quotient  shall 
have  any  term  with  y  in  its  denominator,  we  shall  at  last 
arrive  at  a  remainder  independent  of  x,  which  put  equal  to 
zero  will  give  the  final  equation  ty  (y)  =  0.  For  if  ft  be  a  root 
of  this  equation,  and  <J>  (x,  y)  be  the  last  divisor,  since  y  =  fi 
makes  the  remainder  vanish,  <f>  (x,  ft]  is  a  common  measure 
of  the  polynomials  F(x,  /3),  f(x,  £) ;  therefore  <£  (ic,  /3)  =  0 
will  give  values  of  x  which,  jointly  with  y  =  fi,  satisfy  the 
proposed  equations. 

OBS.  In  those  cases  where  the  process  for  the  common 
measure  requires  neither  the  introduction  nor  suppression  of 
factors,  we  are  certain  that  the  last  remainder  put  equal  to 
zero,  or  i/r  (y)  —  0,  will  furnish  all  the  suitable  values  of  y, 
and  no  more ;  but  we  cannot  affirm  this  in  other  cases,  unless 
we  are  certain  that  the  last  remainder  is  unaffected  by  the 
factors  that  have  been  rejected  or  introduced ;  and  it  frequently 
happens  that  in  the  final  equation,  values  of  y  are  found  which 
are  foreign  to  the  problem,  and  others  are  deficient  which 
belong  to  it.  On  this  account  the  method  of  elimination  by 
the  greatest  common  measure  is  imperfect,  but  it  is  still  the 
most  convenient  practical  one  for  numerical  equations. 

170.  In  particular  cases  we  are  able  to  find  all  the  sys- 
tems of  values  which  satisfy  two  proposed  equations,  by  easier 
methods  than  the  one  just  described. 

Thus,  whenever  we  are  able  to  solve  one  of  the  equations 
with  respect  to  one  of  the  unknown  quantities,  x  for  instance, 
we  have  only  to  substitute  the  resulting  expressions  for  x  in 
the  other  equation,  and  we  shall  obtain  equations  containing 
y  only ;  and  if  we  substitute  the  values  of  y  given  by  these 
equations  in  the  corresponding  expressions  for  x,  we  shall  ob- 
tain all  the  pairs  of  values  required.  Also,  if  the  two  equations 
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arc  of  the  same  degree  with  respect  to  the  variable  which 
we  wish  to  eliminate,  we  may,  "by  introducing  factors,  if  ne- 
cessary, and  subtracting,  depress  one  of  them  to  an  inferior 
degree.  And  if  the  first  members  of  the  equations  are,  or  can 
be,  resolved  into  their  factors,  then  the  solution  of  them  is 
reduced  to  the  simpler  case  of  finding  all  values  of  x  and  y 
which  reduce  at  the  same  time  a  factor  of  each  to  zero. 

171.     In  all  cases  of  elimination  between  the  equations 

F(*,y)  =  o,  /(*,y)  =  o, 

besides  expelling  any  common  factor  which  the  polynomials 
admit,  the  application  of  the  general  method  may  be  simplified 
by  previously  ascertaining  whether  either  has  factors  contain- 
ing only  one  of  the  variables. 

This  may  be  done  by  arranging  each,  first  according  to 
powers  of  y,  and  finding  the  greatest  common  measure  of 
the  coefficients  of  the  several  powers  of  y  in  it ;  and  secondly 
by  arranging  each  according  to  powers  of  x,  and  finding  the 
greatest  common  measure  of  the  coefficients  of  the  several 
powers  of  x.  Let  X,  Y,  be  the  factors  thus  discovered  of 
F(x,  y),  and  M  its  remaining  factor;  and  let  X',  Y',  N,  be 
similar  quantities  forf(x,y) ;  then  the  proposed  system  may 
be  replaced  by 

XYM=0,    X'TN=Q, 

which  will  be  satisfied  by  simultaneously  putting  any  factor 
of  each  equal  to  zero,  provided  we  do  not  take  X  and  X' 
together,  or  Y  and  Y'  together;  for  X  and  X'  cannot  be 
reduced  to  zero  by  the  same  value  of  x,  unless  they  have  a 
common  factor;  and  that  they  cannot  have,  since  by  the 
supposition  F(x,y)tffay)t  have  no  common  factor.  Hence, 
with  the  exception  of  J/=0,  JV=0,  each  of  the  systems  into 
which  the  system  F(x,y)  =  0,  f(xty)  =  0,  is  resolved,  has  at 
least  one  of  its  equations  involving  only  one  unknown  quan- 
tity; and  therefore  its  solution  is  attended  with  no  other 
difficulties  than  what  belong  to  equations  of  that  description. 
But  the  system  J/=0,  #=0,  whose  first  members  contain 
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both  variables,  but  have  no  factors  depending  on  x  only, 
or  y  only,  will  require  the  process  of  elimination  by  the  great- 
est common  measure  to  be  applied  to  them,  in  order  to  reduce 
their  solution  to  that  of  equations  containing  only  one  unknown 
quantity,  as  we  shall  now  more  minutely  explain. 

172.  To  examine  the  consequences  of  introducing  or  sup- 
pressing factors  in  the  process  of  elimination  by  the  greatest 
common  measure,  and  to  investigate  the  means  of  obtaining 
an  exact  final  equation. 

Let  J/=0,  N=Q,  be  two  equations  between  x  and  y, 
of  the  mth,  and  71th  degree,  respectively;  the  polynomials  M 
and  N  being  arranged  according  to  descending  powers  of  x, 
and  not  admitting  a  common  divisor,  and  neither  of  them 
having  a  factor  composed  of  x  only,  or  of  y  only  ;  and  let  m 
be  greater  than  n.  Divide  M  by  N,  and  let  Q  be  the  quotient 
(containing  no  term  with  y  in  its  denominator)  and  R  the 
remainder,  so  that 


then  all  values  of  x  and  y  which  satisfy  M=  0,  N=  0,  also 
satisfy  N=  0,  It  =  0  ;  but  if  the  division  cannot  be  per- 
formed without  putting  powers  of  y  in  the  denominator  of 

jr 

the  quotient,  i.  e.  if  Q  be  of  the  form  -^  ,  where  K  contains 

y,  then  we  cannot  affirm  that  all  values  which  satisfy  the 
proposed  system,  also  satisfy  N=  0,  E  =  0  ;  for  the  equation 


=. 

A 

shews  that  values  which   make   M—  0,   N=  0,  may  make 

ff  0 

K=  0,  so  that  -T^.N  may  assume  the  form  -  ,  the  real  value 
K  0 

of  which,  and  therefore  of  R,  may  be  finite  or  infinite,  instead 
of  zero;  and,  conversely,  values  which  make  N=  0,  .72  =  0, 
may  still  not  make  the  second  member  equal  to  zero,  and 
therefore  not  make  M  equal  to  zero.  To  avoid  fractional 

29 
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quotients,  we  must  use  the  same  means  as  in  finding  the 
greatest  common  measure  ;  that  is,  we  must  multiply  M  by 
the  coefficient  of  the  first  term  of  N,  or  by  certain  factors 
of  that  coefficient  ;  then  no  common  factor  will  have  been 
introduced  into  both  polynomials;  and  ifP,  a  function  of  y, 
represent  this  multiplier,  Q  the  quotient,  and  R  the  remainder, 
we  shall  have 


which  shews  that  the  solutions  of  N—0,  R  =  0,  are  the  same 
a.s  those  of  PM=  0,  N=  0.  But  these  latter  equations  resolve 
themselves  into  the  two  systems 

J/=0,   N=0;    P=0,    ^=0. 

Therefore,  besides  furnishing  the  solutions  of  the  proposed 
equations,  the  system  N=  0,  R  =  0,  will  furnish  those  of 
P=0,  JV=0.  Hence  we  must  solve  the  two  latter  equations, 
one  of  which  P=0  contains  only  y,  and  substitute  all  the 
resulting  pairs  of  values  of  x  and  y  in  M  —  0;  then  those  pairs 
of  values  which  do  not  satisfy  it  must  be  rejected,  and  we 
shall  thus  obtain  those  solutions  of  N=  0,  R  =  0,  which  belong 
to  the  proposed  system  M=  0,  N=  0. 

The  remaining  solutions  of  the  proposed  system  are  con- 
tained in  the  equations  N—  0,  J?  =  0,  R  being  a  polynomial 
of  smaller  dimensions  than  N.  Now  if  R  have  factors  con- 
taining only  one  of  the  variables,  (which  may  be  discovered 
by  seeking  the  greatest  common  measure  of  its  coefficients, 
when  arranged  according  to  the  powers  of  each  variable  in 
succession,)  so  that  R  =  XYR,  then  the  system  N=0,  72  =  0, 
may  be  resolved  into  the  three  systems, 

.V=0,    A'=0;    JV=o,    r=0;    N=0,   £'  =  0; 

the  two  former  of  which  present  no  difficulty,  because  one 

equation  in  eacli  contains  only  one  variable;  and  the  third 

•  K  —  °>  is  exactly  of  the  same  nature  as  the  one  we 

iru-d  with  ;  for  N,  R,  have  no  common  factor,  otherwise 

r  and  AT  would  have   the   same  common  factor,  which  is 

contrary  to  the  supposition,  and  neither  N  nor  R  admits  a 
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factor  containing  only  one  of  the  variables.  This  system  then, 
by  exactly  the  same  process,  may  be  replaced  by  another 
similar  system  R  =  0,  R"  =  0,  the  latter  being  of  a  lower 
degree  in  x  than  the  former ;  and  the  system  R  =  0,  R"  =  0, 
by  another,  of  which  the  second  equation  will  be  of  a  degree 
in  x,  inferior  to  that  of  R"  =  0.  In  continuing  these  uniform 
operations,  we  shall  at  last  arrive  at  a  remainder  not  contain- 
ing x ;  suppose  this  to  be  J?",  then  the  solution  of  the  pro- 
posed system  is  reduced  to  that  of  R  =  0,  JB"=0,  and  is  thus 
made  to  depend  upon  the  solution  of  an  equation  containing 
only  one  unknown  quantity. 

173.  In  ascending  from  R'  =  Q,  72"  =  0,  to  the  preceding 
system  N=  0,  R'  =  0,  it  may  happen  that  some  solutions 
will  have  to  be  added,  and  others  suppressed ;  and,  similarly, 
in  ascending  from  N=Q,  jB'  =  0,  to  J/=0,  JV=0;  and  so  on, 
if  there  were  a  greater  number  of  successive  divisions.  This 
method  then,  as  we  perceive,  will  not  always  lead  to  a  single 
equation  in  y,  but  to  several,  some  of  which  may  give  un- 
suitable values  for  that  variable.  When  we  have  recognized 
all  those  which  really  enter  into  the  solutions  common  to  the 
two  proposed  equations,  we  may,  if  necessary,  combine  them 
into  one  final  equation. 

It  may  be  observed  that,  since  M  and  N  are  prepared 
so  as  to  admit  no  common  measure,  we  can  never  find  zero, 
but  we  may  find  a  number,  for  the  last  remainder  R';  in 
that  case,  the  final  equation,  R"  =  0,  is  absurd ;  and  the 
proposed  equations  (unless  solutions  have  been  suppressed  in 
the  process)  are  incompatible  with  one  another ;  i.  e.  incapable 
of  being  satisfied  by  finite  values  of  x  and  y.  It  is  easy  to 
form  equations  of  this  sort;  such  for  instance  are  P=0, 
PQ  4-  &  =  0 ;  P  and  Q  being  integral  functions  of  x  and  y, 
and  k  a  number ;  for  the  condition  expressed  by  the  former, 
reduces  the  latter  to  &  =  0,  which  is  absurd,  since  k  is  a 
number. 

Also  from  the  final  equation  R"  =  0,  we  can  never  deduce 
a  value  $,  of  y,  which  will  reduce  the  preceding  divisor  R 
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to  zero  independently  of  the  value  of  x  ;  for  in  that  case,  R 
would  have  a  factor,  y  —  ft,  which  is  impossible,  because  in 
the  process  each  remainder,  before  being  employed  as  a  divi- 
sor, is  cleared  of  factors  containing  x  only,  or  y  only  ;  but 
y  =  ft  may  destroy  some  of  the  terms  in  R,  and  so  cause 
R  =  0  to  furnish  a  greater  or  smaller  number  of  corresponding 
values  of  x,  or  none  at  all  if  y  =  ft  reduce  R'  to  a  number. 
Of  the  above  peculiarities,  and  of  the  application  of  the  general 
method,  the  following  are  instances  : 

Ex.  1.  yx3-  (y*-3y  -  1)  x  +y  =  0, 

a;2-/  +  3  =  0. 

The  first  division  gives  the  remainder  x+y,  and  the 
division  ofa^-^+Sbya  +  y  gives  the  remainder  3.  The 
proposed  equations  are  therefore  incompatible. 

Ex.2.          -lx* 


The  final  equations  are 

y-l  =  0,    (y-l)x  +  2y  =  0; 

the  former  gives  y  =  +  1  ;  but  the  value  y  =  1,  furnishes  no 
corresponding  finite  value  of  x,  since  it  reduces  the  latter  to 
2  =  0. 

Ex.3.    ^3- 


+1)  #- 


—  2yx 
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therefore  the  final  equations  are 


which  give  y  =  0|   y  =  1) 


and  as  no  factor  has  been  introduced  or  suppressed,  these  two 
solutions  are  those  of  the  proposed  system. 

Ex.4.         (y-2}x*-2x+5y-2  =  0, 
yx*  —  5x  +  4y  =  0. 

Multiplying  the  dividend  by  y, 

(y  —  2)  yx*  —  2yx  +  5y*  —2y  (y—2 


Next  multiplying  the  dividend  by  (By  —  10)2, 

10)2#  ((Zy-W)yx-&c. 


-  (3^-10)  (/+  6^+  Uy  -  50)  x  +  4  (By  - 


-  2<%8  +  1  OOy. 

Therefore  the  final  equations  are  (suppressing  the  factor 
y,  since  the  solution  y  =  0,  x  =  0,  does  not  satisfy  the  pro- 
posed system,  and  is  due  to  the  factor  introduced  in  the 
operation) 

(3y-10)»+/+6#  =  0, 

y*  +  12y*  +  87y*  -  20(ty  +  100  =  0, 

which  contain  no  false  values  ;  for  the  only  false  value  which 
the  final  equation  in  y  could  contain,  would  be  ^  ,  which  is 
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impossible,  since  all  the  coefficients  of  that  equation  are  inte- 
gers.   One  pair  of  values  is  y  =  1,  x  =  1  ;  the  other  solutions 
can  be  obtained  only  approximately. 
Ex.5.  «(4y*+3)-8ay  =  0, 


Here  we  can  solve  with  respect  to  one  of  the  variables, 
and  we  find  for  the  final  equations 


Ex.6. 

The  final  equation  resulting  from  the  elimination  of  either 
of  the  variables  between  simultaneous  equations  of  this  form* 
admits  of  a  remarkable  reduction.  For,  suppose  a  to  be  a 
root  of  x  —  <£  (x}  =  0,  and  put  x  =  y  =  a  in  the  proposed 
system  of  equations ;  then  they  are  evidently  satisfied ;  there- 
fore x  =  a  satisfies  the  final  equation 

x  =  <j>  [<j>  (x}},  or  f(x)  =  0 ; 
therefore  every  factor  of  x  -  <f>  (x)  is  a  factor  of  f(x) ; 

which  leads  to  the  reduced  final  equation /,(x)  =0. 
Thus,  let  the  system  of  equations  be 
16#  (I  -  a;)8 

y=  n _,_„*,  *= 

then 


is  a  factor  of  the  final  equation. 

1 74.    It  was  observed  (Art.  23)  that  the  problem  of  trans- 
oraung  an  equation,  in  its  widest  sense,  required  the  general 
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methods  of  elimination.  This  is  especially  the  case  where 
each  root  of  the  new  equation  is  to  be  composed  of  several 
roots  of  the  primitive  equation.  Of  this  use  of  the  methods 
of  elimination  we  shall  now  give  some  instances. 

To  transform  an  equation  into  one  whose  roots  shall  be 
the  differences  of  every  two  roots  of  the  proposed  equation. 

Let/(x)  =  0  be  an  equation  of  n  dimensions,  having  roots 
a,  J,  c,  ...  ?;  to  obtain  another  equation  whose  roots  are  the 
differences  between  all  the  roots  of  the  proposed  and  a,  we 
must  make  y  =  x  —  a  OT  x  =  a  +  y,  and  the  substitution  of  this 
value  for  x  in  f(x)  =  0,  will  give  f(a  +  y)  =  0,  the  required 
equation;  or,  developing  (Art.  27), 


Since,  by  the  supposition,  a  is  a  root  of  the  proposed, 
f(a]  =  0  ;  therefore  the  preceding  equation  has  y  for  a  factor, 
or  admits  a  root  zero,  corresponding  to  the  difference  a  —  a  ; 
suppressing  this  factor,  we  have 

/'(«)+/»  i^  +  -+3T-0  ............  (2), 

an  equation  having  for  its  roots  the  difference  between  a  and 
the  n  —  1  other  roots  of  the  proposed  equation.  If  in  this 
equation  we  replace  a  by  5,  c,  &c.,  successively,  we  shall 
form  equations  whose  roots  are  the  differences  between  b  and 
the  n  —  1  other  roots,  between  c  and  the  n  —  1  other  roots, 
and  so  on.  Hence  it  follows  that  the  differences  of  every 
two  of  the  roots  of  the  proposed  equation  are  the  values  of  y 
furnished  by  the  equation 


when  we  substitute  successively  in  it,  for  x,  all  the  roots  of 
the  equation  f(x)  =  0  ;  which  amounts  to  solving  the  system 
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formed  by  the  above  equation,  and  f(x)  =  0.     If  therefore  we 
eliminate  x  between  the  equations 


the  resulting  equation  in  y  will  be  the  one  required.  The 
proposed  equation  being  of  the  nih  degree,  the  transformed 
equation  will  be  of  the  n(n  —  l)th  degree;  for  the  number 
of  its  roots  is  equal  to  the  number  of  permutations  which 
can  be  formed  with  the  n  quantities  a,b,c,...  I,  taken  two  and 
two  together  ;  also  the  transformed  equation  will  contain  only 
even  powers  of  y,  for  if  it  have  a  root  a  —  b  it  will  also  have 
the  root  b  —  a;  so  that  its  roots  are  equal  two  and  two,  and 
of  contrary  signs.  Hence  if  n  (n  —  1)  =  2m,  and  y*  =  z,  the 
transformed  equation  will  be  of  the  form 


and  the  values  of  z  are  the  squares  of  the  differences  of  every 
two  roots  of  the  proposed  equation. 

Ex.  x3  +  qx  +  r  =  0. 

In  this  case/»  +/».  ^  +/  =  0  gives 


(x-y 


qx  + 
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therefore,  equating  the  last  remainder  to  zero  (since  the 
factor  y*  +  q  put  equal  to  zero,  reduces  the  last  divisor  to 
3r,  which  is  different  from  zero),  we  have  the  equation  of 
differences 


and  putting  y*  =  z,  the  equation  of  the  squares  of  the  differ- 
ences is  (as  at  p.  45) 

z8  +  6qz*  +  9^  +  4^  +  27r2  =  0. 

By  similar  reasoning  it  may  be  shewn,  that  to  transform 
f(x)  =  0,  into  one  whose  roots  shall  be  the  sum,  product, 
or  ratio  of  every  two  of  its  roots,  we  must  eliminate  x  between 
f(x)  =  0,  and 


where  h=y  —  2x,  -  —  x,  and  xy  —  x,  respectively  ;  taking  in 

•27 

the  two  former  cases  the  square  root  of  the  result. 

175.  To  eliminate  one  of  the  unknown  quantities  between 
two  equations  containing  two  unknown  quantities,  by  means 
of  symmetrical  functions. 

Let  x«+2>Jar1+frXn-*+  ...  +pn  =  0  .........  (1) 

xm  +  qlxm~1+q!xm^  +  ...  +  gv  =  0,  .......  ,  (2) 

be  two  equations  respectively  of  n  and  m  dimensions  in  x 
and  y,  so  that^,  p2,  ...j?»  are  functions  of  y  involving 
respectively  no  power  of  y  above  the  first,  second,  &c.,  wto; 
and  <?!,  qt,  ...  qm  functions  of  y  involving  no  power  of  y 
above  the  first,  second,  &c.,  witb.  If  we  can  solve  the  first 
with  respect  to  x,  and  deduce  n  values,  a^  b,  c,  &c.,  functions 
of  y,  then  upon  substituting  them  in  the  second,  we  shall  have, 
for  determining  y,  n  equations  not  containing  x,  viz. 
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Bat  in  general  the  solution  of  (1)  is  impossible,  and  our 
object  must  be  to  obtain  a  final  equation  containing  in- 
differently all  the  suitable  values  of  y,  and  this  we  shall  do 
by  multiplying  together  the  above  n  equations  ;  for  the  result 
will  be  satisfied  by  every  value  of  y  derived  from  any  one  of 
them,  and  by  no  other  quantity  ;  and  to  every  one  of  these 
values  of  y  there  will  correspond  a  value  of  x  such  that  the 
pair  will  jointly  satisfy  (1)  and  (2).  For  suppose  a  value 
of  y  deduced  from  the  first  of  equations  (3)  to  be  £,  and  let 
the  equation  x  -  a  =  0  give,  by  making  y  =  ft,  x  =  a.  ;  then  it 
is  manifest  that  x  =  a,  y  =  /3,  will  jointly  satisfy  the  proposed 
equations.  But  in  the  result  of  this  multiplication,  the  factors 
only  change  places  when  we  interchange  in  any  manner  the 
quantities  a,  b,  c,  &c.  ;  therefore  the  product  will  only  involve 
rational  and  integral  symmetrical  functions  of  these  quantities, 
which  may  be  expressed  by  means  of  the  coefficients  of 
equation  (1)  ;  and  we  shall  so  obtain  the  final  equation  in  y. 
The  calculations  required  by  this  method  are  in  general 
tedious  ;  but  it  has  the  recommendation  of  giving  the 
final  equation  with  all  the  roots  it  ought  to  contain,  and  no 
others. 

176.  When  we  eliminate  one  of  the  unknown  quantities 
between  two  equations  containing  two  unknown  quantities, 
the  degree  of  the  final  equation  cannot  exceed  the  product 
of  the  degrees  of  the  two  equations  between  which  the  elimi- 
nation is  performed. 

To  prove  this,  we  must  examine  to  what  degree  y  may 
rise  in  the  symmetrical  functions  composing  the  product  of 
equations  (3).  Each  term  of  this  product  will  be  itself  the 
product  of  terms,  one  taken  out  of  each  of  the  equations  (3), 
and  will  therefore  be  of  the  form 


or 


But  the  product  of  the  n  equations,  being  symmetrical, 
must  contain  all  the  terms  of  the  same  form  which  we  can 
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make  with  the  above  quantities ;  consequently  it  will  contain 
all  the  terms  represented  by 

fc^?«Hk2«-i..-2(a*&V...) (4), 

and  we  must  now  ascertain  the  dimensions  of  this  expression. 

Now  the  degree  of  y  in  qm.ht  qm-k,  &c.  cannot  exceed 
m  —  h,  m  —  k,  &c.,  respectively ;  therefore  in  q,^  qm_]e  qm_1 . . . 
it  will  at  most  be  equal  to  mn  —  h  —  Tc  —  l  —  &c.  Also  if 
we  refer  to  the  formulae  which  give  the  values  of  the 
double,  triple,  &c.  functions  in  terms  of  the  sums  of  the 
powers  of  the  roots,  we  see  that  in  2  (o*5  V . . . )  the  term  of 
highest  dimension  in  y  will  be  found  in  ShSkSt...,  but 
the  equations  which  give  8lt  £„,  &c.,  in  terms  of  p^  pz,  &c., 
(since  these  quantities  do  not  involve  powers  of  y  exceeding 
the  first,  second,  third,  &c.  respectively)  shew  that  the  degree 
of  y  in  any  sum  S*  cannot  exceed  Ti ;  therefore  the  degree  of 
y  in  2  (a*6V  . . . )  cannot  surpass  h  +  k  + 1  +  &c. ;  consequently, 
in  the  expression  (4),  the  degree  of  y  will  at  the  most  be 
equal  to  mn.  The  same  thing  may  be  similarly  proved  of  all 
the  symmetrical  functions  whose  sum  makes  up  the  product 
of  the  n  equations.  Therefore,  lastly,  the  degree  of  the  final 
equation  cannot  exceed  the  product  of  the  degrees  of  the  two 
equations  from  which  it  results  by  the  elimination  of  one  of 
the  unknown  quantities. 

Although  the  degree  of  the  final  equation  cannot  exceed 
mn,  in  particular  cases  it  may  be  less  than  mn.  If  we 
extend  the  process  to  any  number  of  equations,  we  shall 
have  the  general  theorem  discovered  by  Bezout,  viz.  that  if 
between  equations  equal  in  number  to  the  unknown  quan- 
tities, we  eliminate  all  except  one,  the  degree  of  the  final 
equation  will  be  at  most  equal  to  the  product  of  the  degrees 
of  the  several  equations. 

Ex.     To  eliminate  x  between  the  equations 
yx*  —  5x  +  ty  =  0, 
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Let  a  and  b  denote  the  values  of  x  given  by  the  first 
equation  ;  then  substituting  them  in  the  second  equation,  we 

have 

(y  -  2)  a9  -  2a  +  5y  -  2  =  0, 

(y  -  2)  5s  -  25  +  5y  -  2  =  0  ; 

the  product  of  these  equations,  which  will  be  the  required 
final  equation  in  y,  is 


-2(5y-2)  £1 


5      g      25-8/      a  _  125  -fry1 
•'•     '~y'      a~       y*  3~        y3 

90 

2  (aft)  -4,    2(a2i)  =  -,    S(a8i8)  =  16. 

^7 

Hence,  substituting  and  reducing,  we  find  for  the  final 
equation  (as  at  p.  229) 

y*  +  12/  +  87/  -  2(%  +  100  =  0. 

177.  The  following  method  of  elimination,  depending 
upon  the  expansion  of  an  implicit  algebraical  function  in 
descending  powers  of  its  variable,  has  the  advantage  of  ex- 
hibiting as  many  terms  as  we  please  of  the  final  equation. 

The  two  equations  M(x,  y)  —  0,  N(x,  y)  =0,  between  x 
and  y,  of  the  7nft  and  n"1  degrees  respectively,  if  in  each  we 
collect  in  successive  groups  the  terms  which  are  of  the  same 

dimensions,  may  be  written,  putting  -  =  u, 

ar/(«)  +  ary1(tO  +  ...  =  o  .............  (i), 

a?F(u)  +  aTFM  +  ...  =  0  .............  (2), 

where  /(M),  /,(«),  &c.  are  polynomials  with  determinate  co- 
efficient*, of  the  degrees  m,  m  -  1,  &c.  ;  and  F(u),  F^u),  &c. 
|»olynomials  of  the  degrees  n,  n  -  1,  &c.  The  m  values  of  u 
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furnished  by  (1)  are  functions  of  x  ;  and  for  x  =  oo  they  co- 
incide with  the  m  determinate  roots  of  /(a)  =  0,  which  is  an 
equation  of  the  ordinary  form 


and  we  will  suppose  it  to  be  free  from  equal  roots.  We  may 
therefore  put  u  =  a.  +  e,  where  e  is  a  quantity  that  vanishes 
when  x  =  co  ;  then  since  /(a)  =  0,  we  get  from  (1)  (Art.  27), 


or,  dividing  by  a?"*"1, 

+  -  =  0. 


Now  let  x  =  co  ,  and  let  the  limit  of  ex  be  denoted  by  a', 
then  a'./'  (a)  +^(a)  =  0,  which  will  always  give  a  finite  value 
for  a',  as  /(a)  =  0  has  no  equal  roots.  Since  ex  has  for  its 
limit  the  quantity  just  determined  a',  we  may  put  ex  =  a'  +  e'  ; 
then 

a'     e' 

«  =  a  +  e  =  oH  ---  h  —  , 
x      x 

and  y  =  ax  +  a'  +  ef, 

the  series  for  y,  when  we  restrict  the  development  to  the  two 
first  terms,  e  being  the  remainder. 

Next,  substituting  this  value  a  +  e  for  u  in  (2),  we  get 
x"  {F(a)  +  eF'(a)  ...J  +  a^  {^(a)  +  e^'(a)  +  ...}  =  0, 
or,  since  ex  =  a'  +  e',  where  e'  vanishes  when  a;  =  co  , 

=  0, 


E  denoting  a  quantity  that  vanishes  when  x  =  oo  ;  which  is 
the  development  of  N(x,  y)  =  0,  restricted  to  its  two  first 
terms.  If  we  now  form  a  similar  expression  for  every  root 
at,  a,  .  .  .  am  of  /(a)  =  0,  and  multiply  all  these  expressions 
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together,  we  shall  obtain  the  final  equation  in  x,  which  will 
be  of  the  form 


where  A  denotes  the  value  of  the  symmetrical  function  of 
the  roots  of  /(a)  =  0, 


and  the  symbol  2  extends  to  every  one  of  those  roots  ;  a 
being  equal  to  —  '§rpr-  Also  H  expresses  the  sum  of  a 
limited  number  of  terms  that  vanish  when  x  =  GO  . 

Hence  we  have  a  new  proof  of  Bezoufs  theorem,  the 
degree  of  the  final  equation  being  at  most  equal  to  mn  ;  and 
we  observe  that  the  sum  of  the  roots  of  the  final  equation 
in  x,  equals 


By  proceeding  in  the  same  way,  we  may  determine  three 
terms  of  the  development  of  u  under  the  form 


where  o"  is  given  by  the  equation 

«"•/'(*)  +  lay '(a)  +  «//(«)  +/t(a)  =  0, 

M 

an<l  -p  is  the  remainder  of  the  series ;  and  then  three  terms  of 

the  development  of  N(x,  y)  =  0;  and  next  three  terms  of  the 
final  equation  in  x ;  and  so  on.  The  method  is  applicable  to 
the  elimination  of  n  —  I  unknown  quantities  from  n  equations ; 
and  it  leads  to  the  proof  of  Bezoufs  theorem  in  its  most 
general  statement. 


As  all  the  preceding  methods  suppose  the  equations 
to  which  they  are  applied  to  be  rational,  it  is  of  importance 


239 

to  be  able  to  reduce  an  equation  involving  radicals,  to  a 
rational  form.  The  extermination  of  radicals,  considered 
generally,  is  only  a  case  of  elimination,  as  will  appear  from 
the  following  example. 

Ex.  1.     To  reduce  x  —  Jx  —  1  +  \Jx  +  1  =  0  to  a  rational 
form. 

Let  y*  =  x  —  1,   za  =  x  +  l; 

.'.  x  —  y  +  z  =  0; 
this  gives  y  =  x  +  z,  and  therefore  y2  =  x  —  I  gives 

z*  +  2zx  +  x*  —  x  +  1  =  0, 
and  it  remains  to  eliminate  z  between  this  and 
z5  -  x  -  1  =  0. 

Using  the  process  of  the  greatest  common  measure,  we  find 
for  the  exact  final  equation, 

a;6-3a;8+  8x*  +  x3  +  Is?  -  1x  +  2  =  0  ; 

a  result  that  may  also  be  obtained  directly  from  the  proposed 
equation,  by  successive  involutions. 

Ex.  2.     To  form  the  equation  which  has  a  root 


x  =  (c  +  )   +  (c  -  ), 

or  x  =  a  +  b,  suppose  ;  • 
.-.  x6  =  a5  +  b*  +  Sab  (a3  +  b3)  +  lOa'J2  (a  +  b) 
=  a*  +  b*  +  Sab  (a  +  b}a  -  5a2i2  (a  +  b) 


5<fx  —  2c  =  0. 

Also,  if  we  assume  am  +  bm  =  2c,  ambm  =  qm,  then 
am-  bm  =  2  Vc2-2ro,  and  am  or  bm  =  c  ±  Vc2  - 


is  (Art.  154,  Ex.  3)  a  value  of  a;  in  the  equation 

+  w(3)  V"  -  &c.  =  ac. 


SECTION  X. 
ON  THE  GENERAL  SOLUTION  OF  EQUATIONS. 


179.  A  REMARKABLE  application  of  the  theory  of  sym- 
metrical functions  is  that  made  by  Lagrange  to  the  general 
solution  of  equations  ;  by  that  means  he  solves  the  general 
equations  of  the  first  four  degrees,  by  a  uniform  process,  and 
one  which  includes  all  others  that  have  been  proposed  for 
that  purpose,  the  common  relation  of  which  to  one  another 
is  thus  made  apparent. 

It  consists  in  employing  an  auxiliary  equation,  called  a 
reducing  equation,  whose  root  is  of  the  form 


denoting  by  #,,  rcs,  ...  xn  the  n  roots  of  the  proposed  equation, 
and  by  a  one  of  the  nth  roots  of  unity  ;  and  the  principle  on 
which  it  is  based  \s>  as  follows.  Let  y  be  the  unknown  quan- 
tity in  the  reducing  equation,  and  let 


a,,  a,,  ...  a,  denoting  certain  constant  quantities;  then  if  n  —  1 
values  ofy,  and  suitable  values  .of  the  constants  at,  a2,  ...  an 
can  be  found,  so  that  we  may  have  n  —  1  simple  equations  ; 
those,  together  with  the  equation 


will  enable  us  to  determine  the  n  roots. 

Now,  supposing  the  constants  in  the  value  of  y  to  preserve 
an  invariable  order  a,,  a8,  &c.,  since  the  number  of  ways  in 
which  the  n  roots  may  be  combined  with  them  to  form  the 
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expression  c^o?,  +  a^  +  &c.  is  the  same  as  the  number  of 
permutations  of  n  things  taken  all  together  ;  therefore  the 
expression  for  y  will  have  n  (n  —  1)  ...3.2.1  values,  and  the 
equation  for  determining  y  will  rise  to  the  same  number  of 
dimensions,  or  will  be  of  a  degree  higher  than  that  of  the 
proposed  equation;  hence  the  method  will  be  of  no  use,  unless 
such  values  can  be  assumed  for  the  constants  cCj  ,  «2  ,  .  .  .  an  as 
shall  make  the  solution  of  the  equation  in  y  depend  upon  that 
of  an  equation  at  most  of  n  —  1  dimensions.  Now  this  may 
be  done  (at  least  when  n  does  not  exceed  4)  by  taking  the 
nth  roots  of  unity  a°,  a,  a2,  a3,  ...  a*"1  for  at,  a2,  ...  an,  so  that 


y  =  en x.  +  CCiC2  +  . . .  +  OC     i 

For,  in  the  first  place,  with  this  assumption,  the  reducing 
equation  will  contain  only  powers  of  y  which  are  multiples 
of  n ;  for,  since  a"  =  1, 


1  x2  +  .  .  .  +  xr 
or  OLn~ry  =  aV«  +  axr+2  +  ...  +  tf^xr  , 

which  is  the  same  result  as  if  we  had  interchanged  a?1  and 
xr+l)  x2  and  ov+2,  &c.,  so  that  if  y  be  a  root  of  the  reducing 
equation,  tf^y  is  also  a  root  ;  therefore  the  reducing  equation, 
since  it  remains  unaltered  when  a.n~ry  is  written  for  y,  con- 
tains only  powers  of  y  which  are  multiples  of  n  ;  if  therefore 
we  make;/1  =  2,  we  shall  have  a  reducing  equation  in  z  of 
only  1  .  2  .  3  .  .  .  (n  —  1)  dimensions,  whose  roots  will  be  the 
different  values  of  z  which  result  from  the  permutations  of  the 
n  —  1  roots  x2,  x3,  ...xn  among  themselves.  We  shall  now 
have,  expanding  and  reducing, 

z  =  yn  =  MO  +  Wla  +  w2a2  +  .  .  .  +  M)t_1  a71"1, 

in  which  w0,  wt,  w2,  ...  un_1  are  determinate  functions  of  the 
roots,  which  will  be  invariable  for  the  simultaneous  changes 
ofo^  into  av-rt,  «2  into  a7r+2,  &c.,  since  z  =  (ary)n;  and  when 
their  values  are  known  in  terms  of  the  coefficients  of  the  pro- 
posed equation,  we  shall  immediately  know  the  values  of  the 
roots.  For  let  z0,  z15  z2,  ...2,^  be  the  different  values  of  z, 
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when  1,  a,  &  7,  ...  X,  the  roots  of  /-  1  =  0,  are  substituted 
for  o  ;  then  since  y  =  tfz,  we  have 


therefore,  adding,  and  taking  account  of  the  properties  of  the 
sums  of  the  powers  of  1,  a,  /S,  7,  &c.  (Art.  154),  we  get 

nx1  =  ^/70  +  v^x  +  ...  +  Z/z^- 

Again,  multiplying  the  above  system  of  equations  respec- 
tively by  1,  a"'1,  p*-\  ...  X"-1,  we  get 


and  so  on  for  the  rest.     Hence,  since  —p1  =  ^/z0,  and 


the  problem  is  reduced  to  finding  the  values  of  ult  us,  ...  u^. 

180.  The  reducing  equation  of  n  —  1  dimensions,  which 
has  for  its  roots  zlt  z2,  ...  zn_1  the  quantities  by  which  the  roots 
of  the  proposed  equation  have  just  been  expressed,  will  re- 
quire, for  the  determination  of  its  coefficients,  the  solution  of 
an  equation  of  1  .  2  .  3  ...  (n  —  2)  dimensions. 

For  if  in  the  equation 

z  =  (x,  +  or,  +  a2«3  +  ...  +  cr1*,,)", 

we  replace  a  by  each  of  its  powers  a2,  a3,  ...  a""1,  and  denote 
as  before  the  corresponding  values  of  z  by  38,  za  ...  z^,  and 
call  the  above  value  of  z,  2,,  we  get 

z     =  ar  +  our  +  o?x  +  o?x       .  .  .      cT" 
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In  these  expressions  xa  occupies,  successively,  the  second, 
third,  &c.,  wtt  place  ;  that  is,  all  the  places  it  can  occupy  sub- 
ject to  the  condition  that  x^  always  stands  first.  If  therefore 
in  each  of  these  expressions  we  make  all  possible  permutations 
of  x3,  xt  ...  xn  {the  number  of  which  is  1  .  2  .  3  ...  (n  —  2)}  with- 
out altering  the  place  of  xl  or  £C2,  we  shall  from  each  obtain 
1  .  2  .  3  .  .  .  (n  —  2)  values  of  z  ;  and  therefore  on  the  whole  we 
shall  obtain  the  1.2.3  ...  (n  —  1)  values  which  z  admits  of 
from  the  permutations  of  the  n  —  1  roots  x2,  xa,  ...  xn. 

Now  let 

+  .  .  .  +  <?„_,  =  0,  .  .  .  (2) 


be  the  equation  which  has  the  above  quantities  zl,  22,  and  zn_l 
for  its  roots;  then  the  coefficients  glt  <?2,  &c.,  will  depend  for 
their  determination  upon  an  equation  whose  degree  is 

1.2.3  ...  (n-2). 

For  suppose  that,  by  causing  another  root  x2  to  stand  first  in 
the  expressions  (1),  we  form  another  system  of  values  of 
z1}  z2,  ...zn_1,  and  another  equation  of  which  they  are  the 
roots,  similar  to  (2),  viz. 

z""1  +  q'f'1-*  +  ...+  #'„_!  =  0  ;  and  so  on  ; 

and  let  k  be  the  number  of  such  equations  necessary  to  be 
formed  in  order  to  furnish  all  the  values  of  z  ;  then  the  first 
members  of  these  equations  multiplied  together  will  be  of 
the  degree  Tc(n  —  1),  and  will  be  the  final  equation  whose 
roots  are  all  the  values  of  z;  and  whose  coefficients,  being 
symmetrical  functions  of  the  roots  of  the  proposed,  are  ca- 
pable of  being  expressed  rationally  by  its  coefficients.  Hence, 
as  the  degree  of  the  final  equation  is  equally  expressed  by 
k(n-l]  or  1.2.3  ...  (n  -  1),  we  find  1c  =  1  .  2  .  3  ...  (n-2). 
Also  since  there  will  be  k  equations  similar  to  (2),  there  will 
be  the  same  number  of  values  of  ql  ;  and  the  coefficients,  con- 
sequently, of  (2)  will  depend  for  their  determination  upon  an 
equation  whose  degree  is  1  .  2  .  3  ...  (n  —  2). 
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To  form  the  equation  for  determining  q1 ,  we  must  divide 
the  final  equation  in  z  by  the  first  member  of  (2)  which  is  one 
of  its  factors,  and  equate  to  zero  the  n  —  l  terms  of  the  re- 
mainder ;  then  n  —  2  of  those  equations  will  serve  to  determine 
yt,  <73,  &c.,  in  terms  of  <?,;  and  substituting  the  values  of  q2, 
q3,  &.C.,  in  the  remaining  equation,  we  shall  have  an  equation  in 
7,  whose  degree  will  be  equal  to  1 .  2  .  3  ...  (n  —2).  If  we  know 
one  system  of  values  of  the  coefficients  q1,  q2,  &c.,  and  if  we 
can  solve  the  corresponding  equation  in  z  of  n  —  1  dimensions, 
so  as  to  obtain  the  values  of  zl5  zs,  &c.,  zn_l,  then  the  solution 
of  the  proposed  equation  follows,  as  has  been  shewn.  The 
result  of  the  entire  process  would  be  that  the  equation  of 
1.2.3  ...  (n—  1)  dimensions,  having  for  its  roots  all  the  values 
of  z,  would  be  resolved  into  1 .  2  .  3  . . .  (n  —  2)  factors  of  n  —  I 
dimensions,  by  means  of  a  single  equation  whose  degree 
equals  1 .2.3  ...  (n-2). 

181.  When  n  is  a  composite  number,  the  above  general 
method  admits  of  simplifications.  For  let  n  have  a  divisor 
77i  so  that  n  =  mp  where  m  is  not  greater  than^?,  and  let  a  be 
a  root  of  y  -  1  =  0 ;  then  since  am  =  1,  am+1  =  a,  am+2  =  a2,  &c., 
a1"  =  i,  a*1"""  =  7,  &c.,  we  have 

y  =  xl  +  ax2  +  a?z3  4- . . .  +  a"~lxn 
=  Xl  +  a  A2  +  a2  A;  +  . . .  +  a"'-1  Xm , 

where  A7,  =  xr  +  x,,^r  +  x^,  +  ...  +  #„_„,+,.,  and  consists    of 
p  roots ; 

•  z  =  /  =  MO  +  up  +  uj?  +  . . .  +  u^  am-\ 
where  i/0,  w,,  &c.,  are  known  functions  of  A7,,  AT2,  &c.;  and 
when  they  are  found  in  terms  of  the  coefficients  of  the  pro- 
posed equation,  we  shall  be  able  to  determine  immediately  the 
values  of  A', ,  A,,  &c.,  as  before.     To  deduce  the  value  of  the 
mimtive  roots  jj,,  xa,  xs,  ...xn,  we  must  regard  separately 
2  which  compose  each  of  the  quantities  A^,  A"2,  &c.,  as 
ts  of  an  equation  of  p  dimensions.     Thus  let  the  roots 
whose  sum  is  A,,  be  those  of  the  equation 

...=Q (1), 
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where  L,  M,  &c.,  are  unknown ;  then  the  first  member  of  this 
equation  is  a  divisor  of  the  first  member  of  the  proposed,  since 
all  its  roots  "belong  to  the  latter.  Hence,  effecting  the  division 
and  equating  to  zero  the  coefficients  of  xp~l;  a;*"2,  &c.,  in  the 
remainder,  we  shall  have  p  equations  in  JT1?  L,  M,  &c.,  of 
which  the  p  —  I  first  will  give  the  values  of  L,  M,  &c.,  in 
terms  of  X^  It  will  then  remain  to  solve  the  equation  (1) 
so  determined  of  p  dimensions.  Similarly,  substituting  the 
value  of  Xa  in  place  of  that  of  X1}  we  shall  have  an  equation 
giving  the  next  group  of  roots  xz,  Xm+z,  &c.;  and  so  on. 

182.  In  this  case,  that  is  when  n  is  a  composite  number 
and  =  mp  where  m  is  a  prime  number,  the  formation  of  the 
reducing  equation  will  require  the  solution  of  an  equation  of 

1.2.3...W 

only  -. -r — 7— -      — r=  dimensions. 

*  (m-l}m(l  .2.3  ...p) 

For  since  y  =  Xl  +  aJT2  +  a2X3  +  . . .  +  «m~lXm, 

if  every  one  of  the  roots  found  in  Xl,  JT2,  &c.,  were  affected 
with  a  different  coefficient,  since  there  are  n  of  those  roots,  the 
number  of  distinct  values,  which  y  would  be  capable  of  ac- 
quiring from  their  permutations,  would  be  1 .  2  .  3  ...  n.  But 
on  account  of  the  p  roots  in  each  group  having  the  same 
coefficient,  the  number  of  values  of  y  is  diminished.  Let  /j,  be  this 
number ;  then  supposing  all  the  roots  in  the  group  Xt  to  have 
distinct  coefficients  and  so  to  furnish  1.2.3...^?  permutations, 
the  number  of  values  of  y  would  be  increased  to 

1.2.3  ...p  x  //.; 

next,  if  all  the  roots  in  Xz  received  distinct  coefficients,  the 
number  of  values  of  y  would  become  (1.2.3...jp)2x//,;  and 
so  on ;  so  that  if  every  root  in  every  group  had  a  distinct 
coefficient,  the  number  of  values  of  y  would  be 

(l.fl.S..»jTxA 

which,  as  we  have  seen  above,  is  equal  to  1 . 2  .  3  ...  n.  But, 
as  shewn  in  Art.  179,  the  number  of  values  of  z,  where 

...  +  a-M.)- (1) 


IS 
7/1 
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1th  of  the  number  of  values  of  y,  and  therefore  is  equal  to 

7/1 

j-  m.  Also,  if  as  before  we  denote  by  zl  the  value  of  z  in 
equation  (1),  and  by  zt,  zs,  ...  znl_,  the  values  which  z  assumes 
when  a  is  successively  replaced  by  its  powers  a2,  a3,  ...  a"1'1, 
we  may  form  an  equation  which  has  the  quantities  zl5  zz,  zm_l 
for  its  roots,  viz. 

3^  =  0;  ......  (2) 


and  next  by  causing  another  of  the  quantities  X.2  to  stand 
first  in  the  value  of  y,  we  may  form  another  system  of  values  of 


and  another  equation  similar  to  (2),  viz. 

zn~l  +  q\zm~*  +  . . .  +  #',„_!  =  0  J  and  so  on. 

Let  k  denote  the  number  of  such  equations  necessary  to  be 
formed,  in  order  to  furnish  all  the  values  of  z ;  then  the  first 
members  of  these  equations  multiplied  together  will  be  the 
final  equation  in  z,  and  its  degree  will  be  k  (m  —  1),  which  is 
the  same  as  the  number  of  values  of  z,  and  equals  p-i-m. 
Therefore,  substituting  for  /*  its  value,  we  find 

1.2.3.../1 
~m(m-})  (1.2.3  ...p)m' 

Since,  therefore,  there  will  be  k  equations  similar  to  (2), 
there  will  be  the  same  number  of  values  of  the  coefficient  qj 
and  the  coefficients,  consequently,  of  (2)  will  depend  for  their 
determination  upon  an  equation  whose  degree  is  equal  to  the 
value  of  k  above  written. 

1 83.  This  is  the  point  to  which  the  investigation  of  the 
algebraical  solution  of  equations  was  brought  by  Lagrange, 
and  where  it  still  remains  at  the  present  time.  The  method 
It-ads  to  the  solution  of  equations  of  the  3rd  and  4th  degree, 
aa  we  proceed  to  shew ;  but  for  the  equation  of  the  5th  degree 

4  +  qv?  +  rx2  +  sx  +  t  =  0, 
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if,  taking  a  for  an  imaginary  root  of  cc8  —  1  =  0,  we  assume 
z=(xl  +  axt  +  a*xa  +  a*xt  +  ofaj5, 

we  may  form  the  equation  with  determined  coefficients  whose 
roots  are  all  the  values  of  z,  and  whose  degree  will 

=  1.2.3.4  =  24: 

and  its  first  member  will  be  capable  of  being  resolved  into 
2  x  3  or  six  biquadratic  equations  of  the  form 


where  each  of  the  coefficients  qt,  q2,  &c.,  admits  of  2  x  3  values, 
for  different  permutations  of  the  roots;  and  will  therefore 
depend  upon  the  solution  of  an  equation  of  the  sixth  degree. 
So  that  by  this  process  the  solution  of  an  equation  of  the  fifth 
degree  will  necessarily  involve  the  solution  of  another  equa- 
tion of  a  higher  degree  than  its  own. 

Ex.  1.  xs  -  pot?  +  qx  -  r  =  0. 

Let  the  roots  be  a,  I,  c,  and  let 

y  =  a  +  ctb  +  a2c  ; 
/.  z=y3  =  a*+b*+ca+  6a£c  +  3  (a*&  +  b*c  +  <?o)  a 

+  3  (o2c  +  Va  +  c2J)  a2, 
=  u0  +  UJL  +  M2a2. 

But  wx,  w8,  are  roots  of  the  quadratic 

w2  —  (wt  +  wj  u  +  M^  =  0, 
and  M,  +  M2  =  32  (cfb)  =  tyq  -  9r  (Art.  159), 
ulUi  =  9  {obcSa  +  2  (a*bs]  +  3aW} 
=  $<f  +  9  (jp*  -  Gjpq)  r  +  Sir8. 

Hence  ult  ua  are  known, 

and  .*.  w0  =p3  —  (wx  +  w2),  is  known. 

Hence,  denoting  by  zv  z3,  the  values  of  z  when  a  and  a2 
are  respectively  written  for  a,  we  have 


a  +  ofb  +  etc  =  lfzz  ; 
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from  which  we  obtain  the  values  of  a,  b,  and  c,  viz. 


Ex.  2.  cc4  —  px*  +  qxz  —  rx  +  s  =  0. 

Since  4  =  2.2,  let  a  be  a  root  of  f  -  1  =  0,  so  that  a2  =  1  ; 
then  y  =  2^  +  ax2  +  xa  +  ax4  =  X{  +  aJT2, 
if  X^Xt 


where  u0-=X*  +  X£,  w1=2JT1JT2,  and  u0-\-ul  =  zQ=pi. 

Hence  wt=  2  (^  +  x3)  (xz  +  x^  by  interchanging  the  roots 
among  themselves,  will  admit  the  two  other  values 

2  (xl  +  x2]  (x3  +  x,}  ,  and  2  (xl  +  aj  (a?a  +  »8)  , 
and  will  therefore  be  a  root  of  an  equation  of  the  form 


the  coefficients  being  symmetrical  functions  of  x1}  ic2,  xa,  xt, 
and  consequently  assignable  in  terms  of  p,  q,  r,  s.  It  is 
easily  seen  that  if  we  make  u1  =  2q  —  2w,  we  shall  have  an 
equation  in  u  whose  roots  are 


'^V'S  "•"  •"g'^'4  >     ^1^2  T  ^3^-4  J     ^^4  -23 

and  the  transformed  equation  is  (Art.  162) 

?<s  —  qu*  +  (pr  —  4s)  u  —  (p*  —  4^)  s  —  r2  =  0. 

Let  u  be  a  root  of  this  equation,  then  uv  =  2q  —  2u  ;  hence, 
making  a  =  —  1, 

/ 


Hc-nce  a-,,  cc3,  may  be  regarded  as  roots  of  a  quadratic 
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dividing  the  proposed  by  this,  and  putting  the  first  term  of 
the  remainder  equal  to  zero,  we  find 

Xt 


therefore  ccl5  xa,  are  known;  and  x2,  x4,  will  result  from  the 
same  formulas  by  interchanging  Xl  and  X2,  or  by  changing 
the  sign  of  the  radical  ^^ 

xn—l 
Ex.  3.         —  -  =  0,  n  being  a  prime  number. 

SC  """"  J. 

If  r  be  one  of  the  roots,  and  a  be  a  primitive  root  of  the 
prime  number  n,  (that  is,  a  number  whose  several  powers 
from  1  to  n  —  1,  when  divided  by  n,  leave  different  remain- 
ders) it  is  proved  (Art.  80)  that  all  the  roots  of  this  equation 
may  be  represented  by 

r,  r°,  i"*,  r^,  ...  r0"-*. 

Let  y  =  r  +  ar"  +  oV°*  +  .  .  .  +  a*"V"~*, 

a  being  a  root  of  the  equation  yn~l  —  1  =  0.  Therefore,  ob- 
serving that  a""1  =  1,  and  r"  =  1, 

z  =  f-1  =  u9  +  aatl  +  o?u9+...  +  or*u^t  .........  (1), 

w0,  MI?  &c.  being  rational  and  integral  functions  of  r  which 
do  not  change  by  the  substitution  of  r3,  r0*,  r«8,  &c.,  in  the 
place  of  r;  for  these  quantities,  regarded  as  functions  of 
xi>  xv  xa>  &c-'  ^°  no*  a^ter  ^7  ^e  simultaneous  changes  of 
#,  into  £C2,  xa  into  xa,  &c.,  nor  by  the  simultaneous  changes 
of  xl  into  x3,  xy  into  xt,  &c.,  to  which  correspond  the  changes 
of  r  into  r°,  into  r0',  &c. 

Now  every  rational  and  integral  function  of  r,  in  which 
r"  =  1,  may  be  reduced  to  the  form 


the  coefficients  A,  B,  C,  ...  N  being  given  quantities  inde- 
pendent of  r  ;  or,  since  in  this  case  the  powers 

r,  r2,  r8,  ...r"-1, 

32 
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may  be  represented,  although  in  a  different  order,  by 

r,  r*,  7*',  ...r*-', 
we  may  reduce  every  rational  function  of  r  to  the  form 


Therefore,  if  this  function  is  such  that  it  remains  un- 
altered when  r  is  changed  into  r",  it  follows  that  the  new 
form 


coincides  with  the  preceding  ; 

.-.  B=C,  C  =  D,  D  =  E,  &c.,  N=B, 
and  therefore  the  function  is  reduced  to  the  form 

),  or  A-B, 


since  the  sum  of  the  roots  =  —  1  ;  hence  each  of  the  quan- 
tities w0,  Mt,  w2,  &c.,  will  be  of  the  form  A  —  B,  and  its  value 
will  be  found  by  the  actual  development  of  z  =  y*~l  ;  so  that 
we  have  the  case  where  the  values  of  w0,  MI}  u2,  &c.,  are 
known  immediately,  without  depending  upon  the  solution  of 
any  equation.  Hence  if  we  denote  by  1,  a,  /?,  7,  &c.,  the 
n  —  1  roots  of  the  equation  xn~l  —  1  =  0,  and  by  z0,  zl,  z2,  &c., 
the  value  of  z  answering  to  the  substitution  of  these  roots 
in  the  place  of  a  in  equation  (1),  we  shall  have,  as  in  the 
former  cases, 


71-1 


an  expression  for  one  of  the  roots  of  the  equation  x*  -  1  =  0 ; 
and  the  other  roots  are  r\  r3,  &c. 

Thus  the  solution  of  xn-  1  =0  is  reduced  to  that  of  the 
inferior  equation  y*~l  - 1  =  o,  of  which  1,  a,  &  7,  &c.  are  the 
roots ;  also  since  n-l  is  a  composite  number,  the  deter- 
mination of  a,  £,  7,  &c.  will  not  require  the  solution  of  an 
equation  of  a  higher  degree  than  the  greatest  prime  number 
;  that  is,  the  solution  of  xn  -  1  =  0  (n  prime),  may  be 
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made  to  depend  upon  the  solution  of  equations  whose  degrees 
do  not  exceed  the  greatest  prime  number  which  is  a  divisor 
of  n—  1. 

Ex.  4.  xs  -  1  =  0. 

The  least  primitive  root  of  5  is  2  ;  for  the  powers  of  2 
from  1  to  4,  when  divided  by  5,  leave  remainders  2,  4,  3,  1  ; 

/.  y  =  r  +  ccr2  +  aV  +  aV  ; 
also  a*  =  1,  r5  =  1,  and  r  +  r*  +  r4  +  r9  =  -  I  ; 


But  the  four  roots  of  y*  —  1  =  0,  are 

1,  -1,  V=T,  -V^T; 
.-.  z0  =  1,  st  =  25,  za  =  -  15  +  20  V^T, 


a;  =  i(-l+V5+  -7-15  +  20  V^l  +  V-  1  5  -  20  V^ 


ABEL'S  EXTENSION  OF  LAGKANGE'S  METHOD. 

Some  of  the  principal  extensions  of  LagrcmgJs  method 
made  by  later  Mathematicians,  are  contained  in  the  following 
Propositions  relative  to  equations  whose  roots  have  the  same 
property  as  those  of  xn  —  1  =  0,  namely,  that  all  the  roots  can 
be  expressed  rationally  in  terms  of  one  of  them. 

184.  If  two  roots  of  an  irreducible  equation  are  so  con- 
nected that  one  of  them  can  be  expressed  rationally  in  terms 
of  the  other,  then  all  its  roots  will  be  capable  of  being  repre- 
sented either  by  one  group  or  by  several  groups  of  quantities 
of  the  form  x  Ox  &*x . . .  (P^x,  where  Ox  denotes  a  rational 
function  of  x  such  that  6"x  =  x. 
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Let  f(x)  =  0  be  an  irreducible  equation  of  the  pP  degree, 
and  let  two  of  its  roots  x  and  x1  be  connected  by  the  equation 
x  =  0xl  ,  where  Ox  denotes  a  given  rational  function  of  x. 
Then  since  x  is  a  root  of/(x)  =  0,  we  have/(^1)  =  0  ;  there- 
fore f(0x]  =0  admits  one  of  the  roots  xl}  and  consequently  it 
admits  all  the  roots  of  f(x)  =  0  ;  for,  otherwise,  f(0x]  and 
/(j-),  which  are  both  rational  functions  of  x,  would  have  a 
common  divisor;  and  that  is  impossible  since/(a;)  =0  is  irre- 
ducible. Hence  f(Qx)  =  0  is  satisfied  by  every  one  of  the  roots 
off(x)  =0;  in  other  words,  if  xr  be  a  root  of  f(x)  =  0,  then 
is  6xr  likewise  one  of  its  roots.  But  0xl  is  a  root  of  f(x]  =  0, 
therefore  6  (Ox^  or  6gx1  is  a  root  ;  hence  also  6  (ffix^  or  (Px^  is 
a  root,  and  so  on  ;  so  that/(#)  =  0,  has  for  roots  all  the  terms 
of  the  series 


(1). 


But  as/(a?)  =0  cannot  have  more  than  JJL  different  roots, 
some  of  these  must  recur  ;  suppose  therefore 


this  shews  that  the  equation  6*x  -  x  =  0  has  the  root  0mx1  in 
common  with  f(x]  =  0  ;  it  consequently  admits  all  the  roots 
rf/(e)-0; 

therefore  6TXl  -  xl  =  0,   or  #X  =  x,  and  0**^  =  0kx1  . 

Hence  the  operation  expressed  by  0  is  such  that,  after  being 
repeated  a  certain  number  n  of  times  upon  or,  it  reproduces  x; 
and  if  the  series  (1)  be  continued  beyond  the  n*  term,  the 
same  values  will  recur  in  the  same  order  ;  so  that  in  fact  there 
will  be  only  the  n  different  values 

*.  Oxl0txl...ff^xli  .....................  (2) 

and  ifn  =  /i,  which   is  necessarily  the  case  for  /*  a  prime 
*r,  these  are  all  the  roots  <>£/(*)  =  0.    This  happens, 

aa  we  have  seen  (Art.  76),  for  the  equation  ^-=^  =  0  when 

oc  ~~  1 
M  ia  a  prime  number. 
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But  if  ft  be  greater  than  n,  let  xa  be  another  root  of 
f(x)  =  0  not  comprised  in  group  (2)  ;  then,  as  before,  it  may 
be  shewn  that  all  the  terms  of  the  series 

xa  Oxa  6fxa...0n~lxa  .....................  (3) 

are  equally  roots  of  f(x]  =  0  ;  and  that  it  is  only  the  n  first 
that  are  different  from  one  another  ;  for  since  the  equation 

0*x  -  x  =  0 

admits  one  of  the  roots  x^  off(x)  =  0,  it  admits  all  the  other 
roots  ;  and  we  have 


so  that  the  terms  of  (3)  are  reproduced  in  the  same  order  after 
the  n01.    Also  the  roots 

xa  0xa  0ixa...0n-lxa;  .....................  (4) 

are  all  distinct  from  one  another,  and  from  the  roots  (2). 

For  suppose  fFxz  =  dix2,  i  and  It,  being  both  less  than  n; 
then  since  the  equation  6^x  —  0*x  =  Q  admits  the  root  or2,  it  also 
admits  the  root  xl  ;  therefore  o  xl  =  6*x^  ,  which  is  impossible 
because  the  quantities  (2)  are  all  unequal.  Neither  can  we 
have  (fxa  =  6'x1  ;  for  it  would  follow  that 


so  that  x2  would  belong  to  series  (2),  which  is  contrary  to  the 
supposition  made  relative  to  xa. 

Hence  the  number  of  different  roots  of  f(x]  =  0  contained 
in  the  groups  (2)  and  (4)  being  2n,  we  must  either  have 
fi  =  2n  or  >  2n.  If  //,  >  2w,  then  taking  another  root  xa  not 
comprised  either  in  series  (1)  or  (3),  we  may  form  another 
group  of  n  distinct  roots  xa  0x3  0*x3  .  .  .  &^lxz  ,  all  different  from 
the  former;  from  whence  it  will  follow  that  we  must  have 
either  fj,  =  3w  or  >  3w.  By  continuing  this  process  we  shall 
produce  all  the  roots  ;  and  as  they  appear  only  in  groups  each 
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consisting  of  n  roots,  the  entire  number  of  them  will  be  mn, 
which  must  equal  //,  the  degree  of/0)  =0.  Hence  we  shall 
have  all  the  roots  distributed  into  a  certain  number  m  of 
groups  each  consisting  of  n  terms,  where  mn  =  p  ;  and  the 
roots  in  every  group  will  be  liable  to  the  same  condition  as 
the  roots  in  the  first  group  (2).  When  ju,  is  prime  so  that 
m=l,  the  roots  can  be  all  represented  by  a  single  group 

x  6x  (Px  ...  O^x,  where  6»x  =  x. 


185.     Let     x*  +  p1x*-l  +  &c.+jpn=0  ...............  (5) 

be  the  equation  which  has  for  its  roots  the  group 

x,  Qx,  0X...0-X; 

then  for  each  of  the  in  groups  of  roots  there  will  be  a  similar 
equation  ;  so  that  any  one  of  the  coefficients  pv  will  admit 
of  m  values,  and  will  depend  for  its  determination  upon  an 
equation  of  the  mib  degree, 

/'  +  !?yl-1  +  &c.  +  !?m  =  0  ..................  (6). 

Abel  has  shewn  how  to  form  these  reducing  equations  ; 
and  he  has  proved  that  the  coefficients^,^,  &c.  of  (5)  are 
all  rational  functions  of  the  same  root  y1  of  (6)  ;  that  the 
coefficients  of  the  equation  having  for  roots  the  next  group 

xt  6x.2  02xz...en~1x2, 

are  all  rational  functions  of  another  root  yz  of  (6)  ;  and  so  on  ; 
so  that  the  solution  of  f(x]  =  0  whose  degree  is  a  composite 
numl)cr,  is  thus  reduced  to  the  solution  of  equations  of  inferior 
degrees. 

The  reducing  equation  (6)  cannot,  of  course,  be  solved 
algebraically,  when  m  exceeds  4  :  but  the  equation  (5),  whose 
roots  have  the  property  that  they  can  be  represented  by 

x,  Ox,  0V..0-X, 

where  Ox  denotes  a  rational  function  of  x  such  that  0*x  =  x, 
and  all  similar  equations  belonging  to  the  other  groups,  if  we 
suppose  their  coefficients  to  be  known,  admit  of  algebraical 
solutions,  as  we  shall  shew  in  the  next  Article. 
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186.  If  the  //.  roots  of  any  equation  f(x)  =  0  can  be  re- 
presented by  x,  6x,  &*x,  .  .  .  6*~lx,  Ox  being  a  rational  function 
of  x  such  that  6*x  =  x}  the  equation  may  be  solved  alge- 
braically. 

According  to  Lagranges  assumption,  let 
^(x)  =  (x  +  a".  0x  +  a2".  PX+...+  a'^1'".  ff^xY...  (1), 

an  being  a  root  of  a^  —  1  =  0.     Then  since  ^"x  =  0"x,  if  x  be 
replaced  by  some  other  root  ^x,  it  will  be  found  that 


so  that  the  only  change  which  '(/^(x)  undergoes,  when 
is  substituted  in  it  for  x,  is  to  be  multiplied  by  a"1""1'"  ;  and 
by  the  same  substitution  ^n(x]  remains  unaltered,  and  we 
have  tyn(x)  =Tfrn((}mx).     Therefore,  giving  m  all  its  values 
from  0  to  p  —  1,  and  taking  the  sum  of  the  results,  we  get 

/<**„(*)  =  *„(*)  +  tn(^)  +  ".  +  t«(^"*)> 

which  shews  (Art.  153)  that  ^rn(x)  is  a  symmetrical  function 
of  all  the  roots  off(x)  =  0,  and  can  therefore  be  expressed  by 
the  coefficients  of  f(x)  and  0x,  and  may  be  considered  as 
known  and  denoted  by  vn.  Hence,  substituting  this  value 
for  ^rn(x]  in  (1),  taking  the  /4th  root  of  both  sides,  and  then 
giving  n  all  its  values  from  0  to  //-  —  1,  we  get 

x  +  Ox  +  Px  +  ...  +  e^x  =        , 


Therefore,  adding  together  these  equations,  and  taking 
account  of  the  properties  of  the  roots  1,  a,  a2,  &c.,  we  get 


where  .Jv^  =  —pl  ,  supposing  f(x]  =  x"  +p1x*~l  +  &c. 

This  expression  (2)  for  x  may  be  transformed  so  as  only  to 
admit  of  /j,  values.  For  since  by  changing  x  into  (fx,  t/v^  is 
only  altered  by  being  multiplied  by  a"4""*'",  and  consequently 
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y^  by  being  multiplied  by  a"""""0,  therefore 
remains  unaltered  since  it  is  only  multiplied  by  the  factor 
*-~*  _  i.     Jf  therefore  we  assume 


from  whence  it  follows,  as  in  the  case  of  -»/rn(re),  that  <f>n(x)  is 
a  symmetrical  function  of  all  the  roots  of  f(x)  =  0,  and  may 
be  considered  as  a  known  quantity  and  denoted  by  un  ; 


a  formula  which  enables  us  to  express  each  of  the  radicals  in 
(2)  by  a  power  of  ^/t\  ;  and  we  thus  get 


a  value  of  x  expressed  as  a  rational  function  of  Jvv,  and  con- 
sequently admitting  of  only  p,  values,  which  are  the  roots  of 
the  proposed  equation.  Hence  it  follows  from  Art.  184,  that 
if  two  roots  of  an  irreducible  equation  f(x)  =  0  whose  degree 
is  a  prime  number,  are  connected  by  a  rational  equation 
x  =  ftr,,  then  f(x)  =  0  can  be  solved  algebraically  ;  and  when 
the  coefficients  both  of  f(x)  and  6  (x)  are  real  quantities,  the 
only  operations  requisite  for  that  purpose  are  those  detailed 
in  the  following  proposition. 

187.  In  order  to  solve  an  equation  with  real  coefficients 
f(x)  =  0,  whose  degree  is  a  prime  number  p,  and  whose  roots 
can  be  represented  by  x,  6x,  0*x,  ...  ff**x,  where  Ox  denotes  a 
rational  function  of  x  with  real  coefficients  such  *that  Px  =  x, 
it  is  requisite  only  to  divide  a  right  angle  and  another  known 
angle  each  into  /A  equal  parts,  and  to  extract  the  square  root 
of  a  single  quantity. 

Since  it  has  been  proved  that 

t  ,  (i)  or  t>,  =  (x  +  a  .  6x  +  a2,  ffix  +  .  .  .  +  a^1.  P^xY 
U  a  rational  function  of  the  coefficients  of  f(x)  =  0,  if  those 
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coefficients  be  all  real,  and  also  those  of  0x,  then  v,  will  con- 
tain no  imaginary  quantities  except  those  of  the  root  a,  which 

equals  cos 1-  v^~I  sin  —  .     Moreover  v..  .  is  deduced  from 

P  P 

vl  by  changing  a  into  its  conjugate  a'*"1 ;  hence  vv  v^_v  are 

known  imaginary  quantities  conjugate  to  one  another,  and  we 
may  consequently  assume 

t\  =  p  (cos  G>  -f-  V—  1  sin  G>), 
v^j  =  p  (cos  G)  —  V—  1  sin  G>). 

But   since  *Jvn.  l(/v^~n  =  un,   making  n  =  p  —  1,  we  get 

\/V-i- l^\  =  u^-i'  ^ow  up-i  can  be  expressed  rationally  by 
the  coefficients  off(x)  and  0x,  and  contains  therefore  no  other 
imaginary  quantities  except  those  found  in  a ;  and  the  value 
just  obtained  shews  that  u  _t  does  not  change  when  a  is  re- 
placed by  its  conjugate  a*1'1,  therefore  u^  is  a  real  quantity. 
Let  a  denote  the  numerical  value  of  u^  then  since 


TT  M  / —  /-  /          2&7T  +  ft)  , .      2&7T  +  ft)\ 

Hence  ^/v1  =  Ja  f  cos 1-  N/—  1  sm  —         -  j , 

where  k  is  an  integer,  from  which  the  value  of  any  power 
(1/vJ*  can  be  immediately  obtained ;  also  its  coefficient  — , 

since  both  un  and  vl  are  known  quantities  of  the  form 
/3  +  7  V— 1,  may  be  represented  by  fn  +  gn  V^l,  where  fn,  gn 
are  rational  functions  of  the  coefficients  of  f(x)  and  0x,  and  of 

cos  —  sin  —  ,  quantities  introduced  by  the  root  a.  Conse- 
quently the  value  of  every  root  is  given  by  the  equation  (the 
second  member  of  which  has  /A  —  1  terms) 


/—  /          G>-f27T          i . 

ux  +  p=\a[  cos 1-  V—  1  sm 

\  /* 
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,—  N      f       2(a>+2for)        ,— 
+  (/„  +$„  V-  1)  a  \cos-±  --  '-  +  v-  1 
(  P 


sin 


and  to  get  all  the  roots,  &  must  be  taken  from  0  to  //,  —  1. 
This  result  shews,  as  was  asserted,  that  the  determination  of 
the  roots  requires  only  the  division  of  the  angles  TT  and  o> 
into  /*  equal  parts,  and  the  extraction  of  the  square  root  of  a. 
The  condition  to  which  the  roots  are  subject,  namely,  that 
they  can  be  represented  by  x,  6x,  0*x,  ...  &*~lx,  where  6x 
denotes  a  rational  function  of  x,  shews  that  the  roots  of  the 
proposed  equation  are  either  all  real  or  all  imaginary. 


SECTION  XI. 

ON  SOME  PROPERTIES  OF   NUMBERS    CONNECTED 
WITH  THE  THEORY   OF  EQUATIONS. 


As  introductory  to  the  propositions  which  follow  on  the 
Theory  of  Numbers,  we  may  consider  the  properties  of  the 
successive  remainders  when  the  terms  of  the  arithmetical  and 
geometrical  progressions 

a,  2a,  Sa,  ...  (p  —  1)  a, 

1,  a,  a2,  a3,  ...  a*""1, 
are  divided  by/),  a  and/?  being  two  whole  numbers. 

188.  If p  be  prime  to  a,  and  if  we  divide  by/?  the/?  —  1 
successive  multiples  of  a, 

a,  2o,  3a,  &c.,  (p  —  l)a, 

the  remainders  of  these  divisions  will  be  all  different  from 
one  another. 

For  suppose  that  two  multiples  ma  and  ma,  both  less 
than  pa,  give  the  same  remainder  r ;  then  taking  q  and  q  to 
express  the  integral  quotients,  we  get 

ma  =pq  +  r,  ma  =pq  +  r ; 
.*.  (m!  —  m)  a  =  p  (q  —  q). 

Hence  as  p  is  prime  to  a,  it  must  divide  m  —  m,  which  is 
impossible  since  m  and  m  are  both  less  than  p ;  therefore  no 
two  remainders  are  alike. 

Suppose  therefore  r,  r',  r",  &c.  to  be  the  p  —  I  different 
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remainders  obtained  by  dividing  a,  2a,  &c.,  (p  -  1)  a  by  p, 
and  q,  q,  q",  &c.  the  corresponding  integral  quotients,  then 

a=pq+r,  2a  =pq  +  r',   3a  =pq"  +  r",  &c.  ; 
therefore,  adding  pa  to  both  sides  of  each  equation, 

(p  +  l)a=(q  +  a)p  +  r,   (p  +  2)  a  =  (q  +  a)p  +  r',  &c. 

Hence  after  having  passed  pa,  which  is  the  first  term 
divisible  by  p,  the  following  terms  give  the  remainders  already 
found  in  the  same  order;  and  it  is  evident  that  the  same 
period  of  remainders  will  constantly  recur  after  every  term 
that  is  exactly  divisible 


189.  If,  p  and  a  being  prime  to  one  another,  we  divide 
the  series  of  powers  1,  a,  a2,  a3,  &c.,  there  will  be  at  least 
one  of  them  before  ap,  which  will  leave  a  remainder  unity  ; 
and  up  to  this  least  remainder,  all  the  remainders  will  be 
different;  and  beyond  it,  the  same  remainders  will  recur  in 
the  same  order. 

As  the  remainders  are  all  less  than  p,  there  cannot  be 
more  than  p  —  1  which  are  different  ;  therefore  amongst  the  p 
first  terms  1,  a,  a2,  a3,  ...  a*"1  of  the  series,  there  must  be  at 
least  two  which  give  the  same  remainder.  Let  these  be  am,  am', 
and  let  their  common  remainder  be  r  ;  then 

am=pq  +  r,  am'=pq'  +  r  ............  (1)  ; 


or  a     a-    -l  =  q 
and  as^?  is  prime  to  a,  it  must  divide  am'~m—  1. 

Hence  we  get  unity  for  a  remainder,  on  dividing  byj?  the 
power  a""m  which  is  less  than  ap.  But  if^?  be  not  prime  to 
a,  the  theorem  is  no  longer  true  ;  for  the  equation  am  =pq  +  r 
shews  that  any  factors  common  to  a  and  p  must  divide  r, 
which  cannot  therefore  be  equal  to  unity;  so  that  no  term 
except  the  first  can  ever  produce  a  remainder  1,  when  divided 
by/>. 

190.  Next  let  a"  denote  the  least  power,  other  than  a°, 
which,  divided  by  p,  leaves  the  remainder  unity;  then  all 
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the  preceding  remainders  will  be  unequal.  For  if  for  two 
powers  am,  am/,  less  than  a",  we  could  have  the  equations  (1), 
we  might  thence  conclude,  as  before,  that  the  power  am'~OT 
would  leave  a  remainder  1 ;  and  consequently  an  would  not 
be  the  least  power  that  had  that  remainder.  Now  let 

an  =pq  + 1, 

then  for  the  next  succeeding  powers  we  shall  have 
an+1  =pqa  +  a,  an+2  =pqa?  +  a*,  &c. ; 

therefore  for  the  period  an,  an+l . . .  a2""1,  the  remainders  will 
be  successively  the  same  as  for  the  period  a°,  a1,  a2,  ...  a""1. 
For  a2"  the  remainder  will  be  the  same  as  for  a",  because  the 
equation  an  =pq  +  1  leads  to  a2"  =  pqan  +  an ;  and  in  the  same 
way  it  may  be  shewn  that  from  a2"  to  a3""1,  and  for  all  suc- 
ceeding intervals,  the  same  period  of  remainders  constantly 
recurs. 

191.     Moreover  we  perceive  from  the  equations 
a*=pq  +  l,  azn  =  pqan  +  an,  a3"  =pqa?n  +  a2n,  &c., 

that  the  remainder  unity  belongs  to  all  indices  that  are  mul- 
tiples of  n;  and  that  if  any  index  greater  than  n  gives  a 
remainder  unity,  it  must  be  a  multiple  of  n ;  for  if  it  were 
not  so,  then  by  continually  subtracting  n  from  it  we  should 
at  last  descend  to  a  power,  less  than  an,  leaving  a  remainder 
1 ;  which  is  impossible,  as  a"  is  the  least  power  that  has  that 
remainder. 

Hence  we  are  furnished  with  an  easy  method  of  finding 
the  remainder  for  any  power  of  a,  provided  we  know  the 
remainders  of  the  first  period ;  and  these  are  easily  calculated, 
by  observing  that,  in  order  to  pass  from  the  remainder  of  any 
term  a*  to  that  of  am,  it  is  sufficient  to  multiply  the  remainder 
of  a?  by  a,  and  to  divide  the  product  by  p. 

Ex.  1.    To  find  the  remainder  of  4808  when  divided  by  11. 

Powers     4°     41     42     4s     44     45, 
Remainders     145931; 
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each  remainder  being  formed  by  multiplying  the  preceding 
one  by  4,  and  dividing  by  11  ;  thus  the  product  4x4  gives 
the  remainder  5  ;  the  product  5x4  gives  the  remainder  9  ; 
and  so  on.  We  stop  at  45  because  it  reproduces  the  remain- 
der 1,  and  the  first  period  of  remainders  has  been  obtained. 
Hence  dividing  898  by  5,  we  find  a  remainder  3,  which  shews 
that  4998  leaves  the  same  remainder  as  43,  viz.  9. 

Ex.  2.     The  remainder  of  31000  divided  by  13,  is  3. 

192.     If  p  be  a  prime  number,  and  a  a  number  not  divi- 
sible by  p,  then  ap~l  —  1  is  divisible  by^?. 

Let  q,  q,  q",  &c.,  r,  r,  r",  &c.,  be  the  quotients  and  re- 
mainders obtained  by  dividing  by  p  the  p  —  1  quantities 

a,  2a,  3a,  &c.,  (p  —  l)a; 
so  that 

a  =  pq  +  r,    2a  =pq  +  r',    3a  =pq"  +  r",  &c.  ; 

then  multiplying  all  these  equations  together,  and  denoting 
by  Q  a  whole  number,  we  get 

a.2a.3a  ...  (p  —  1)  a  =  (pq  +  r)  (pq  +r)  ... 


The  first  member  is  1.  2  .3  ...  (p  —  1)  a1""1;  and  as  the 
p  —  1  remainders  are  all  less  thanp,  and  all  different,  rr'r"... 
must  coincide  with  1.2.3  ...  (  p  —  1)  ; 

.'.  1.2.3...  (p-1)  (a*"1-  !)=.?.<?. 

Consequently,  the  first  member  is  divisible  by  p  ;  and  if 
we  suppose  p  to  be  a  prime  number,  as  it  cannot  divide 

1.2.3...Gp-l), 

p  must  divide  a*"1  —  1,  a  being  any  number  not  divisible  byp; 
which  is  Fermafs  Theorem. 

193.  When  a1*"1  is  not  the  least  power,  other  than  a°, 
which  produces  the  remainder  1,  we  know  from  Art.  191  that 
the  index  of  that  least  power  will  be  a  divisor  of  p  —  1.  Thus 
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in  the  following  series  of  powers  of  5,  with  their  remainders 
after  being  divided  by  11, 

5°  51  5'  .........  58  ..................  510, 

153491     5349     1, 

we  see  that  the  index  of  5°,  the  least  power  which  has  the 
remainder  1,  is  a  divisor  of  11  —  1  or  10. 

But  whenever  ap~l  is  the  least  power,  other  than  a°,  which 
gives  the  remainder  1,  then  p  is  a  prime  number.  For  from 
Art.  190  it  appears  that  the  remainders  which  precede  the 
division  of  a*"1,  are  all  distinct  ;  they  must  therefore  coincide 
with  the  number  1,2,  3,  ...p  —  1,  but  not  in  the  natural  order. 
Now  if  p  admitted  a  prime  factor  r,  then  r  would  be  one  of 
those  remainders,  and  we  should  have  an  equation  such  as 
am  =pq  +  r,  so  that  r  would  be  also  a  factor  of  a  ;  and  con- 
sequently a  and  p  would  not  be  prime  to  one  another;  in 
which  case,  as  we  know,  there  would  be  no  power  of  a,  after 
a°,  that  would  give  a  remainder  1. 

194.  Suppose  a  and.  p  not  to  be  prime  to  one  another; 
and  let  p  be  replaced  by^?p',  where  p  is  prime  to  a,  andj/  is 
the  product  of  factors  found  in  a  ;  and  let  a*  be  the  lowest 
power  of  a  that  is  divisible  by  p  ;  then  the  remainders  ob- 
tained by  dividing  the  first  n  terms  of  the  series  from  a°  to 
a*"1  bypp',  will  be  all  different,  and  will  not  recur. 

For  if  possible,  m  being  less  than  n,  let 

am  =pp.  q  +  r,     am™  =pp.  q  +  r. 
.'.  am(am'-l)=pp'(q'-q}. 

Now  am'  —  1  cannot  be  divisible  by  p  since  a  and  p'  are 
not  prime  to  one  another  (Art.  189)  ;  therefore  oT  is  divisible 
by  p,  which  is  impossible  since  m<n.  Hence  any  remainder 
belonging  to  a  power  less  than  an,  cannot  recur.  But  if  m  be 
not  less  than  n,  the  above  equation  is  possible  ;  and  it  shews 
that  p,  which  is  prime  to  aw,  divides  am'  —  1  ;  so  that 


and 
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But  a"  is  divisible  by  p,  therefore  pan  is  divisible  by  pp\ 
consequently  a"1'*"  divided  by  pp  leaves  the  same  remainder 
as  o"  divided  byp^'.  Hence  the  terms  beginning  with  a", 
when  divided  by  pp,  produce  remainders  that  recur ;  and  the 
n  terms  that  precede  a"  produce  remainders  that  do  not  recur ; 
n  being  the  index  of  the  lowest  power  of  a  that  is  divisible 
by  the  product  of  all  the  factors  equal  and  unequal  that  a 
has  in  common  witli  pp'. 

195.     If  therefore  p  be  a  prime  number,  and  a  a  number 
not  divisible  by  p ;  on  dividing  by  p  the  series 


a  ,  a  ,  a  ,  a 


it  is  either  a*"1,  or  a"  where  n  is  a  divisor  of  p  —  1 ,  that  first 
reproduces  the  remainder  unity.  In  the  former  case,  the  re- 
mainders are  all  distinct  and  form  a  complete  period  of  the 
numbers  1,  2,  3,  ...p  —  I  in  a  certain  order;  in  the  latter  case, 
the  remainders  are  different  from  one  another  up  to  the  division 
of  a",  and  afterwards  recur  in  the  same  order,  forming  only 
an  imperfect  period  of  some  of  the  numbers  1,  2,  3  ...p  —  1. 
Thus  if  p  =  11  and  a  =  2,  we  have  a  complete  period  of  re- 
mainders 

12485    10     9736 

ending  with  the  division  of  29 ;  because  the  division  of  210  by 
11  reproduces  the  remainder  1,  and  the  period  of  remainders 
comes  over  again.  But  if  a  =  4,  we  have  seen  (Art.  191)  that 
there  is  only  an  imperfect  period  of  remainders  1,  4,  5,  9,  3. 
Any  number  less  than  p,  whose  powers  from  0  to  p  —  2,  when 
divided  by^>,  produce  all  the  integers  less  than^?  for  remain- 
ders, is  called  a  primitive  root  of  the  prime  number^?.  Hence 
for  a  number  a  to  be  a  primitive  root  of  a  prime  number  p,  it 
must  be  less  than  p,  and  such  that  a1"1  is  the  lowest  power, 
other  than  a°,  which  when  divided  by  p  leaves  unity  for  a 
remainder.  Every  prime  number  p  may  be  shewn  to  have 
as  many  primitive  roots  as  there  are  numbers  prime  to  p  —  1 
in  the  series  1,  2,  3  ...p. 
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196.     From  the  result  of  Art.  194,  may  be  deduced  some 

y 
properties  of  recurring  Decimals  ;  for  let  -  be  a  proper  fraction 

in  its  lowest  terms,  and  let  it  be  converted  into  a  decimal  in 
a  scale  of  Notation  whose  radix  is  a,  so  that 


,  ••• 

then  ql  is  found  by  dividing  ra  by^>  leaving  a  remainder  rlt  q2 
by  dividing  rax  by^?  leaving  a  remainder  r2,  and  so  on  ;  so  that 

r  rl  r2,  &c. 

are  in  fact  the  same  as  the  remainders  obtained  by  dividing 
by  p  the  quantities 

r  ra  ra?  ra*,  &c  .........................  (1). 

Now,  supposing^?  not  to  be  prime  to  a,  the  division  by  p 
of  the  series  of  quantities  (1),  as  we  have  seen,  will  produce 
first  a  set  of  n  remainders  that  do  not  recur,  and  then  a  set 
that  constantly  recur  :  so  that  the  recurring  period  of  quotients 
will  commence  only  at  the  (n  +  l)th  figure  from  the  decimal 
point,  n  being  the  lowest  power  of  a  that  is  divisible  by  all 
the  factors  equal  and  unequal  that  a  has  in  common  with  p. 
If  p  be  prime  to  a,  the  recurring  period  of  quotients  will 
commence  immediately  after  the  decimal  point.  Hence  in 
the  common  scale  of  Notation,  the  recurring  decimal  which 

7* 

expresses  ,  where  p  is  prime  both  to  r  and  10,  will  have 

m  or  n  places  of  figures  before  the  recurring  period,  according 
as  m  or  n  is  the  greater. 

197.  If  p  be  a  prime  number,  1  .  2  .  3  ...  (p  —  1)  +  1  is 
divisible  by  p. 

It  appears  by  Art.  188  that,  a  being  any  number  less 
thanp,  there  is  one  and  only  one  of  the  products 

a.l    a.2    o.3  ...a(p  —  1) 

which  leaves  a  remainder  1  after  being  divided  by^?.  If  a  =  l 
it  is  evidently  the  first  term,  and  if  a  =p  —  1  it  is  the  last 

34 
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term  that  has  this  property.  Therefore  if  we  limit  the  values 
of  a  to  the  numbers  2,  3,  ...  (p-  2),  then  there  is  some  one 
term  of  the  series  of  products 

(&)     a.2    a.3,    &c.     a.(p-2) (1), 

which  when  divided  by^>  leaves  1  for  remainder.  Hence,  if 
in  Sa  we  substitute  for  a  successively  the  numbers 

2,  3,...w,  ...  0>-2), 

and  call  the  resulting  series  of  products  Sa  S3,  &c.,  there  will 
be  in  each,  one  term  which  when  divided  by^>  leaves  a  re- 
mainder 1.  Let  those  terms  be  respectively  represented  by 

2.a    3.£  ...w.8...  (p-2}\ (2), 

where  the  factors  that  stand  first  are  the  values 
2,  3,4,...  (p- 2) 

that  have  been  assigned  to  a,  and  the  latter  factors  all  belong 
to  the  same  numbers  2,  3,  &c.  (p  —  2),  which  are  the  latter 
factors  in  the  series  of  products  (1).  Then  the  numbers 

a,  /8,...fi...X 

are  all  different  from  one  another ;  for  if  we  would  have  8  =  0, 
then  we  should  have  two  terms  2a,  no.  in  Sa  leaving  a  re- 
mainder 1,  after  being  divided  by  j9,  which  is  impossible. 
And  we  cannot  have  the  factors  of  any  term  wS  equal  to  one 
another,  for  w2—  1  =  (n+  1)  (n  —  1)  cannot  be  divisible  by  p 
unless  n  =  1,  or  n  =p  —  1,  and  both  those  values  of  a  are  ex- 
cluded. Therefore  the  numbers  a,  /S,  ...  8,  ...  \  must  in  a 
certain  order  coincide  with  2,  3,  4,  ...  (p  —  2).  Also  in  the 
series  (2)  each  product  w8  must  be  repeated  in  the  form  Bn, 
which  is  the  term  belonging  to  the  series  S&  that  leaves  a  re- 
mainder 1  after  division  byj9.  Therefore  out  of  the  series  (2) 
there  can  be  selected  |  (p  —  3)  terms  whose  product  is 

2.3.4...(j>-2)j 

and  as  each  of  these  terms  is  of  the  form  mp  +  1,  where  m  is 
an  integer,  their  product  will  be  of  the  same  form ;  and  we 
shall  have 

2.3.4...        -2=wi        l 
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therefore,  multiplying  by  p  —  1,  we  get 
I.2.B...(p-l)=mp(p-l)+p-l,or  1.2.3...(^> 

shewing  that  1  .  2  .  3  ...  (p  —  1)  +  1  is  divisible  by  p,  which  is 
Wilsons  Theorem.  The  number  p  is  exclusively  a  prime 
number  ;  for  if  it  had  a  divisor  p,  then  p  would  divide 
1.2.3...  (/>—!);  therefore  p',  and  consequently  p,  could 
not  divide  1  .  2  .  3  ...  (p  —  1)  4-  1. 

198.     To  find  the  highest  power  of  any  prime  number^?, 
which  is  contained  in  the  product  1  .  2  .  3  ...  n. 

Let  m  be  the  integral  part  of  the  quotient  of  n  divided 
by  p  ;  then  the  product 

p  .  2p  .  3p  ...  mp  =  1.2.3...  m.pm, 

contains  all  the  factors  of  1  .  2  .  3  ...  n  that  are  divisible  by^?. 
Next  let  m  be  the  integral  part  of  the  quotient  of  m  divided 
by  p  ;  then  1.2.3...  m  'p"*  contains  all  the  factors  of  1  .  2  .  3  .  .  .  m 
that  are  divisible  by  p.  In  the  same  way,  if  m"  be  the  quo- 
tient of  ra'  divided  by  p,  1.2.3...  m"pm"  contains  all  the  factors 
of  1.2.3  ...m'  that  are  divisible  by  p;  and  so  on,  till  we 
arrive  at  a  quotient  less  than^>;  suppose  this  to  be  m"',  then 
the  index  of  the  highest  power  of  p  contained  in  1  .  2  .  3  ...  n, 
is  m  +  m'  +  m". 

Ex.     To  find  how  often  7  is  contained  in  1.2.3  ...  1000. 

„        1000  142  20 

Here  —  =  142,   —  =  20,  y  =  2; 


199.    Hence  if  m,  n,  p,  q,  &c.  be  whole  numbers,  and 

m  =  n  +p  +  q  +  &c. 
then  the  quotient  of  1  .  2  .  3  ...  m  divided  by 

1.2.3...wxl.2.3...^?x  1.2.3  ...  #  x  &c. 

will  be  a  whole  number.     For  let  t  be  any  prime  factor  of 
the  divisor,  then 

m     n     p     q  .   o 

= 
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or,  calling  m',  n',  p,  q,  &c.  the  integral  parts  of  the  several 

quotients, 

m  =  or>ri  +'  +  q  +  &c. 


Dividing  again  by  t,  and  calling  m",  n",  p",  q",  &c.  the  inte- 
gral parts  of  the  new  quotients,  we  get 

m"  =  or  >  n"  +p"  +  q"  +  &c., 

and  so  on,  as  long  as  the  quotients  are  not  all  less  than  t. 
Therefore,  by  addition,  we  get 

(m  +  m"  +  &c.)  =  or  > 

(n'  +  n"  +  &c.)  +  (/  +/'  +  &c.)  +  (q  +  q"  +  &c.)  +  .  .  .  ; 
but  these  different  sums  express  the  highest  power  of  t  con- 
tained in  the  several  products  of  which  the  proposed  expres- 
sion is  made  up.  As,  therefore,  there  is  no  prime  factor  of 
its  denominator  which  does  not  enter  to  at  least  an  equal 
power  in  its  numerator,  the  value  of  the  proposed  expression 
must  be  a  whole  number. 


TRANSFORMATIONS  OF   CONGRUENCES.     ROOTS   OF 
CONGRUENCES. 

200.  If  a  —  b  =  Mj),  a  multiple  of  p,  where  p  is  a  positive 
integer,  and  a  and  b  integers  positive  or  negative;  a  and  b 
are  said  to  be  congruent,  or  equivalent,  relative  to  p ;  and  are 
called  residuals  one  of  the  other  relative  to  p,  which  is  termed 
the  modulus.  Instead  of  writing 

a  =  b  +  Mp, 
the  notation  generally  adopted  is 

a  =  b,  mod.  p. 
Hence  if  r  be  the  remainder  after  dividing  a 


where  r  is  comprised  between  0  and  p ;  or,  if  we  do  not  con- 
fine ourselves  to  positive  remainders,  but  take  r  to  be  the  least 
number  by  which  a  must  be  either  diminished  or  increased 
so  as  to  become  divisible  by^?,  r  will  lie  between  -\p  and 
\p.  Hence  every  number  has  a  residual  whose  absolute 
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value  is  less  than  half  the  modulus,  and  is  called  its  minimum 
residual;  but  if  we  consider  only  positive  residuals,  r  lies 
between  0 


201.  The  advantage  of  this  notation  is  that  it  is  analo- 
gous to  that  employed  for  equations  ;  and  most  of  the  trans- 
formations which  equations  are  capable  of,  may  be  applied  to 
congruences.  Thus  if  we  have,  relative  to  a  modulus^?,  two 
congruences 

a  =  b,     a'  '  =  b'  ........................  (1), 

then,  adding  or  subtracting,  we  shall  have 

a±a'  =  b±bf  ........................  (2). 

For  the  congruences  (1)  amount  to 

a  =  b  +  a  multiple  of  p,  a'  =  b'+a,  multiple  of  p  ....  (3)  ; 

/.  a  ±  a'  =  b  ±  b'  +  a  multiple  of  p  ; 
which  is  what  (2)  expresses. 

Again,  we  may  multiply  a  congruence  by  any  whole 
number  m  ;  for  if  we  have 

a  =  b  +  a  multiple  of  j?,  or  a  =  b, 
then  ma  =  mb  +  a  multiple  of  p,  or  ma  =  nib. 

Also  we  may  multiply  together  any  number  of  congruences 
relative  to  the  same  modulus.  For,  multiplying  together  the 
equations  (3),  we  get 

aa'  =  bb'  +  a  multiple  of  p,  or  aa'  =  bb', 

the  result  of  multiplying  together  the  two  congruences  (1). 
Similarly,  if  we  multiply  by  a  third  congruence  relative  to  p, 
a"  =  b",  we  get  aa'a"  =  bb'b"  ;  and  so  on,  to  n  congruences  ; 
and  if  they  all  become  identical  with  the  first  a  =  5,  we  find 
an  =  bn  :  so  that  we  may  raise  to  any  power  the  two  members 
of  the  same  congruence.  Hence  if 

f(x)  =p0xn  +p1xn~1  +  ...+pn 

be  a  rational  and  integral  function  of  x,  with  its  coefficients 
whole  numbers  ;  and  if  we  have,  relative  to  a  modulus  p, 
a  =  b,  then  we  shall  have  the  congruence  /(a)  =f(b)  relative 
to  the  same  modulus. 
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202.  Also  we  may  simplify  a  congruence  by  rejecting 
from  both  its  members  the  same  divisor,  provided  it  be  prime 
to  the  modulus.     For  if  we  have  ma  =  mb,  then 

ma  =  mb  +  a  multiple  of  p  =  mb  +  m'p  suppose  ; 
and  as  m  is  prime  to  p,  it  must  divide  mf ;  and  consequently 
we  get 

a  =  b  +  a  multiple  of  p,  or  a  =  b. 

Or,  we  may  reject  different  divisors  provided  they  be  prime 
to  the  modulus  and  congruent  relative  to  it.  For  suppose 
that  we  have  ma  =  nb,  and  that  the  divisors  m  and  n  are  both 
prime  to  the  modulus  p,  and  such  that  m  =  n ;  then  we  shall 
have  a  =  b;  for  if  not,  let  a  =  b  +  r  where  r  is  less  than  p ; 

.*.  ma  =  nb  +  nr, 

or,  since  ma  =  nb,    nr=0'} 

but  n  is  prime  to  p,  and  r  is  less  than  p,  therefore  we  must 
have  r  =  0,  or  a  =  b.  Hence  we  cannot  from  an  =  5",  mod.  p, 
infer  a  =  b,  mod.  p.  Thus  72  =  32,  mod.  5,  does  not  lead  to 
7  =  3,  mod.  5 ;  but  72  =  32,  mod.  4,  leads  to  7  =  3,  mod.  4. 

203.  If  a  be  any  number  not  divisible  by  the  prime 
number  p,  then  aTl  —  1  is  divisible  by  p ;  in  other  terms 

aTl  =  1,  mod.j?. 
If  we  form  the  p  —  I  multiples  of -a, 

a,  2a,  3a,  ...  (p  —  1)  a (1), 

we  see  that  not  one  of  them  is  divisible  by  p ;  and  that  every 
one  of  them,  when  divided  byj9,  leaves  a  different  remainder; 
for  if  two  of  them  ma,  na,  left  the  same  remainder,  then  their 
difference  (m  —  n)  a  would  be  divisible  by  p,  which  is  im- 
possible because  m  -  n  is  less  than  p.  Those  remainders 
must  therefore  be,  in  a  certain  order,  the  numbers 

1,  2,3,...(^-l) (2). 

Hence  the  numbers  (1)  being  congruent  with  the  numbers  (2), 
we  might  form  with  them  p  —  1  congruences  of  the  form 
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ma  =  p,  where  ma  is  one  of  the  products  (1),  and  p.  one  of  the 
remainders  (2).  Then  multiplying  all  these  congruences  to- 
gether, we  should  find 

1.2.3...  (^-1)0^=1.2.3...  Cp-1); 

and  as  the  common  factor  of  this  congruence  is  prime  to  p  the 
modulus,  we  may  suppress  it,  and  we  get 

cf~l  =  l,  mod.j?. 

This  proof  of  Fermafs  Theorem,  it  will  be  perceived,  does 
not  in  reality  differ  from  that  at  Art.  192 ;  tut  it  shews  the 
advantages,  in  point  of  brevity  and  clearness,  of  the  Notation 
for  Congruences,  for  conducting  researches  of  this  sort. 

204.  If  p  "be  a  prime  number,  then  1.2.3  ...  (p  —  1)  + 1 
is  divisible  by  p ;  or  in  other  terms 

1.2.3  ...  (p  —  l}  =  -1,  mod. p. 

Let  a  be  one  of  the  numbers  1,  2,  3,  ...  (p  —  1),  and  let 
the  p  —  \  products  be  formed 

a,  2a,  3a,  ...  (p  —  1)  a. 

In  this  series  there  is  some  one  term  ma  that,  when  divided 
byj9,  leaves  a  remainder  1;  and  its  factors  must  be  unequal 
unless  a  —  1  or  p  —  1,  for  a2  —  1  =  (a  +  1)  (a  —  1)  cannot  be  di- 
visible hyp,  as  a  is  less  than^?,  unless  either  a  =  l  or  a=p— 1; 
consequently  the  numbers  2,  3,  4,  ...  (p  —  2)  may  be  grouped 
in  pairs,  so  that  the  product  of  each  pair  is  congruent  with 
unity;  and  multiplying  together  all  the  congruences  thus 
obtained,  we  find 

t.8.4...  (?-•)•!; 
therefore  multiplying  this  by  p  —  1, 

1.2.3...  (^>-l)=jp-l,  or  1.2.3...  (p-l)  +  1  =  0; 

which  is  Wilsons  Theorem.  As  was  observed  at  Art.  197 
this  property  belongs  exclusively  to  prime  numbers.  For 
if  p  be  a  composite  number,  and  p  one  of  its  divisors,  and 
therefore  less  than  p ;  then  p  will  divide  1  . 2  . 3  . . .  (p  —  1) 
and  cannot  therefore  divide  the  same  product  augmented  by 
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unity;  and  of  course  p  cannot  divide  a  number  which  one  of 
its  factors  does  not  divide. 

205.  If  by  f(x)  we  denote  as  usual  a  polynomial  of  the 
form  p  x*  +  p^x*'1  +  •••  +Pn  whose  coefficients  are  whole  num- 
bers ;   and  if  when  x  receives  any  integral  value  a  or  -  a, 
f(x]  becomes  divisible  by  the  positive  integer^?,  then  f(x)  for 
that  value  of  x  is  said  to  be  congruent  with  zero  relative  to^>: 
so  that,  as  has  been  stated,  the  equation 

f(x]  =  a  multiple  of  p 
is  called  a  congruence,  and  is  generally  expressed  by 

f(x)  =  0,  mod.  p, 
and  a  is  called  a  root  of  it. 

The  Theory  of  Numbers  solves  several  of  the  same 
Problems  relative  to  congruences,  that  the  Theory  of  Equations 
solves  relative  to  equations  :  and  in  particular  proposes  to  find 
the  values  of  x  which  satisfy  the  congruence 

f(x)  =  0,  mod.  p. 

206.  If  this  congruence  is  satisfied  by  x  =  a,  it  will  also 
be  satisfied  by  x  =  a  +  mp,  in  being  any  integer ;  for  f(x)  by 
this  substitution  will  evidently  become  f(a)  +  a  multiple  of  p. 
Hence  every  solution  off(x]  =  0,  furnishes  an  infinite  number 
of  other  solutions,  which  however  are  all  equivalent  relative 
to  the  modulus^?.     The  different  solutions  contained  in  the 
formula  x  =  a  +  mp  may  be  deduced  from  any  one  of  them ; 
and  such  a  value  may  always  be  assigned  to  the  integer  m, 
that  every  value  of  a  +  mp  may  be  comprised  between  the 
limits  -  \p,  and  %p,  or  between  0  and  p.   It  is  only  necessary 
therefore  to  consider  the   solutions  contained  within   these 
limits;  so  that  the  roots  of  the  congruence f(x)  =  0,  mod. p, 
may  be  restricted  to  mean  the  values  of  x  between  0  and  p, 
which  render  f(x]  divisible  by  p.    A  congruence  f(x)  =  0  is 
identical  when  all  its  coefficients  are  divisible  by  the  modulus ; 
and  it  is  impossible,  if  all  its  coefficients  are  divisible  by  the 


modulus  except  the  term  which  is  independent  of  x  ;  for  no 
integral  value  of  a?  can  make  p/1(x)  +pn  divisible  by  p,  ifpn 
be  not  divisible  by  p. 

207.  If  F(x)  denote  another  rational  polynomial  with  in- 
tegral coefficients,  we  may  for  the  congruence 

f(x]  =  0,  mod.  p 
substitute  the  equivalent  congruence, 

/(*)  +pF(x)  =  0, 

and  dispose  of  the  indeterminate  coefficients  of  F(x)  so  as  to 
reduce  below  p,  or  below  ^p,  all  the  coefficients  of  the  con- 
gruence. When  the  modulus  is  a  prime  number,  we  may 
always  transform  a  congruence  so  that  the  coefficient  of  its 
first  term  shall  be  unity. 

Let  p0xn  +  p,xn~l  +  ...  +  pn  =  0  be  a  congruence  whose 
modulus  p  is  a  prime  number,  and  whose  coefficients  are  all 
comprised  between  0  and  p,  or  between  —  \p  and  \p  :  then 
if  we  add  to  its  first  member  another  polynomial 

p  (q,xn~l  +  q^  +  .  .  .  +  qn)  ,  we  get 


J*  xn~l  +  &c.)  =  0,  mod.  p  ; 

now  p0  being  less  than  p  is  prime  to  p  ;  and  we  may  determine 
§-,,  q^  &c.,   so  that  —  —  ^  ,  &c.,  may  be  whole  numbers 

Po 

<1}  ta,  &c.,  comprised  between  0  andj?;  or  between  —  \p  and 
\p.     The  congruence  will  then  become 

Po  (xn  +  1^'1  +  .  ~  +  0  =  0,  mod.  p, 
or,  since  p0  is  prime  to  the  modulus, 

xn+tlx*-l  +  ...  +  tn  =  0, 
where  the  coefficient  of  the  first  term  is  unity. 

Thus  the  congruence  (2x  —  l)(3a;  —  2)  =  0,  mod.  7,  which 
has  3  and  4  for  roots,  may  be  reduced  to 
3a?  +  1  =  0,  or  x2  -  2  =  0, 

by  adding  or  subtracting  multiples  of  7. 

35 


274 

208.    A  congruence  relative  to  a  prime  modulus,  and 
which  is  not  identical,  has  at  most  as  many  roots  as  there  are 
units  in  its  degree. 

Let  a  congruence  of  the  n*  degree,  and  having  unity  for 
the  coefficient  of  its  first  term,  be 

/(aj)=0,  mod./?,  .........  (1), 

and  let  a  be  a  root  ;  then  dividing  /(x)  by  x  -  a,  we  get 

/(«)-(»-  a)  /t(«)+/(a), 
and  since  /(a)  is  divisible  by/),  the  congruence  is  reduced  to 

(a  -a)  /(*)  =  <>,  mod.  j». 
Now  let  b  be  a  second  root,  then 


but  b  —  a  is  less  than  p,  and  therefore  prime  to  it, 
.-.  /  (b)  =  0,  mod.^?, 

so  that  b  is  a  root  of  /^(x)  =  0  (2),  the  coefficient  of  its  first 
term  being  unity.  Hence  it  results  that  the  congruence  (1) 
whose  degree  is  n,  can  have  only  one  root  more  than  the  con- 
gruence (2)  whose  degree  is  n  —  \  .  Similarly,  the  latter  can 
have  only  one  root  more  than  fa(x)  =  0  (3),  whose  degree  is 
n  —  2,  and  the  coefficient  of  its  first  term  unity.  Consequently 
the  proposed  congruence  can  have  only  two  roots  more  than 
(3)  ;  and  in  the  same  way  it  may  be  shewn  that  the  proposed 
can  have  only  n  —  1  roots  more  than  the  congruence  of  the 
first  degree,  x  -  1  =  0,  which  admits  but  the  single  root  I. 
Therefore  a  congruence  of  the  wth  degree,  relative  to  a  prime 
modulus,  cannot  have  more  than  n  roots  ;  but  it  may  have 
fewer  or  none  at  all. 

209.  Suppose  that  f(x)  =  0,  a  congruence  of  the  ntt 
degree  and  with  unity  for  the  coefficient  of  its  first  term,  has 
actually  n  roots  a,  6,  c,  ...  Z;  then  these  n  roots  will  also 
belong  to  the  congruence 
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but  this  is  only  of  the  (n  —  I)"1  degree  ;  it  is  therefore  iden- 
tical, and  consequently  we  have  (Art.  206) 

f(x]  =  (aj-a)  (»-*)  ...  (x-l)+p.F(x], 

where  F(x]  denotes  a  rational  and  integral  function  of  x  with 
its  coefficients  whole  numbers. 

210.  By  FermaCs  Theorem,  the  congruence 

re*"1  —  1  =  0,  mod.  p, 

admits  of  the  p  —  1  roots  1,  2,  3,  &c.  (p  —  1)  ;  if  therefore  f(x] 
be  a  divisor  of  x^1  —  1,  or  more  generally  of  x*~l  —  1  increased 
by  a  polynomial  of  the  degree  p  —  1  such  &spF(x],  then  the 
congruence  f(x]  =  0  will  have  as  many  roots  as  it  has  dimen- 
sions. For  let 

^-l+p.F(x}^f(x].fl(x}') 

then  the  congruence  of  the  degree  p  —  1, 
/(*)./»  SO, 

admits  the  roots  1,  2,  3,  &c.  (p  —  1)  ;  but  these  roots  also 
belong  to  the  following  congruences 

/(*)sQ,/1(f)sO, 

and  therefore  each  of  them  has  as  many  roots  as  it  has  dimen- 
sions ;  for  if  one  of  them  had  fewer  roots  than  the  units  in  its 
degree,  the  other  would  have  more,  which  is  impossible. 

211.  We  are  hence  conducted  to  a  simple  process  for 
determining  the  roots  of  a  congruence  relative  to  a  prime 
modulus.     First  we  observe  that  if  q  denote  the  quotient  of 
the  division  of  f(x)  by  f^x],  and^(o?)  be  the  remainder, 
we  have 


which  shews  that  if  any  value  of  x  make  ft  (x)  along  with 
either  f(x)  or  f2(x],  divisible  byp,  it  must  make  the  third 
function  also  divisible  by  p.  Consequently  the  roots  common 
to  two  congruences  f(x]  =  0,  /,  (x}  =  0,  must  also  belong  to 
</>  (x)  =  0,  where  <f>  (x)  denotes  the  greatest  common  divisor 
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of  f(x)  and  /,  (a;) ;  regard  being  had  to  the  way  in  which 
0  (jc)  is  found.  Now  if  /(a?)  =  0  be  any  proposed  con- 
gruence relative  to  a  prime  modulus^,  it  can  only  have  for 
roots  whole  numbers  less  than  p,  which  all  belong  to  the 
congruence  xrl  —  1  =  0  relative  to  the  same  modulus.  There- 
fore we  have  only  to  find  the  roots  common  to  the  two  con- 
gruences/^) =  0,  a^"1  —  1  =  0;  and  these  belong  to  </>  (a;)  =  0, 
where  <f>  (x)  is  the  greatest  common  divisor  of  their  first 
members.  If  <f>  (x)  does  not  exist,  the  proposed  congruence 
lias  no  root ;  if  <£  (a?)  exists  and  is  of  the  wth  degree,  the  pro- 
posed has  m  roots  which  are  those  of  <f>  (a;)  =  0 ;  roots  that 
necessarily  exist,  because  <f>  (x)  is  a  divisor  of  a?*"1  —  1.  In 
finding  this  greatest  common  divisor,  we  may  pursue  the 
ordinary  method ;  except  that  we  may  neglect  all  the  terms 
that  have  p  for  a  factor ;  and  in  order  that  all  the  divisions 
may  be  effected  without  introducing  fractional  coefficients,  we 
may  add  to  the  coefficient  of  the  first  term  of  each  dividend 
such  a  multiple  of  p  as  to  make  it  divisible  by  the  first  term 
of  the  corresponding  divisor. 

Ex.     To  find  the  roots  of  the  congruence 

x5  -  Sx*  -  2x3  -  2x*  +  x  -  2  =  0,  mod.  7. 

Dividing  x6  —  1  by  the  first  member  and  neglecting  mul- 
tiples of  7,  we  find  for  the  first  remainder 

-  3a;4  +  x3  -  2x*  -  x  -  2. 

Next  dividing  the  first  member  of  the  congruence  by  this 
remainder,  we  find  2a;3  -  x2  -  2x  +  1  for  the  second  remainder; 
in  which  operation  the  terms  —  7x5  and  —  7x*  have  been  suc- 
cessively added  to  the  dividend  to  avoid  fractional  coefficients. 
Finally,  dividing  the  first  remainder  by  the  second  and  neg- 
lecting, as  before,  multiples  of  7,  we  find  the  third  remainder 
equal  to  zero ;  it  having  been  necessary  to  add  the  term  —  7a;4 
to  the  dividend  before  effecting  the  division.  Hence  the  pro- 
posed congruence  has  three  roots  belonging  to  the  congruence 
of  the  third  degree 

2x*  -  tf  -  2x  +  I  =  0,  mod.  7 ; 
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or,  adding  7#2  —  7  to  the  first  member  and  dividing  by  2, 

xa  +  3a?—  x  -  3,  or  (x  -  1)  (x  +  1)  (a;  +  3)  =  0. 
Consequently  the  proposed  congruence  admits  the  three  roots 
1,  —  1,  —  3 ;  which  may  be  replaced  by  1,  6,  4. 

212.     If  the  modulus  p  be  a  prime  number,  the  con- 
gruence 

(x-l]  (x-2)(x-3)  ...(x-p+l)-xp-1  +  l  =  0,mo&.p, 
admits  of  the  p  —  \  roots  1,  2,  3,  ... p  —  1 ;  and  as  its  degree 
is  only  p  —  2  when  its  first  member  is  arranged  according  to 
powers  of  a;,  all  its  coefficients  must  be  divisible  by  p.     If 
therefore  we  denote  by  sl,  *2,  &c.  the  sum  of  the  numbers 
1,  2,  3,  ...p  —  1 ;  the  sum  of  the  products  of  every  two;  &c., 
and  by  sp_1  the  product  of  all  of  them,  we  have 
^  =  0,  s2  =  0,  &c.  Vi  +  l  =  0, 

relative  to  the  modulus^?.  The  last  of  these  congruences  is 
Wilsons  theorem.  Moreover  the  coefficients  of  the  equation 

(x-  1)  (a;_2)  (a; -3)  ...  (a;  -p  +  1)  =  0, 

when  arranged  according  to  powers  of  x,  being,  with  the 
exception  of  the  last  term,  multiples  of  p,  Newton  s  formulae 
for  the  sums  of  the  powers  of  the  roots  of  an  equation  (Art. 
151)  shew  that  the  sum  of  the  m01  powers  of  the  p  —  1  roots 
1,  2,  3,  ...  (p  —  l)  is  always  divisible  by  p,  unless  m  be  a 
multiple  of^>  —  1. 


BINOMIAL  CONGRUENCES,   PRIMITIVE  ROOTS. 

The  properties  of  Binomial  Congruences  are  analogous  to 
those  of  Binomial  Equations ;  and  throughout  the  following 
investigation  of  them  we  suppose  the  modulus  p  to  be  a  prime 
number. . 

213.     The  roots  common  to  the  two  congruences 

xm=l,    xn  =  l (1), 

also  belong  to  x*=  1,  where  t  is  the  greatest  common  measure 
of  m  and  n\  this  follows  from  Art.  211,  because  x*  —  1  is  the 
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greatest  common  divisor  of  a"  -  1  and  a"  -  1  ;  and  conversely, 
every  root  of  the  congruence  acf=l,  satisfies  the  two  con- 
gruences (1). 

Hence  the  roots  of  any  proposed  congruence,  xm  =  I,  since 
they  are  integers  between  0  and  p,  all  satisfy  xT  l  =  1  by 
Fermafs  theorem;  and,  consequently,  are  also  roots  of  x'=  1, 
/  being  the  greatest  common  measure  of  m  and  p  —  1.  As  x'—  1 
is  a  divisor  of  a^1-  1,  of  =  1  has  exactly  t  roots  (Art.  210), 
the  same  number  of  roots  as  the  proposed  has  :  if  m  is  prime 
to  p-  1,  then  t=l,  and  the  congruence  xm  =  1  has  no  root  be- 
sides unity.  Hence  we  may  limit  our  investigation  of  the  roots 
of  the  congruence 

xm  =  1,  mod.^> 

to  the  case  where  m  is  a  divisor  of  p  —  1. 

214.  If  a  be  a  root  of  xm  =  1,  mod.  p,  where  m  is  a  divisor 
ofp—I,  then  a",  any  power  of  a,  or  the  minimum  residual 
of  a",  is  also  a  root. 

For  if  we  have  am  =  1,  then  a"m  =  1,  or  (a")m  =  1  ;  and  if  ft 
denote  the  minimum  residual  of  a",  then  an  =  ft,  .'.  ft"  =  1. 
Consequently  all  the  terms  of  the  series  a,  a2,  a3,  &c.,  as  well 
as  the  minimum  residuals  of  those  quantities,  are  roots  of 
«*  =  1.  But  since  am  =  1,  we  have  also  am+1  =  a,  am+2  =  a2,  &c.; 
so  that  the  series  of  powers  of  a  contains  at  most  m  terms 
having  different  residuals  ;  and  these  residuals  recur  in  periods 
of  m  terms.  If  no  two  of  the  first  m  terms  a,  a2,  a3  ...  aw  are 
equivalent,  that  is,  congruent  relative  to  the  modulus  j?,  then 
their  residuals  are  the  m  roots  of  the  proposed  congruence. 
In  the  contrary  case,  if  we  have  two  terms  whose  indices  are 
less  than  m  congruent  with  one  another,  an+n  =  an  ;  then,  a 
being  prime  tojo,  we  get  by  dividing  by  a"',  a"=  1,  and  con- 
sequently a  is  a  root  of  the  congruence  xn=  1,  of  a  degree 
inferior  to  m. 

It  hence  results  that  if  a  be  a  root  of  the  congruence 
xm  =  1  ,  not  belonging  to  any  congruence  x"  =  1  where  n  <  m, 
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then  the  m  roots  of  the  proposed  will  be  the  residuals  of  the 
m  powers  of  a,  a,  a8,  a8,  ...  am.  The  primitive  roots  of  the 
congruence  xm=  1,  where  m  is  a  divisor  of^?—  1,  are  those 
which  do  not  belong  to  any  congruence  xn=  1,  where  n  <  m. 
Any  primitive  root  by  its  different  powers  can  produce  all 
the  other  roots.  Any  non-primitive  root  of  xm=l,  belonging 
to  x*  =  I  where  n  <  m  but  is  not  a  divisor  of  m,  belongs  also 
to  a  third  congruence  x*  =  1  where  n'  is  a  divisor  of  m. 

Ex.  £C8=  1,  mod.  7;  here  a?  =  3;  and  the  powers  of  3, 
1,  3,  32,  38,  34,  35  or  their  residuals  1,3,  2,  6,  4,  5,  are  the  six 
roots.  Also  the  numbers  1,  2,  22,  28,  2*,  2s  are  roots  ;  but  as 
their  residuals  are  1,  2,  4,  1,  2,  4,  they  only  furnish  three 
different  roots.  Hence  3  is  a  primitive  root  of  the  con- 
gruence a;8=l,  and  2  a  non-primitive  root;  and  we  perceive 
that  2  is  a  root  of  xs=  1,  mod.  7,  a  congruence  whose  degree 
is  a  divisor  of  6. 

215.  In  the  congruence  xm=l,  let  m  =  q't;  then  every 
non-  primitive  root  of  x^  =  1,  (2)  belongs  to  x*=  1  where  t  is 
a  divisor  of  q*  and  also  of  q*~l  ;  consequently  the  root  belongs 
to  a;4**  =  1,  (3).  Moreover  all  the  roots  of  (3)  are  roots  of  (2), 
and  their  number  is  g*1-1  ;  consequently  the  number  of  primi- 
tive roots  of  the  proposed  is  <£•  —  q*~l. 

Suppose  now  that  m  =  q*rv  .  .  .  s0",  q,  r,  ...s  being  its  un- 
equal prime  factors.  Let  a,  ft,  .  .  .  \  be  primitive  roots  re- 
spectively, of 

x*"  =  1,  of"  =  1,  &c.,  of  =  1  ; 

then  will  a/3  ...  X  be  a  primitive  root  of  the  proposed  congru- 
ence, xm=l.  First  of  all,  it  is  evident  that  a/S...X,  or  its 
residual,  is  a  root  :  for  having 

a?  =1,  /S-'s  1,  &c.,  V'EE  1,  we  have 


Now  if  the  product  a/3  ...  \  be  not  a  primitive  root  of 
the  proposed,  it  will  be  a  root  of  x*  =  1  whose  degree  t  is  a 
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divisor  of  m  ;  and  there  will  be  at  least  one  of  the  prime 
factors  of  m,  a  less  power  of  which  will  be  found  in  t  than 
in  m.  Let  this  be  q,  then  t  will  divide  ^"V"  ...  s0",  and  con- 
sequently aft  .  .  .  X  will  be  a  root  of  the  congruence 


yip   <?...,*=  j  .  we  shaii  therefore  have 
(aft  ...  \)^~1'J'"'<r=  1  ;  but  we  have  also 
(fty  ...  \f     **•"'*  =  1  ;  therefore  by  division  we  get 

J""~'sli 

from  which  we  see  that  a  is  a  root  of  the  two  congruences 

a-^-'sl,  and^=l; 

and  consequently  of  x*  =  1,  since  2*1-1  is  the  greatest  common 
divisor  of  the  degrees  of  the  two  preceding  congruences. 

Therefore  a  is  not,  as  was  supposed,  a  primitive  root  of  x^=  1. 
Consequently  a/3  .  .  .  X,  or  its  residual,  is  a  primitive  root  of 
the  proposed  congruence. 

216.  By  reasonings  similar  to  those  employed  at  Art.  79 
it  may  be  shewn  that  all  the  roots,  both  primitive  and  non- 
primitive,  of  xm=  1,  where  m  =  q>irv...s'r,  are  comprised  in  the 
formula  x  =  o/3  .  .  .  X,  which  is  composed  of  the  product  of  one 
root  a  belonging  to  x^  =  1,  one  root  /3  belonging  to  a?  =  1, 
&c.,  and  one  root  X  belonging  to  of=\.  And  the  same 
formula  furnishes  the  primitive  roots  of  the  proposed  con- 
gruence, if  we  take  for  a,  yS,  .  .  .  X  the  different  primitive  roots 
of  the  congruences  to  which  those  roots  respectively  belong. 

And  as  the  number  of  primitive  roots  a  is  $^(1  —  ),  the 
number  of  primitive  roots  ft  is  r"  (  1  —  J  ,  &c.,  and  that  of  the 

primitive  roots  X  is  s*  (  1  —  ]  ;  therefore  the  number  of  pri- 
\       */ 

mitive  roots  of  the  proposed  congruence,  xm=  1,  is 
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a  formula  which  also  expresses  how  many  numbers  there  are 
prime  to  m  and  less  than  m. 

Ex.     x9  =  1,  mod.  13.     The  roots  will  be  found  to  be 

10     4     3     9     12     1; 
and  the  congruences  of  inferior  degrees  with  their  roots,  are 

x'  =  l,       5     8     12     1 

a8  =  l,       39       1 

x*  =  1,     12     1. 

All  the  roots  of  the  proposed  are  the  residuals  of  the  pro- 
ducts of  every  root  of  xs  =  1  multiplied  by  every  root  of  x2  =  1 ; 
and  its  primitive  roots,  of  which  there  can  be  only  two,  and 
which  are  evidently  10  and  4,  are  the  residuals  of  3  x  12  and 
9  x  12,  the  products  of  the  primitive  roots  of  the  same  equa- 
tions. The  root  12,  which  belongs  to  x*  =  I,  belongs  also 
to  xa=l. 


PRIMITIVE   BOOTS   OF   PRIME  NUMBERS. 

217.  The  primitive  roots  of  a  prime  number  p  are  the 
primitive  roots  of  the  congruence  xp~l=  1,  mod.  p]  and  they 
have  the  property  that  the  several  powers  of  any  one  of  them 
from  1  to  p  —  1,  when  divided  by  p,  leave  different  remainders. 
For  let  a  be  one  of  them,  then  a,  a2,  a8, ...  a*""1  are  roots  of 
a^"1^  1,  and  therefore  their  residuals  relative  to^>  are  roots; 
and   consequently    coincide    with    1,  2,  3,  ...  p  —  1,   which 
by  F&rfnafs  theorem  are  all  the  roots  of  x*~*  —  1  =  0.     The 
primitive  roots  of  any  prime  number  may  be  found  by  means 
of  the  following  propositions. 

218.  If  p  be  any  prime  number,  and  p  —  1  =  mn,  then 
the  residuals  of  the  m01  powers  of  1,  2,  3,  ...p  —  l,  relative  to 
p,  are  roots  of  the  congruence  xn=l,  and  are  therefore  in 
number  n  and  cannot  be  primitive  roots  of  x**  =  1 ;  and,  con- 
versely, if  a  be  any  root  of  xn  =  1,  then  will  a  be  the  residual 
of  the  m^  powers  of  m  of  the  numbers  1,  2,  3,...^?—!,  the 
congruence  xn  =  a  admitting  of  m  roots. 

36 
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For  let  a  denote  one  of  the  numbers  1,2,  3,  ...p  —  1,  and 
p  the  residual  of  its  mto  power  so  that  am  =  p;  then  raising 
both  members  to  the  n*  power,  amn  =  pn;  but  by  Fermats 
theorem  a1""  =  a17"1  is  congruent  with  1,  therefore  pn  is  con- 
gruent with  1,  or  p  is  a  root  of  xn  =  1. 

Also  if  a  be  a  root  of  xn=  1,  then  an  —  1  =^  where  q  is 
a  whole  number  ;  and  subtracting  each  member  of  this  equa- 
tion from  x^  -  1,  we  get 

xp-1-a>  =  xp-l-l-pq. 

But  the  first  member,  which  is  the  same  as  xm*  —  an,  has 
xm  —  a  for  a  divisor,  therefore  the  second  member  admits  the 
same  divisor;  and  consequently  (Art.  210)  the  congruence 
xm  =  a  admits  of  m  roots  taken  from  the  numbers  1,  2,  3,  ... 
p  —  1  ;  and  therefore  a  is  the  residual  of  the  wth  powers  of  m 
of  the  same  numbers. 

219.     Generally,  if  p  be  a  prime  number,  and 


the  non-primitive  roots  of  xp~l  —  1=0,  which  necessarily 
belong  to  one  of  the  congruences 

P-l  Pz.1  P-l  P-l 

#»=!,    oj*=l,    #  r  =  1,  ...a;  '  =  1  .........  (1), 

are,  by  the  preceding  proposition,  residuals,  after  dividing  by 
2),  of  the  squares  of  the  numbers  1,  2,  3  ...  (p—  1)  ;  of  the 
q^  powers  of  the  same,  &c.,  and  of  the  sth  powers  of  the  same. 
And,  conversely,  every  number  that  is  a  residual  of  the 
square,  of  the  qih  power,  &c.  or  of  the  sth  power,  of  one  of  the 
numbers  1,  2,  3,  ...  p  —  l,  is  a  root  of  one  of  the  congruences 
(1)  and  cannot  therefore  be  a  primitive  root  of  o^1  —  1  =  0,  or 
a  primitive  root  of  p.  We  see  likewise  that  half  of  the  num- 
bers 1,  2,  3  ...p  —  1,  are  the  remainders  when  the  squares  of 
the  whole  of  them  are  divided  by  p  ;  a.  q01  part  of  them  are 
the  remainders  when  the  q**1  powers  of  the  whole  of  them 
are  divided  by  p  ;  an  rth  part  are  the  residuals  of  their  rtt 
powers,  &c.  ;  and  an  5th  part  of  the  5th  powers.  And,  more 
generally,  if  we  only  consider  those  amongst  the  numbers 
1,  2,  3  ...p—  1,  which  are  at  once  residuals  of  the  squares, 
q*  powers,  r*h  powers,  &c.,  the  sto  part  of  these  latter  will  be 
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at  the  same  time  residuals  of  the  sth  powers.  For  the  num- 
bers which  are  at  once  residuals  of  the  squares,  2th  powers, 
r01  powers,  &c.  of  the  numbers  1,  2,  3,  ...p—  1  satisfy  the 

congruences 

P—I  p—i  p—  i 

X  *    =  1,     X  *    =  1,     X  r   =  1,   &C., 
y-1 

and  consequently  are  roots  of  #""•••=  1  ;  their  number  there- 
p  _  1 

fore  is  •£•  -  .     Similarly,  the  number  of  those  which  are  at 
2qr... 

the  same  time  residuals  of  the  sth  powers  is  ;*•  -  ,  which  is 

2qr...s 

the  5th  part  of  £—  i  . 
2qr... 

220.     To  find  the  primitive  roots  of  a  prime  number. 
Let  j9  be  a  prime  number,  2,  q,  r,  ...  s  the  unequal  prime 
factors  of  p  —  1  ;  if  from  the  series  of  numbers 

1,  2,  3,  4,...^-!,  ...............  (1), 

we  successively  remove  all  those  which  are  residuals  of  the 
squares  of  the  above  numbers,  of  the  qib  powers  of  the  same, 
of  their  rth  powers,  &c.,  and  of  their  sib  powers,  when  divided 
by  p,  there  will  at  last  remain  only  primitive  roots  of  p.  By 
means  of  the  residuals  of  the  squares,  we  exclude  half  of  the 
numbers  (1)  ;  by  means  of  the  residuals  of  the  qih  powers  we 
exclude  a  gtb  part  of  those  that  remain  ;  and  so  on,  till  we 
arrive  at  the  residuals  of  the  5th  powers  which  are  the  last  to 
be  excluded;  and  the  number  of  those  that  finally  remain, 
i.  e.  the  number  of  primitive  roots  will  therefore  be 


Ex.  1.     To  find  the  primitive  roots  of  13. 

Here  p  —  I  =  12  =  22x3;  and  writing  down  all  the  num- 
bers less  than  13,  and  the  square  of  the  first  half  of  them, 
{as  the  latter  half,  by  reason  of  the  relation  (13  —  w)2=nf, 
must  give  the  same  remainders  as  the  first  half},  we  have 

123456789     10     11     12,  ......  (1) 

1     4     9     16     25     36, 
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and  dividing  by  13,  we  get  the  residuals  of  the  squares 

1,     4,     9,     3,     12,     10, 
which  when  removed  from  (1)  leave 

25678     11, (2). 

The  cubes  of  these,  and  their  residuals  after  being  divided 

by  13,  are 

8     125,     216,     343,     512,     1331, 

88855  5. 

Suppressing,  therefore,  the  residuals  of  the  cubes  from  (2), 
we  find  2,  6,  7,  11  for  the  primitive  roots  of  13 ;  their  num- 
ber being  12(l-i)(l-J)=4. 

If  we  had  divided  by  13  the  cubes  of  all  the  numbers  (1), 
we  should  have  found  only  four  different  remainders ;  since 
all  those  remainders  are  roots  of  x*=  1. 

Ex.  2.     To  find  the  primitive  roots  of  17. 

As  17  —  1  =  16  =  2*,  we  have  in  this  case  only  to  reject 
from  the  series  1,  2,  3  ...  15,  16,  the  residuals  of  the  squares 
of  the  first  half,  which  are 

1,  4,  9,  16,  8,  2,  15,  13; 
so  that  the  eight  primitive  roots  of  17  are 

3,  5,  6,  7,  10,  11,  12,  14. 

For  further  details  on  this  subject  the  reader  is  referred  to 
Serret's  Cours  cFAUfibre  Supfrieure,  from  which  considerable 
assistance  has  been  derived. 
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allusions.  Each  Author  will  be  placed  in  the  hands  of  a  competent  editor  specially  acquainted 
with  the  literature  and  bibliography  of  the  period. 

Externally  this  new  Edition  will  resemble  the  former,  but  with  some  improvements.  It 
will  be  elegantly  printed  by  Whittingham,  on  toned  paper  manufactured  expressly  for  it  ;  and 
a  highly  finished  portrait  of  each  author  will  be  given. 

The  Aldine  Edition  of  the  British  Poets  has  hitherto  been  the  favourite  Series  with  the  ad- 
mirers of  choice  books,  and  every  effort  will  be  made  to  increase  its  claims  as  a  comprehensive 
and  faithful  mirror  of  the  poetic  genius  of  the  nation. 

JSKENSIDE'S     POETICAL 

WORKS,  with  Memoir  by  the  Rev. 

A.  DYCE,  and  additional  Letters, 
carefully  revised.  5s.  Morocco,  or  an- 
tique morocco,  10s.  6d. 

COLLINS'S  POEMS,  with  Memoir 
and  Notes  by  W.  MOY  THOMAS,  Esq.  3s.  6d. 
Morocco,  or^  antique  morocco,  8s.  6d. 

GRAY'S  POETICAL  WORKS,  with 

Notes  and  Memoir  by  the  Rev.  Jons  MIT- 
FORD.  5s.  Morocco,  or  antique-  morocco. 
10s.  6d. 

KIRKE     WHITE'S    POEMS,    with 

Memoir  by  Sir  H.  NICOLAS,  and  additional 
Notes.  Carefully  revised.  5s.  Morocco, 
or  antique  morocco,  10s.  6d. 

SHAKESPEARE'S  POEMS,  with 
Memoir  by  the  Rev.  A.  DYCE.  5s.  Mo- 
rocco, or  antique  morocco,  10s.  6d. 

YOUNG'S  POEMS,  with  Memoir  by 

the  Rev.  John  Mitford,  and  additional 
Poems.  2  vols.  10s.  Morocco,  or  antique 
morocco,  11.  is. 

THOMSON'S  POEMS,  with  Memoir 

by  Sir  II.  NICOLAS,  and  additional  Poems; 
the  whole  very  carefully  revised,  and  the 
Memoir  annotated  by  PETER  CUNNINGHAM, 
Esq.,  F.S.A.  .  2  vola.  10s.  Morocco,  or 
antique  morocco,  11.  Is. 

THOMSON'S  SEASONS,  AND 
CASTLE  OF  INDOLENCE,  with  Me- 
moir. 6*.  Morocco,  or  antique  morocco. 
Hi.  6d. 

DRYDEN'S    POETICAL    WORKS, 

with  Memoir  by  the  Rev.  R.  HOOPER, 
F.S.A.  Carefully  revised.  [/n  ihe  press. 

COWPER'S    POETICAL   WORKS, 

including  his  Translations.  Edited,  with 
Memoir,  by  JOHN  BRUCE,  Esq.,  F.S.A. 

[Pnparbif, 


Uniform  with  the  Aldine  Edition  of  the  Poets. 

THE     TEMPLE      AND      OTHER 

POEMS.  By  GEORGE  HERBERT,  with 
Coleridge's  Notes.  New  Edition.  5s. 
Morocco,  antique  calf  or  morocco,  10s.  6d. 

THE  WORKS  OF  GRAY,  edited  by 

the  Rev.  JOHN  MITFORD.  With  his  Cor- 
respondence with  Mr.  Chute  and  others, 
Journal  kept  at  Rome,  Criticism  on  the 
Sculptures,  &c.  New  Edition.  5  vols.  11.5s. 

VAUGHAN'S  SACRED  POEMS 
AND  PIOUS  EJACULATIONS.  «-ith 
Memoir  by  the  Rev.  II .  F.  Lvi 
Edition.  5s.  Antique  calf  or  morocco, 
10s.  6d.  Large  Paper,  7s.  6d.  Antique  calf, 
14s.  Antique  morocco,  15s. 

"  Preserving  all  the  piety  of  George  Herbert, 
they  have  less  of  his  quaint  and  fantastic  turns, 
with  a  much  larger  infusion  of  poetic  feeling  and 
expression." — LYTE. 

BISHOP  JEREMY  TAYLOR'S 
RULE  AND  EXERCISES  OF  HOLY 
LIVING  AND  HOLY  DYING. 
2s.  6d.  each.  Morocco,  antique  calf  or 
morocco,  7s.  6d.  each.  In  one  volume. 
5s.  Morocco,  antique  calf  or  morocco, 
10s.  6d. 

BISHOP  BUTLER'S  ANALOGY  OF 
RELIGION  ;  with  Analytical  Introduc- 
tion and  copious  Index,  by  the  Rev.  J)r. 
STEER E.  6*.  Antique  call,  11s.  6d. 


New  and  Standard  Publications. 


nijorm  with  the  Aldine  Edition  of  the  Poets. 

[SHOP      BUTLER'S     SERMONS 

AND  REMAINS;  with  Memoir,  by  the 
•Rev.  E.  STEERE,  LL.D.  6s. 

%*  This  volume  contains  some  additional 
remains,  which  are  copyright,  and  render 
it  the  most  complete  edition  extant. 

ISHOP    BUTLER'S    COMPLETE 

WORKS;    with  Memoir  by  the  Rev.  Dr. 

.Sri. I.HE.     2  vols.     12s. 

AGON'S     ADVANCEMENT      OF 

1 . 1  :  A  K  N  I  N  ( i .  Edited,  with  short  Notes, 
by  tlu-  Rev.  G.  \V.  Kirciux,  M.A.,  Christ 
Church,  Oxford.  6s.  Antique  calf,  11s.  6d, 

AGON'S  ESSAYS;  or,  Counsels 
Civil  and  Moral,  with  the  Wisdom  of  the 
Ancients.  With  References  and  Notes  by 
S.  \\  .  SINGKH,  F.S.A.  5s.  Morocco,  or 
antique  calf,  10s.  6d. 

ACON'S    NOVUM     ORGANUM. 

Newly  translated,  with  short  Notes,  by  the 
Rev.  ANDRI.W  JOHNSON,  M.A.  6s.  An- 
tique calf,  11s.  6d. 

OCKE   ON  THE  CONDUCT  OF 

THE  HUMAN  UNDERSTANDING; 
edited  by  HOI.TON  CoRNtY,Esq.,  M.R.S.L., 
3s.  6d.  Anti(|ue  calf,  8s.  6d. 

"  I  cannot  think  any  parent  or  instructor  jus- 
tified in  neglecting  to  put  this  little  treatise  into 
the  hands  of  a  boy  about  the  time  when  the  rea- 
soning faculties  become  developed." — HALLAM. 

LTIMATE     CIVILIZATION.      By 

ISAAC  TAYLOR,  Esq.     6s. 

OGIC  IN  THEOLOGY,  AND 
OTHER  ESSAYS.  By  ISAAC  TAYLOR, 
Esq.  6s. 

HE     PHYSICAL    THEORY     OF 

ANOTHER  LIFE.  By  ISAAC  TAYLOR, 
Esq.,  Author  of  the  "  Natural  History  of 
Enthusiasm,"  "  Restoration  of  Belief,"  &c. 
New  Edition.  6s.  Antique  calf,  11s.  6d. 


R.      RICHARDSON'S     NEW 

DICTIONARY  OF  THE  ENG- 
LISH I.AMMAGE.  Combining 
Explanation  with  Etymology,  and  copiously 
illustrated  by  Quotations  from  the  beat 
authorities.  New  Edition,  with  a  Supple- 
ment containing  additional  Words  ana  fur- 
ther Illustrations.  In  2  vols  4to.,  41. 14s.  6d. 
Half  bound  in  russia,  51.  15s.  6d.  Russia, 
6/.  12.-. 

The  WORDS — with  those  of  the  same 
Family — are  traced  to  their  Origin. 

The  EXPLANATIONS  are  deduced  from  the 
Primitive  Meaning  through  the  various 
Usages. 

The  QUOTATIONS  are  arranged  Chrono- 
logically, from  the  Earliest  Period  to  the 
Present  Time. 
*,*  The  Supplement  separately,  4to.   12s. 

An  8vo.  Edition,  without  the  Quota- 
tions, 15s.  Half-russia,  20s.  Russia,  24s. 
"  It  is  an  admirable  addition  to  our  Lexico- 
graphy, supplying  a  great  desideratum,  as  ex- 
hibiting the  biography  of  each  word — its  birth, 
parentage,  and  education,  the  changes  that  have 
befallen  it,  the  company  it  has  kept,  and  the 
connections  it  has  formed — by  ricn  series  of 
quotations,  all  in  chronological  order.  This  is 
such  a  Dictionary  as  perhaps  no  other  language 
could  ever  boast. — Quarterly  Sevietc. 

DR.  RICHARDSON  ON  THE 
STUDY  OF  LANGUAGE:  an  Exposi- 
tion of  Home  Tooke's  Diversions  of  Purley . 
Fcap.  8vo.  4s.  6d. 


R.  S.  W.  SINGER'S  NEW 
EDITION  OF  SHAKESPEARE'S 
DRAMATIC  WORKS.  The  Text 

c:ir  -fully  revised,  with  Notes.  The  Life 
of  the  Poet  and  a  Critical  Essay  on  each 
Play  by  U  .  W.  LLOYD,  Esq.  10  vols.  6s. 
each.  Calf,  5/.  5s.  Morocco,  6/.  6s. 

arge  Paper  Edition,  crown  8vo. 
4/.  10s.  Calf,  6/.  16s.  6d.  Morocco,  8/.  8s. 
•'  Mr.  Singer  has  produced  a  text,  the  accuracy 
of  which  cannot  be  surpassed  in  the  present  stute 
of  antiquarian  and  philological  knowledge." — 
Daily  A'eirt. 


LIFE  IN   PALES- 
By  M.  E.  ROGERS.    Post 


TINE. 

8vo.     10s.  6d. 

BY-ROADS  AND  BATTLE  FIELDS 

IN  PICARDY:  with  Incidents  and 
Gatherings  by  the  Way  between  Amble- 
teuse  and  Ham  ;  including  Agincourt  and 
Crecy.  By  G.  M.  MUSGRAVE,  M.A., 
Author  of  "  A  Pilgrimage  into  Dauphine," 
&c.  Illustrated.  Super  royal  8vo.  16s. 

THE  BOAT  AND  THE  CARAVAN. 

A  Family  Tour  through  Egypt  and  Syria. 
Xew  and  cheaper  Edition.  Fcap.  8vo.  5t.  6d. 

FRAGMENTS  OF  VOYAGES  AND 

TRAVELS.  By  Captain  BASIL  HALL, 
15. N.,  F.R.S.  1st,  2nd,  and  3rd  Series  in 
1  vol.  complete.  iYeu>  Edition.  Royal  8vo. 
10s.  6d. 

THE  GEM  OFTHORNEY  ISLAND ; 

or,  The  Historical  Associations  of  West- 
minster Abbey.  By  the  Rev.  J.Rmow.w, 
M.A.  Crown  8vo.  7s.6d. 
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Messrs.  Bdl  and  Daldy's 


THE  LIFE  AND  TIMES  OF  AONIO 
J'ALEARIO;  or,  a  History  of  the  Italian 
Reformers  in  the  Sixteenth  Century.  Il- 
lustrated by  Original  Letters  and  unedited 
Documents.  By  M.  YOUNG.  2  vols.  8vo. 
I/.  12s. 

CLAUDE  DE  VESCI ;  or,  the  Lost 
Inheritance.  2  vols.  Fcap.  8vo.  9s. 

MAUD  BINGLEY.      By  FREDERICA 

GRAHAM.     2  vols.     Fcap.  8vo.     12s. 

THE   WAYFARERS:    or,   Toil  and 

Rest.     By  Mrs.  LATHAM.     Fcap.     5s. 

THE    MANSE     OF     MASTLAND. 

Sketches :  Serious  and  Humorous,  in  the 
Life  of  a  Village  I'astor  in  the  Netherlands. 
Translated  from  the  Dutch  by  THOMAS 
KEIGHTLEY,  M.A.  Post  8vo.  9s. 

THE  HOME  LIFE  OF  ENGLISH 
LADIES  IN  THE  SEVENTEENTH 
CENTURY.  By  the  Author  of  "  Mag- 
dalen Stafford."  Second  Id  it  ion,  enlarged. 
Fcap.  8vo.  6s.  Calf,  9s.  6d. 

THE  ROMANCE  AND  ITS  HERO. 

By  the  Author  of  "  Magdalen  Stafford." 
2  vols.  Fcap.  8vo.  12s. 

MAGDALEN  STAFFORD.     A  Tale. 

Fcap.  8vo.     5s. 


BY  THE  LATE  MRS.  WoODROOFFE. 

DIALOGUES.     New 

Edition.     12mo.     4s.  6d. 

SHADES  OF  CHARACTER  ; 

or,  the  Infant  Pilgrim.     Seventh  Edition. 
'2  vols.     l'2mo.     lis. 

MICHAEL   KEMP,  the   Happy  Far- 
mer's Lad.    8tfc  Edition.    12mo.    4s. 

A  SEQUEL  TO  MICHAEL  KEMP. 

.Ye u-  Edition.     12mo.     6s.  6d. 


MONG      THE      TARTAR 

TENTS ;  or,  The  Lost  Fathers.  A 
T;ili-.  I'.y  A\M  MOWMAN,  Author 
of'  "  Esjperanza,  "  The  Boy  Voyagers," 
&c.  With  Illustrations.  Crown  8vo.  5s. 

CAVALIERS  AND  ROUND  HEADS. 

By  .1.  IF.  EDCAR,  Author  of  "  Sea  Kings 
and  Naval  Heroes."  Illustrated  by  AMY 
MUTTS.  Fcap.  8vo.  5s. 

SEA-KINGS  AND  NAVAL  HEROES. 

A  Book  for  Boys.  By  J.  G.  KDOAR.  With 
Illustrations  by  C.  K.  JOHNSON  and  C. 
KKKNK.  Fcftp.  8vo.  5*. 


THE  WHITE  LADY  AND  UNDINE, 

Translated  from  the  German  by  the  1  Ion.  C. 
L.  LYTTELTON.  With  numerous  Illustra- 
tions. Fcap.  8vo.  5s.  Or,  separately,  2s.  6d. 
each. 


MRS.  ALFRED  GATTY'S  POPULAR 
WORKS. 

'  We  should  not  be  doing  justice  to  the  highest  claw 
of  juvenile  fiction,  were  we  to  omit,  as  particularly 
worthy  of  attention  at  this  season,  the  wl 
of  Mrs.  Gatty's  admirable  books.  They  are  quite 
sui  generis,  and  deserve  the  widest  possible  circu- 
lation."— Literary  Churchman. 

IARABLES  FROM  NATURE; 

with  Notes  on  the  Natural  History. 

Illustrated  by  \Y.  HOI.MAN  HI-XT, 
OTTO  SPECKTER,  C.  W.  COPE,  R.A.,  E 
WARREN,  W.  MILLAIS,  G.  THOMAS,  and  R 
CAT.DEROX.  8vo.  Ornamental  cloth,  lOs.W 
Antique  morocco  elegant,  I/.  Is. 

PARABLES  FROM  NATURE.  1 6mo 

with  Illustrations.  Tenth  Edition.  3s.  6d 
Separately  :  First  Series,  Is.  6d. ;  Seconc 
Series,  2s. 

RED  SNOW,  and  other  Parables  fronr 
Nature.  Third  Series,  with  Illustrations 
Second  Edition.  16mo.  2*. 

WORLDS  NOT  REALIZED.     i6mo 

Third  Edition.     2s. 

PROVERBS  ILLUSTRATED.    i6mo 

with  Illustrations.     Third  Edition.     '.'.<. 
%*  These  little  works  have  been  found  nte 
ful  for  Sunday  reading  in  thefumilychrcb 
and   instructive  and   interesting   to  schoi 
children. 

AUNT  JUDY'S  TALES.      Illustrate. 

by  CLARA  S.  LAN  E.  Fcap.  8vo.  Third  Edi 
tion.  3s.  6d. 

THE  HUMAN  FACE  DIVINE.  an< 

other  Tales.  With  Illustrations  by  C.  S 
LANE.  Fcap.  8vo.  3s.  6d. 

THE  FAIRY   GODMOTHERS,  an< 

other  Tales.  Third  Edition.  .Fcap.  8vc 
with  Frontispiece.  2s.  6V/. 

LEGENDARY  TALES.     With  Illus 

trations  by  PHIZ.     Fcap.  8ro.     5s. 

THE  POOR  INCUMBENT.      Fcap 

8vo.     Sewed,  Is.     Cloth,  1*.  6d. 

THE  OLD  FOLKS  FROM  HOME 

or,  a  Holiday  in  Ireland  in  1861. 
Edition.     Post  8vo.     7s.  6d. 


New  and  Standard  Publications. 


HE  LIFE  AND  ADVENTURES 

OF  ROIUNSON  CRUSOE.  J5v 
DAMH.  Duot.  With  100  Illu-"- 
trations  by  E.  II.  \Vehnert.  Uniform  with 
"  Andersen's  Tales."  Small  8vo.  Cloth, 
gilt  edges,  7s.  6d. 

NDERSEN'S  TALES  FOR  CHIL- 
DREN. Translated  by  A.  WEHMHT. 
With  105  Illustrations  by'E.  H  WEIINERT, 
\V.  THOMAS,  and  others.  Small  8vo.  Cloth, 
gilt  edges,  7s.  6d. 

URSERY  CAROI^S.  Illustrated  with 
120  Pictures.  By  Lvowic  RICTHER  and 
OSCAR  PtETSCH.  Imperial  16mo.  Orna- 
mental Binding.  3*.  6d.,  coloured,  65. 

[TTLE  MAGGIE  AND  HER  BRO- 
THER. By  Mrs.  G.  HOOPER,  Author  of 
"  Recollecrionsof  Mrs.  Anderson's  School," 
"  Arbell,"&c.  With  a  Frontispiece.  Fcap. 
8vo.  2«.  6d. 

UESSING  STORIES  ;  or,  the  Sur- 
prising Adventures  of  the  Man  with  the 
Extra  Pair  of  Eyes.  A  Book  for  Young 
People.  By  a  Country  Parson.  Imperial 
16mo.  Cloth,  gilt  edges,  3t. 

HE  CHILDREN'S  PICTURE 
BOOK  OF  GOOD  AND  GREAT  .MEN. 
Written  expressly  for  Young  People,  and 
Illustrated  with  Fifty  large  Engravings. 
Super  royal  16mo.  Cloth,  gilt  edges,  5t. 
With  Coloured  Illustrations,  9*. 

HE  CHILDREN'S  PICTURE 
BOOK  OF  ENGLISH  HISTORY. 
Written  expressly  for  Young  People,  and 
Illustrated  with  Sixty  large  Engravings. 
Super  royal  16rao.  Cloth,  gilt  edges,  5*. 
With  Coloured  Illustrations,  9*. 

HE    CHILDREN'S    BIBLE    PIC- 

1  URE  HOOK.  Written  expressly  for 
Young  People,  and  Illustrated  with  Eighty 
large  Engravings.  Third  Edition.  Super 
royal  16mo.  Cloth,  gilt  edges,  5*.  W  itL 
Coloured  Illustrations,  9*. 

HE  CHILDREN'S  PICTURE 

BOOK  OF  SCRIPTURE  PARABLES 
AND  BIBLE  MIRACLES,  in  1  voL 
Cloth,  gilt  edges,  5s.  Coloured,  7s.  6d. 

HE  CHILDREN'S  PICTURE 
BOOK  OF  SCRIPTURE  PARABLE.-. 
By  the  Rev.  J.  ERSKINE  CLAREE,  With 
Sixteen  large  Illustrations.  Super  royal 
16mo.  Cloth,  red  edges,  2*.  6d.  Coloured, 
with  gilt  edge*,  St.  6d. 


THE  CHILDREN'S  PICTURE 

HOOK  OF  BIBLE  MIRACLES.  BY 
the  Rev.  J.  EKSKINF.  Ci  UIKI,  M.  A.  With 
Sixteen  large  Illustrations.  Super  royal 
16mo.  Cloth,  red  edges,  2*.  6d.  Coloured, 
with  gilt  edges,  3s.  6d. 

THE  CHILDREN'S  BUNYAN'S 
PILGRIM'S  PROGRESS.  With  Six- 
teen large  Illustrations.  AW  t'.dition. 
Super  ro  vail  Gino.  Cloth,  red  edges,  2*.  6d. 
Coloured,  with  gilt  edges,  3i.  6d. 

THE  CHILDREN'S  PICTURE 
BOOK  OF  THE  LIFE  OF  JOSLI'H, 
written  in  Simple  Language.  With  Six- 
teen large  Illustrations.  Super  royal  IGmo. 
Cloth,  red  edges,  2*.  6d.  Coloured,  with 
gilt  edges,  3i.  61. 

THE    LIFE     OF    CHRISTOPHER 

COLUM  BUS,  it,  Short  Words.  By  SARAH 
CROMPTON.  Crown  8vo.  2».  6a.  Also 
an  Edition  for  Schools,  1*. 

THE  LIFE  OF  MARTIN  LUTHER, 
in  Short  Words.  By  the  same  Author. 
Crown  8vo.  \i.  6d.  Stiff  cover,  1*. 

REDFIELD  ;  or,  a  Visit  to  the  Coun- 
try. A  Story  for  Children.  With  Illus- 
trations by  Absolon.  Super  royal  16mo. 
2*.  6d.  Coloured,  3*.  6d. 

NURSERY  TALES.  By  Mrs.  MO- 
THERLY. With  Illustrations  by  C.  S.  Lane. 
Imperial  16mo.  2».  (Jd.  Coloured,  gilt 
edges,  3i.  6d. 

NURSERY  POETRY.  By  Mrs.  MO- 
THERLY. With  Eight  I  Hustrations  by  C. 
S.  Lane.  Imperial  l6ino.  2*.  6d.  Coloured, 
gilt  edges,  3t.  6d. 

POETRY  FOR  PLAY-HOURS.     By 

GEROA  FAY.  With  Eight  large  Illustrations. 
Imperial  16mo.  3i.  6d.  Coloured,  gilt 
edges,  4*.  6d. 

VERY  LITTLE  TALES  FOR  VERY 
L11TLE  CHILDREN.     In  sin^ 
bles  of  Four  aiid  Fit«  letters.    Xew  Edition. 
Illustrated.    2  vols.     16mo.    It.  6d.  each, 
or  in  1  vol.  3*. 

PROGRESSIVE  TALES  FOR  LIT- 

TLE  CHILDREX.  In  words  of  One  and 
Two  Syllables.  Forming  the  sequel  to 
"Very'  Little  Tales."  Xcic  Edition.  Illus- 
trated. 2  vols.  16rao.  Is.  6d.  each,  or  in 
1  vol.  Si. 


Messrs.  Bell  and  Daldys 


THE   LIGHTS  OF  THE  WILL  O' 

11  IK  W1S11.  Translated  by  Lady  MAX- 
«  i  i.i.  WALLACE.  With  a  coloured  Frontis- 
piece. Imperial  16mo.  Cloth,  gilt  edges, 
5s. 

VOICES  FROM  THE  GREEN- 
WOOD. Adapted  from  the  Original.  By 
Lady  MAXWELL  WALLACE.  With  Illustra- 
tions. Imperial  16mo.  i!s.  6d. 

PRINCESS  ILSE :  a  Legend,  trans- 
lated from  the  German.  By  Lady  MAX- 
WELL WALLACE,  With  Illustrations.  Im- 
perial lomo.  2s.  6d. 

A  POETRY  BOOK  FOR  CHIL- 
DREN. Illustrated  with  Thirty -seven 
highly-finished  Engravings  hy  C.  W .  COPE, 
K.  A .,  HELMSLEY,  PALMER,  SKILL,  THOMAS, 
and  H.  WEIR.  Keie  Edition.  Crown  8vo. 


CLARK'S  INTRODUCTION  TO 

HERALDRY.— Containing  Rules 
for  Blazoning  and  Marshalling 
UoaU  of  Armour — Dictionary  of  Terms — 
Orders  of  Knighthood  explained — Degrees 
of  the  Nobility  and  Gentry — Tables  of 
Precedency ;  48  Engravings,  including  up- 
wards of  1,000  Examples,  and  the  Arms  of 
numerous  Families.  Shteenth  Edition  im- 
proved. Small  8vo.  7s.  6d.  Coloured,  18s. 

BOOK  OF  FAMILY  CRESTS  AND 

MOTTOES,  with  Four  Thousand  Etigrav- 
ingt  of  the  Crests  of  the  Peers,  Baronets, 
and  Gentry  of  England  and  Wales,  and 
Scotland  and  Ireland.  A  Dictionary  of 
Mottoes,  &c.  Ninth  Edition,  enlarged. 
2  vols.  small  8vo.  I/.  Is. 

"  Perhaps  the  best  recommendation  to  its  utility 
and  correctness  (in  the  main)  is,  that  it  has  been 
n«ed  as  a  work  of  reference  in  the  Heralds  Col- 
lege. No  wonder  it  sells."— Spectator. 

BOOK  OF  MOTTOES,  used  by  the 

Nobility,  Gentry,  ,\c.  with  Translations, 
&c.  Aru>  Edition,  enlarged.  Small  8vo 
Cloth  gilt,  2s.  6d. 

A     HANDBOOK     OF    MOTTOES 

M.    MY  THE  NOBILITY,  GEN- 

THV.C] :  III.S,  I'UJLIC  COMPANIES, 

'   l(  .       I  r.n.-i.v.  d   and   Illustrated,   with 

;itnl  Quotations,  by  C.  N.  ELVIX 

M.A.     Small  8vo.    6*. 

GOTHIC    ORNAMENTS;     being   a 

xamples  of  enriched  Details  and 

"(  tin'  Architecture  of  Great 

Britain.    Drawn  from  existing  Authorities. 

l.y  .1.  K.  (  ,„.,  1V(..  Architect.     Koval  Ito 

Tcll.3tl3*6d.    Vol.  II. r,/.  i <;.;,;,/ 


DETAILS  OF  GOTHIC  ARCHI 
TECTURE,  Measured  and  Drawn  iron 
existing  Examples.  By  J.  K.  Coi.uxo 
Architect.  Royal  4to.  2  vole.  51. 5s. 

THE  ARCHITECTURAL  HISTOR\ 
OF  CHICHESTER  CATHEDRA  L,  wit! 
an  Introductory  Essay  on  the  Fall  o 
the  Tower  and  Spire.  By  the  Rev.  R 
WILLIS,  M.A.,  F.  R.S.,  &c.,  Jacksoniai 
Professor  in  the  University  of  Cambridge.— 
Of  Boxgrove  Priory,  by  the  Rev.  j.  L 
PETIT,  M.A.,  F.S.A. — And  of  Shorehan 
Collegiate  Church,  together  with 
lective  Architectural  History  of  the  foregri 
ing  buildings,  as  indicated  by  their  mould 
ings, by  EDMUND  SHARPE,M.  A. ,F.R.1.B.A 
Illustrated  by  one  hundred  Plates,  Dia 
grams,  Plans,  and  Woodcuts.  Super  roy« 
4to.  li.  10s. 

ARCHITECTURAL     STUDIES    » 

FRANCE.  By  the  Rev.  J.L.  PETIT,  M.A. 
F.  S.  A.  With  Illustrations  from  Drawing 
by  the  Author  and  P.  H.  DELAMOTTE.  Im 
perial  8vo.  21.  2s. 

REMARKS  ON  CHURCH  ARCHI 

TECTURE.  With  Illustrations.  By  th 
Rev.  J.  L.  PETIT,  M.A.  2  vols.  8vc 
I/.  Is. 

LECTURES  ON  CHURCH  BUILD 

ING:  with  some  Practical  Remarks  01 
Bells  and  Clocks.  By  E.  B.  DEM<ON 
M.A.  Second  Edition.  Rewritten  and  en 
larged;  with  Illustrations.  Crown  8vo 
7s.  6d. 

A  FEW  NOTES  ON  THE  TEMPLI 

ORGAN.  By  EPMUXD  MACRORY,  M..A 
Second  Edition  Super-royal  16mo.  Hal 
morocco,  Roxburgh,  3s.  6d. 

SCUDAMORE  ORGANS ;  or.  Prac 
tical  Hints  respecting  Organs  for  Yillag 
Churches  and  small  Chancels,  on  improve 
principles.  By  the  Rev.  JOHN  Ji.<R<>.\ 
M .  A.,  Rector  of  Upton  Scudamore,  \\  ilts 
With  Designs  by  GEORGE  EDMUM 
F.  S.  A.  Second  Edition,  revised.  8vo.  6s 

MEMOIRS  OF  MUSICK.      By  th< 

Hon.  ROGER  NORTH,  Attorney-General  t 
James  II.  Now  first  printed  from  th 
original  MS.,  and  edited,  with  copiou 
Notes,  by  Dr.  E.  F.  RIMBAULT.  Fi  aj>.  ito 
half  morocco,  I/.  10s. 

PRACTICAL  REMARKS  ON  P.I-L 
FRIES  AND  RINGERS.     By  the  Rev 
H.T.  ELLACOMBE,  M.A.,  F.A.S.. 
of  Clyst  St.  George,  Devonshire. 
Edition,  with  an  Appendix   on  Chiming 
Illustrated.     8vo.    ^5. 


New  and  Standard  Publications. 


HE  BELL  ;  its  Origin,  History,  and 
Uses.  By  Rev.  A.  GATTY.  3s. 

ROCEEDINGS  OF  THE  AR- 
L  II. IX) LOGICAL  INSTITUTE  AT 
N  E\V  CASTLE,  IN  1853.  With  Numerous 
Engravings.  2  vols.  8vo.  21.  2s. 

HANDBOOK  FOR  VISITORS 
TO  CAMBRIDGE.  By  NORRIS  DEC*. 
Illustrated  by8  Steel  Engravings, 97  Wood- 
cuts, and  a  Map.  Crown  8vo.  5». 

ANTERBURY    IN    THE    OLDEN 

TIM  E  :  from  the  Municipal  Archives  and 
other  Sources.  By  JOHN  BRENT,  F.S.A. 
With  Illustrations.  5s. 


EBSTER'S  COMPLETE  DIC- 
TIONARY OF  THE  ENGLISH 
LANGUAGE.  New  Edition,  re- 
vised and  greatly  enlarged,  by  CHAUNCEY 
H.  GOODRICH,  Professor  in  Yale  College. 
4to.  (1624pp.)  11.  Us.  6d.;  half  calf, 
21. ;  calf,  or  half  russia,  21.  2s. ;  russia, 
21. 10s. 

Though  the  circulation  of  Dr.  WEBSTER'S 
celebrated  Dictionary,  in  its  various  forms, 
in  the  United  States,  in  England,  and  in 
every  country  where  the  English  Language 
is  spoken,  may  be  counted  by  hundreds  of 
thousands,  it  is  believed  that  there  are  many 
persons  to  whom  the  book  is  yet  unknown, 
and  who,  if  seeking  for  a  Dictionary  which 
should  supply  all  reasonable  wants,  would 
be  at  a  loss  to  select  one  from  the  numerous 
competitors  in  the  field. 

In  announcing  this  New  Edition,  the 
Proprietors  desire  to  call  attention  to  the 
features  which  distinguish  it,  and  to  put  be- 
fore those  who  are  in  want  of  such  a  book, 
the  points  in  which  it  excels  all  other  Dic- 
tionaries, and  which  render  it  the  best  that 
has  as  yet  been  issued  for  the  practical  pur- 
poses of  daily  use : — 

1.  Accuracy  of  Definition.  2.  Pronun- 
ciation intelligibly  marked.  3.  Complete- 
ness. 4.  Etymology.  5.  Obsolete  W  ords. 
6.  Uniformity  in  the  Mode  of  Spelling.  7. 
Quotations.  8.  Cheapness. 

With  the  determination  that  the  superi- 
ority of  the  work  shall  be  fully  maintained, 
ami  that  it  shall  keep  pace  with  the  require- 
ments of  the  age  and  the  universal  increase 
of  education,  the  Proprietors  have  added  to 
this  \o\v  Edition,  under  the  editorship  of 
Professor  GOODRICH, — 

A  Table  of  Synonyms.  An  Appendix  of 
New  Words.  Table  of  Quotations,  Words, 
Phrases,  &c. 


HIRLWINDS  AND  DUST- 
STORMS  OF  INDIA.  With 
numerous  Illustrations  drawn  from 


Nature,  bound  separately;  and  an 
dum  on  Sanitary  Measures  rrqiiiri-d  for 
European  Soldiers  in  India.  By  P.  F.  H. 
BADDELEY,  Surgeon,  Bengal  Army,  Retired 
List.  LargeBvo.  With  Illustrations,  8*.  6d.; 
without  Illustrations,  3s. 

Two  transparent  Wind  Cards  in  Morn, 
adapted  to  the  Northern  and  Southern 
Hemispheres,  for  the  use  of  Sailors.  2s. 

TABLES  OF  INTEREST,  Enlarged 
and  Improved;  calculated  at  Five  per  Cent.  ; 
Showing  at  one  view  the  Interest  of  any 
Sum,  from  £1  to  £365  :  they  are  also  carried 
on  by  hundreds  to  £1,000,  and  by  thousands 
to  ,£10,000,  from  one  day  to  3o5  days.  To 
which  are  added,  Tables  of  Interest,  from 
one  to  12  months,  and  from  two  to  13  years. 
Also  Tables  for  calculating  Commission  on 
Sales  of  Goods  or  Banking  Accounts,  from 
i  to  5  per  Cent.,  with  several  useful  addi- 
tions, among  which  are  Tables  for  calcu- 
lating Interest  on  large  sums  for  1  day,  at 
the  several  rates  of  4  and  5  per  Cent,  to 
£100,000,000.  ByJosKpn  KING,  of  Liver- 
pool. 24th  Edition.  With  a  Table  showing 
the  number  of  days  from  any  one  day  to 
any  other  day  in  the  Year.  8vo.  ll.  Is. 


EGENDS   AND    LYRICS,   by 

ADELAIDE    ANNE    PROCTER.       6th 
Edition.   Fcap.Svo.   5s.   Antique  or 
best  plain  morocco,  10s.  6d. 

Second  Series.  Second  Edi- 
tion. Fcap.  8vo.  5s. ;  antique  or  best  plain 
morocco,  10s.  6d. 

THE  LEGEND  OF  THE  GOLDEN 

PRAYERS,  and  other  Poems.  By  C.  F. 
ALEXANDER,  Author  of  "  Moral  -Songs," 
&LC.  Fcap.  8vo.  5s. ;  antique  or  best  plain 
morocco,  10s.  6d. 

VERSES  FOR  HOLY  SEASONS. 

By  the  Same  Author.  Edited  by  the  Very 
Rev.  W.  F.  HOOK,  D.  D.  4th  Edition.  Fcap. 
8vo.  3s.  6d. ;  morocco,  antique  calf  or  mo- 
rocco, 8s.  6d. 

NIGHTINGALE  VALLEY:  a  Col- 
lection of  the  Choicest  Lyrics  aiul  Short 
Poems  in  the  English  L:m«:u:ti;v.  Fc;i[>. 
8vo.  5s.;  morocco,  antique  calf  or  morocco, 
10s.  6d. 

THE   MONKS   OF   KILCREA,  and 

other  Poems.  Third  Edition.  Post  8vo. 
7s.  6d. 
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CHRISTOPHEROS,  and  other  Poems. 
By  the  Yen.  W.  B.  MA  XT,  Archdeacon  of 
Down.  Crown  8vo.  6s. 

TEUTON.   A  Poem.    By  C.  J.  RIETH- 

.     Crown  8vo.    7*.  6d. 


DRYOPE,  and  other  Poems.      By  T. 
ASIIE.    Fcap.  8vo.    5s. 

POEMS.     By  THOMAS  ASHE.     Fcap. 

8vo.     5s. 

DAY   AND   NIGHT   SONGS  AND 

THE  .MUSIC  .MASTER,  a  Love  Poem. 
By  WILLIAM  ALLINGIIAM.  With  Nine 
Illustrations.  Fcap.  8vo.  6s.  6d.  ;  mo- 
rocco, 11s.  6d. 

WILD  THYME.  By  E.  M.  MITCHELL. 

Fcap.  8vo.     5s. 

LYRICS  AND  IDYLLS.     By  GERDA 
FAY.     Fcap.  8vo.    4s. 

PANSIES.    By  FANNY  SUSAN  WYVILL. 
Fcap.  8vo.     5s. 

IO    IN   EGYPT,   and   other   Poems. 
By  R.  GARXETT.     Fcap.  8vo.    5s. 

THE  DEFENCE  OF  GUENEVERE, 

and  other  Poems.  Fcap.  8vo.  By  W. 
MORRIS.  5s. 

HERBERTS     PRIEST     TO     THE 

TE.M  PLE,  or  the  Country  Parson.  Super 
royal  32mo.  cloth,  red  edges,  2s.  ;  morocco, 
or  antique  calf,  5s. 

DAVID  MALLETS  POEMS.     With 

Notes  and  Illustrations  by  F.  DIXSDALE, 
LL.D.,  F.S.A.  New  Edition.  Post  8vo. 


BALLADS  AND  SONGS  OF  YORK- 

SHIRE.  Transcribed  from  private  M  SS., 
rare  Broadsides,  and  scarce  Publications  ; 
with  Notes  and  a  Glossary.  By  C.  J.  D. 
IM..LDEW  M.A.,  Ph.D.',  F.G.H.S.,  au- 
thor of  "  The  History  of  North  Allerton." 
Fcap.  8vo.  6s. 

PASSION  WEEK.     By  the  Editor  of 

"  Christmas  Tyde."  With  16  Illustrations 
from  Albert  Durer.  Imp.  16mo.  7s.  6d.; 
antique  morocco,  14«. 

PERCY'S  RELIQUES  OF  ANCIENT 
ENGLISH  POETRY.  Svols.  Sm.  8vo. 
15i.  Half-bound,  18s.  Antique  calf,  or 
morocco,  I/.  11$.  6d. 


ELLIS'S  SPECIMENS  OF  EARLY 
ENGLISH  POETRY.  3  vols.  Sm.  8vo. 
15s.  Half- bound.  18s.  Antique  calf,  or 
morocco,  I/.  11s.  6d. 

THE  BOOK  OF  ANCIENT  BAL- 
LAD POETRY  OF  GREAT  BRITAIN, 
Historical,  Traditional,  and  Romantic :  with 
Modern  Imitations,  Translations,  Notes, 
and  Glossary,  &c.  Edited  by  J.  S.  MOORE. 
New  and  Improved  Edition,  8vo.  Half- 
bound,  14s.  Antique  morocco,  21s. 

SHAKESPEARE'S  TEMPEST.  With 

Illustrations  by  BIRKET  FOSTER,  GISTAVE 
DOHE,  FREDERICK  SKILL,  ALFHED  SI.ADER, 
and  GUSTAVE  JAXET.  Crown  4to.  Orna- 
namental  cloth,  10s.  6d.  Antique  morocco 
elegant,  I/.  Is. 

THE    PROMISES    OF    JESUS 

CHRIST.  Illuminated  by  ALBERT  H. 
WARREN,  Second  Edition.  Ornamental 
cloth,  15s.  Antique  morocco  elegant,  'Jls. 

CHRISTMAS  WITH  THE  POETS: 

a  Collection  of  English  Poetry  relating  to 
the  Festival  of  Christmas.  Illustrated  by 
BIRKET  FOSTER,  and  with  numerous  initial 
letters  and  borders  beautifully  printed  in 
gold  and  colours  by  ED.MUXD  EVANS.  -Vu 
and  Improved  Edition.  Super  royal  8vo, 
Ornamental  binding,  21s.  Antique  morocco, 
31s.  6d. 


51THEN.E      CANTABRIGIEN- 

SES.      By  C.  H.  COOPER,  F.S.A.. 

and  THOMPSON  COOPER.  Vol.  I, 
1500—1585.  8vo.  18s.  Vol  II.  1586— 
1609.  8vo.  18s. 

This  work,  in  illustration  of  the  biographj 
of  notable  and  eminent  men  who  have  been 
members  of  the  University  of  Cambridge, 
comprehends  notices  of: — 1.  Authors.  2, 
Cardinals,  archbishops,  bishops,  abbots, 
heads  of  religious  houses,  and  other  cLurcli 
dignitaries.  3.  Statesmen,  diplomatists, 
military  and  naval  commanders.  4.  Judges 
and  eminent  practitioners  of  the  civil  or 
common  law.  5.  Sufferers  for  religious  01 
political  opinions.  6.  Persons  distinguished 
for  success  in  tuition.  7.  Eminent  phy- 
sicians and  medical  practitioners.  8.  Artists. 
musicians,  and  heralds.  9.  Heads  of  col- 
leges, professors,  and  principal  officers  oi 
the  university.  10.  Benefactors  to  the  uni- 
versity and  colleges,  or  to  the  public  at  large 

THE  EARLY  AND  MIDDLE  AGES 
OF  ENGLAND.  By  C.  H.  Pi  ARSON 
M.A.,  Fellow  of  Oriel  College,  Oxford,  and 
Professor  of  Modern  History,  King's  Col 
lege,  London.  8vo.  12s. 


New  and  Standard  Publications. 


11 


STORY  OF  ENGLAND,  from  the 
nvasion  of  Julius  Czesar  to  the  End  of  the 
ileign  of  George  II.,  by  HUME  and  SMOL- 
.ETT.  With  the  Continuation,  to  the  Acces- 
ion  of  Queen  Victoria,  by  the  Rev.  T.  S. 
IUOHES,  B.D.,  late  ('anon  of  Peterborough. 
Veto  Edition,  containing  Historical  lllustra- 
ions,  Autographs,  and  Portraits,  copious 
STotes,and  the  Author's  last  Corrections  and 
mprovements.  In  18  vols.  Crown  8vo. 
:.<.  each. 

,'ols.  I.  to  VI.  (Hume's  portion),  11.  4s. 
,'ols.  VII.  to  X.  (Smollett's  ditto),  16s. 
/ols.XI.toXVIII.(Hughes'sditto),lU2s. 

STORY  OF  ENGLAND,  from  the 

Accession  of  George  III.  to  the  Accession 
if  Queen  Victoria.  By  the  Rev.  T.  S. 
iur.HEs,  B.D.  New  Ldition,  almost  en- 
irely  re- written.  In  7  vols.  8vo.  31. 13s.  6d. 

IOICE  NOTES  FROM  "  NOTES 
^ND  QUERIES,"  by  the  Editor.     Fcap. 
ivo.    5s.  each. 
.rOL.  I. — HISTORY.     VOL.  II. — FOLK  LORE. 

\STER  WAGE'S  CHRONICLE 
)F  THE  CONQUEST  OF  ENGLAND. 

translated  from  the  Norman  by  Sir  ALEX- 
,NDKR  MALET,  Bart.,  H.  B.M.  Plenipo- 
entiary,  Frankfort.  With  Photograph 
llustrations  of  the  Bayeaux  Tapestry. 
Medium  4to.  Half-morocco,  Roxburgh, 
ti.  2s. 

IE  PRINCE  CONSORT'S  AD- 
DRESSES ON  DIFFERENT  PUBLIC 
)CCASIONS.  Beautifully  printed  by 
,VHITTINGHAM.  4to.  10s.  6d. 

FE  AND  BOOKS;  or,  Records  of 
fhought  and  Reading.  By  J.  F.  BOYES, 
H.  A.  Fcap.  8vo.  5s. ;  calf,  8s.  6d. 


LIFE'S  PROBLEMS.  Second  Edition, 
revised  and  enlarged.  Fcap.  As. 

PARLIAMENTARY  SHORT-HAND 

(Official  System).  By  THOMPSON  COOPER. 
Fcap.  8vo.  2s.  6d. 

This  is  the  system  universally  practised  by 
the  Government  Official  Reporters.  It  has 
many  advantages  over  the  system  ordinarily 
adopted,  and  has  hitherto  been  inaccessible, 
except  in  a  high-priced  volume. 

GEOLOGY  IN  THE  GARDEN ;  or, 

The  Fossils  in  the  Flint  Pebbles.  With  136 
Illustrations.  By  the  Rev.  HENRY  ELEY, 
M.  A.  Fcap.  8vo.  6s. ;  calf,  9s.  6ri. 

THE  PLEASURES  OF  LITERA- 
TURE. By  R.  Anis  WILLMOTT,  Incum- 
bent of  Bear- Wood.  Fifth  Edition,  enlarged, 
Fcap.  8vo.  5s.  Morocco,  10s.  6d. 

A  POPULAR  SKETCH  OF  THE 
ORIGIN  AND  PROGRESS  OF  THE 
ENGLISH  LANGUAGE.  By  the  Rev. 
W.  W.  SKEAT,  M.A.  12mo.  Is.  6d. 

HINTS  TO  MAID  SERVANTS  IN 
SMALL  HOUSEHOLDS,  on  Manners, 
Dress,  and  Duties.  By  Mrs.  MOTHERLY. 
Fcap.  8vo.  Is.  6d. 

A  WIFE'S  HOME  DUTIES;  con- 
taining Hints  to  inexperienced  House- 
keepers. Fcap.  8vo.  2s.  6rf. 

HALCYON  :  or  Rod- Fishing  in  Clear 
Waters.  By  HENRY  WADE,  Secretary  to 
the  Weardale  Angling  Association.  With 
Coloured  representations  of  the  principal 
Flies,  and  other  Illustrations.  Crown  8vo. 
7s.  6d. 


^ARISH  SERMONS.  By  the 
<4yJ(  Rev.  M.  F.  SADLER,  M.A.,  Vicar  of 
ag%j|  Bridgwater.  Author  of  the  "Sacra- 
nent  of  Responsibility,"  and  "  The  Second 
Vdam  and  the  New  Birth."  Vol.  I.  Ad- 
•eiit  to  Trinity.  Fcap.  8vo.  7s.  6d. 

VENTY-FOUR  SERMONS  ON 
,'IIRISTIAN  DOCTRINE  AND 
'RACTICE,  AND  ON  THE  CHURCH, 
3y  C.  J.  BLOMFIELD,  D.D.,  late  Lord  Bis- 
lop  of  London.  (Hitherto  unpublished.) 
;vo.  10s.  6d. 

NG'S  COLLEGE  SERMONS.    By 

he  Rev.  E.  H.PLUMPTRE,  M.A.,  Divinity 
'rofessor.  Fcap.  8vo.  2s.  6d. 


TWENTY    PLAIN    SERMONS    for 

Country  Congregations  and  Family  Read- 
ing. By  the  Rev.  A.  GATTY,  D.D.,  Vicar 
of  Ecclesfield.  Fcap.  8vo.  5s. 

SERMONS.      By  the  Rev.  A  GATTY, 

D.D.,  Vicar  of  Ecclesfield.     12mo.     8s. 

SERMONS  PREACHED  IN  WEST- 
MINSTER. By  the  Rev.  C.  F.  SECRETAN, 
M  .  \.,  Incumbent  of  Holy  Trinity,  Vaux- 
hall-Bridge  Road.  Fcap.  8vo.  6s. 

SERMONS  TO  A  COUNTRY  CON- 
GREGATION—Advent  to  Trinity.  By 
the  Rev.  HASTINGS  GORDON,  M.A.  12mo. 
6s. 
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GOSPEL  TRUTHS  IN  PAROCHIAL 

>]  KMOXS  FOR  THE  GREAT  FESTI- 
V  A  LS.  By  the  Rev.  J.  TOWNSOS,  M.  A., 
Fcap.  8vo.  fe.  6d. 

THE  BIBLE  AND  ITS  INTERPRE- 
TERS :  being  the  Substance  of  I  hree  Ser- 
mons preached  in  the  Parish  Church,  St. 
Ann,  \Vands worth.  Bv  JAMES  BOOTH, 
LI..D.,  Vicar  of  Stone,  Buckinghamshire. 
8vo.  '2i.  6d. 

FOUR  SERMONS  ON  THE  "  COM- 
FORTABLE  WORDS"  IN  THE  OF- 
FICE FOR  THE  HOLY  C'OMMUN  IOX. 
By  ALEXANDER  GOALES,  B.A.  Fcap.  8vo. 
2*. 

THE  PRODIGAL  SON.  Sermons 
by  W.  R.  CLARK,  M.A.,  Vicar  of  Taunton, 
8.  Mary  Magdalene.  Fcap.  8vo.  2s.  6d. 

PAROCHIAL  SERMONS       By  the 

Rev.  D.  G.  STACY,  Vicar  of  Hornchurch, 
Essex.  Fcap.  8vo.  5s. 

SERMONS  SUGGESTED  BY  THE 
.MIRACLES  OF  OUR  LORD  AND 
SAVIOUR  JESUS  CHRIST.  By  the 
Very  Rev.  DEAN  HOOK.  2  vols.  Fcap.  8vo. 

a*. 

FIVE  SERMONS  PREACHED  BE- 
FORE THE  UNIVERSITY  OF  OX- 
FORD. By  the  Very  Rev.  W.  F.  HOOK, 
D.D.,  Dean  of  Chichester.  Third  Edition. 
3t. 

PLAIN     PAROCHIAL    SERMONS. 

By  the  Rev.  C.  F.  C.  Pigott,  B.  A.,  late 
Curate  of  St.  Michael's,  Handsworth.  Fcap. 
8vo.  6s. 

OUR  PRIVILEGES,  RESPONSI- 
BILITIES, AND  TRIALS.  Bythe  Rev. 
E.  PHILLIPS,  M.A.  Fcap.  8vo.  5s. 

SERMONS,     CHIEFLY     PRACTI- 

i  AL.  hv  the  Rev.  T.  XUNXS,  M.A. 
Edited  by  tlie  Very  Rev.  W.  F.  HOOK,  D.D., 
Dean  of  Chichester.  Fcap.  8vo.  6s. 

SERMONS,  Preached  in  the  Parish 
Cliurrh  of  Godalming,  Surrey,  by  the  Rev. 
E.  J.  Box  K,  .M.  A.,  \  icar.  Second  Edition. 
Fcap.  8vo.  61. 

LIFE  IN  CHRIST.      By  the  Rev.  J. 

LLEWELLYN  DAVIKS,  M.  A.,  Rector  of  Christ 
Church,  Maryleboue.  Fcap.  8vo.  5t. 

THE    CHURCH    OF    ENGLAND; 

1(5  ( '(institution,  Mission,  and  Trials.  By 
the  Rt.  R«-v.  Bishop  BROUOHTON.  Edited, 
with  a  Prefatory  .Memoir,  by  the  Ven. 
Archdeacon  HARRISON.  8vo.  10s.  6;/. 


PLAIN  SERMONS,  Addressed  to  a 
Country  Congregation.  By  the  Into  E. 
BLENCOWE,  M.A.  1st  and  3rd  Series. 
Fcap.  8vo.  7s.  6d.  each. 

OCCASIONAL   SERMONS.      By  a 

Member  of  the  Church  of  England.     Fcap. 
8vo.     2s.  6d. 

MISSIONARY  SERMONS  PREACH- 
ED AT  HAGLEY.  Fcap.  3s.  6d. 

THE  SUFFICIENCY  OF  CHRIST. 

Sermons    preached    during    the    Reading 
Lenten  Mission  of  1860.    Fcap.  8vo.  '2s.  6d 

WESTMINSTER  ABBEY  SERMONS 

for  the  Working  Classes.  Fcap.Svo.  Autho- 
rized Edition.     1858.     2s. :    1859.    2s.  6d. 

SERMONS  PREACHED  AT  ST. 
PAUL'S  CATHEDRAL.  Authorized  Edi- 
tion. 1859.  Fcap.  8vo.  2s.  6d. 


AILY    READINGS     FOR    A 

YEAR,  on  the  Life  of  our  Lord  and 
Saviour  Jesus  Christ.  By  the  Rev. 
YOUNG,  M.A.  Second  Edition,  im- 
proved. 2  vols.  Crown  8vo.  11.  1«.  An- 
tique calf,  I/.  16s.  Moroci-o,  Ha\ 

A     COMMENTARY    ON    THE 

GOSPELS  for  the  Sundays  and  other  Holj 
Days  of  Jie  Christian  Year.  By  the  Rev 
\Y.'  DEXTON,  A.M.,  Worcester  College 
Oxford,  and  Incumbent  of  St.  Barthoto 
mew's,  Cripplegate.  8vo.  Vol.  I.  Adven1 
to  Easter,  15s.  Vol.  II.  Easter  to  the  Six- 
teenth Sunday  after  Trinity,  1-ls. 

LIGHTS  OF  THE  MORNING:    or 

Meditations  for  every  Day  in  the  ^  •  ir 
From  the  German  of  FRLDKRIC  A  'MH 
With  a  Preface  by  the  Rev.  W.  C.  M  AGKI 
D.D.  Fcap.Svo.  Advent  to  Whitsuntide 
5s.  6d.  Trinity,  5i.  6d. 

SHORT     SUNDAY    EVENING 

READINGS,  Selected  and  Abridged  iron 
various  Authors  by  the  Dowager  Countes 
of  Cawdor.  In  large  type.  8vo. 

A  COMPANION  TO  THE  AUTHO- 
RIZED   VERSION    OF    THi 
TESTAMENT:  being  Explanatory  \"f 
together   with    Explanatory    Observation 
and  an  Introduction.      By  the  Rev.  II.  1J 
HALL,  B. C.  L.    Second  and  cheaper  Editiat 
revised  and  enlarged.     Fcap.  8vo. 


New  and  Standard  Publications. 
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HE  SECOND  ADAM,  AND  THE 

NEW  BIRTH ;  or,  the  Doctrine  of  Bap- 
tism as  contained  in  Holy  Scripture.  By 
the  Rev.  M.  F.  SADLER,  M.A.,  Vicar  of 
Bridgwater,  Author  of"  The  Sacrament  of 
Responsibility."  Third  Edition,  greatly 
enlarged.  Fcap.  8vo.  4s.  6d. 

HE  SACRAMENT  OF  RESPON- 

SIUILITY;  or,  Testimony  of  the  Scrip- 
ture to  the  teaching  of  the  Church  on  Holy 
Baptism,  with  especial  reference  to  the 
( 'ases  of  Infants,  and  Answers  to  Objections. 
Sixth  Edition.  6d. 

HE   ACTS  AND   WRITINGS  OF 

THE  APOSTLES.  By  C.  PICKERING 
CLARKE,  M.  A.,  late  Curate  of  Teddington. 
Post  8vo.  Vol.  I.,  with  Map,  7s.  6d. 

IVILIZATION   CONSIDERED  AS 

A  SCIENCE  in  Relation  to  its  Essence, 
its  Elements,  and  its  End.  By  GEORGE 
HARRIS,  F.S.  A.,  of  the  Middle  Temple, 
Barrister  at  Law,  Author  of  "  The  Life  of 
Lord  Chancellor  Hardwicke."  8vo.  12s. 

HE  WISDOM  OF  THE  SON  OF 

DAVID  :  an  Exposition  of  the  First  Nine 
Chapters  of  the  Book  of  Proverbs.  Fcap. 
8vo.  5s. 

HISTORY   OF   THE   CHURCH 

OF  ENGLAND  from  the  Accession  of 
James  II.  to  the  Rise  of  the  Bangorian 
Controversy  in  1717.  By  the  Rev.  T. 
DEBAHY,  M.A.  8vo.  14s. 

TREATISE  ON  METAPHYSICS 
IN  CONNECTION  WITH  REV  BALED 
RELIGION.  By  the  Rev.  J.  H.  MAC- 
MAHON.  8vo.  14s. 

IDS  TO  PASTORAL  VISITATION, 

selected  and  arranged  by  the  Rev.  H.  B. 
BROWNING,  M.A.,  Curate  of  St.  George, 
Stamford.  8vo.  5s. 

POPULAR  PARAPHRASE  OF 
ST.  PAUL'S  EPISTLE  TO  THE  RO- 
MANS, with  Notes.  By  the  Rev.  A.  C. 
Bromehead,  M.A.  Crown  8vo.  3s.  6d. 

EMARKS  ON  CERTAIN  OF- 
FICES OF  THE  CHURCH  OF  ENG- 
LAND, popularly  termed  the  Occasional 
Services.  By  the  Rev.  VV.  J.  DAMI-IER. 
12mo.  5s. 

HE     SYMPATHY    OF     CHRIST, 

Six  Readings  for  the  Sundays  in  Lent,  or 
for  the  bays  -of  the  Holy  Week.  By  the 
Rev.  W.  J.  DAMPIER,  M.A.,  Vicar  of 
Coggeshall.  Second  Edition.  18mo.  2s.  6d. 


THE  SPIRIT   OF  THE   HEBREW 

POETRY.  Bv  ISAAC  TAYLOR,  Esq.,  Au- 
thor of  "  The  Natural  History  of  Enthu- 
siasm," "  Ultimate  Civilization,"  &c.  8vo. 
10s.  6d. 

ON  PARTY  SPIRIT  IN  THE  ENG- 
LISH CHURCH.  BytheRev.S.BoBixs. 
12mo.  2s.  6d. 

PAPERS  ON  PREACHING  AND 
PUBLIC  SPEAKING.  By  a  Wyke- 
hamist. Fcap.  8vo.  5s. 

This  volume  is  an  enlargement  and  ex- 
tension, with  corrections,  of  the  Papers 
which  appeared  in  the  "  Guardian  in 
1858-9. 

THE  SPEAKER  AT  HOME.    Chap- 

ters  on  Public  Speaking  and  Reading  aloud, 
by  the  Rev.  J.  J.  HALCOMBE,  M.  A.,  and  on 
the  Physiology  of  Speech,  by  W.  H.  STONE, 
M.A.,  M.  B.  Second  Edition.  Fcap.  8vo. 
3s.  6d. 

THE    ENGLISH    CHURCHMAN'S 

SIGNAL.  By  the  Writer  of  "  A  Plain 
Word  to  the  Wise  in  Heart."  Fcap.  8vo. 
2s.  6d. 

A  PLAIN  WORD  TO  THE  WISE 

IN  HEART  on  our  Duties  at  Church,  and 
on  our  Prayer  Book.  Fourth  Edition. 
Sewed,  Is.  6d. 

REGISTER  OF  PARISHIONERS 
WHO  HAVE  RECEIVED  HOLY  CON- 
FIRMATION. Arranged  by  WILLIAM 
FRASER,  B.  C.  L.,  Vicar  of  Alton.  Oblong 
4to.  7s.  6d.  ;  10s.  6d.  ;  12s. 

READINGS  ON  THE  MORNING 
AND  EVENING  PRAYER  AND  THE 
LITANY.  By  J.S.  BLUNT.  Second  Edi- 
tion, enlarged.  Fcap.  8vo.  3s.  6d. 

CONFIRMATION.     By  J.  S.  BLUNT, 

Author  of  "  Readings  on  the  Morning  and 
Evening  Prayer,"  &c.  Fcap.  8vo.  3s.  6d. 

LIFE     AFTER     CONFIRMATION. 

By  the  same  Author.    18mo.    Is. 

WELCHMAN  ON  THE  THIRTY- 
NINE  ARTICLES  OF  THE  CHl'KCH 
OF  ENGLAND,  with  Scriptural  Proofs, 
&c.  18mo.  2s.,  or  interleaved  for  Students, 


BISHOP  JEWEL'S  APOLOGY  FOR 

THE  ClIl'UCH  OF  ENGLAM),  with 
his  famous  Epistle  on  the  Council  of  Trent, 
and  a  Memoir.  3'2mo.  fs. 
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THE  BOOK  OF  PSALMS  (Prayer 
Book  Version).  With  Short  Headings  and 
Explanatory  Notes.  By  the  Rev.  ERNEST 
iCwon,  B.D.,  Prebendary  of  St.  Pauls. 

- 


,    .., 

Second  and  cheaper  Edition,  revised  and  en- 
larged. Fcap.  8vo.  Cloth  limp,  red  edges, 
2*.6d. 

FAMILY  PRAYERS  :  —  containing 
Psalms,  Lessons,  and  Prayers,  for  every 
Morning  and  Evening  in  the  Week.  By 
the  Rev.  ERNEST  HAWKINS,  B.D.,  Preben- 
dary of  St.  Paul's.  Eighth  Edition.  Fcap. 
8vo".  1*.  ;  sewed,  9d. 

HOUSEHOLD    PRAYERS    ON 

SCRIPTURAL  SUBJECTS,  for  Four 
Weeks.  With  Forms  for  various  occasions. 
By  a  Member  of  the  Church  of  England. 
Secojid  Edition,  enlarged.  8vo.  4s.  6d. 

FORMS  OF  PRAYER  ADAPTED 
TO  EACH  DAY  OF  THE  WEEK.  For 
use  in  Families  or  Households.  By  the 
Rev.  JOHN  JEBB,  D.  D.  8vo.  2s.  6d. 

WALTON'S  LIVES  OF  DONNE, 
WOTTON,  HOOKER,  HERBERT, 
AND  SANDERSON.  A  New  Edition, 
to  which  is  now  added  a  Memoir  of  Mr. 
Isaac  Walton,  by  WILLIAM  DowLiNG,Esq. 
of  the  Inner  Temple,  Barrister-at-Law. 
With  Illustrative  Notes,  numerous  Por- 
traits, and  other  Engravings,  Index,  &c. 
Crown  8vo.  10s.  6d.  Calf  antique,  15s. 
Morocco,  18s. 

THE  LIFE  OF  MARTIN  LUTHER. 
By  H.  WORSI.EY,  M.A.,  Rector  of  Easton, 
Suffolk.  2  vols.  8vo.  11.  4s. 

THE  CHURCH  HYMNAL,  (with  or 

without  Psalms.)  12mo.  lArge  Type, 
Is.  6d.  18mo.  Is.  32mo.  for  Parochial 
Schools,  6d. 

This  book  is  now  in  use  in  every  English 
Diocese,  and  is  the  Authorized  Book  in  some 
of  the  Colonial  Dioceses. 

THREE    LECTURES    ON    ARCH- 

BISIIOP  CHA.VMKU.  By  the  Rev.  C. 
J.  BrRTOv,  M.A.,  Chancellor  of  Carlisle. 
12mo.  3t. 

CHURCH  READING  :    according  to 
th-  Method  advised  by  THOHAS  SHERIDAN. 
.          By  the  Rev.  J.  J.  HALCOMBE,  M.  A.     8vo. 
9k  id. 

THE   KAFIR,  THE  HOTTENTOT, 

A\D  Illi.  FRONTIER  FARMER. 
1'uMge*  of  Missionary  Life  from  the  Jour- 
nal* of  the  \  ,n.  Archdeacon  Merriman. 
llluMratcd.  Fcap.  8ro.  3*.  6d. 


LECTURES  ON  THE  TIXXE- 
VELLY  MISSIONS.  By  the  the  Rev. 
Dr.  CAI.DWELL,  of  Edeyenkoody.  Crown 
8vo.  2s.  6d. 

TrJE  "  CRUISE  OF  THE  BEACON." 

A  Narrative  of  a  Visit  to  the  Islands  in 
Bass's  Straits.  By  the  Right  Rev.  the 
Bishop  of  Tasmania.  With  Illustrations. 
Crown  8vo.  os. 

%*  Messrs.  Bell  and  Daldy  are  agents 
for  all  the  other  Publications  of  the  Society 
for  the  Propagation  of  the  Gospel  in  Foreign 
Parts. 

THE    SWEET    PSALMIST    OF 

ISRAEL;  or,  the  Life  of  David,  King  of 
Israel  ;  illustrated  by  his  own  Psalms, 
newly  versified  in  various  metres.  By  the 
Rev.  WILLIAM  SHEPHERD,  B.  D.  Fcap. 
8vo.  5s. 

GILES  WITHERNE;  or,  The  Re- 
ward of  Disobedience.  A  Village  Tale  for 
the  Young.  By  RAVEN  WITHERNE.  A>w 
Edition,  preparing. 

THE  DISORDERLY  FAMILY ;    or, 

the  Village  of  R  *  *  *  *.  A  Tale  for  Young 
Persons.  In  Two  Parts.  By  a  Father. 
6d. ;  Cloth,  gilt  edges,  Is. 


BY  THE  REV.  J.  ERSKINE  CLARKE, 
of  Derby. 

EART  MUSIC,  for  the  Hearth- 
Ring  ;  the  Street-Walk;  the  Coun- 

try  Stroll;    the  Work-Hours;    the 

Rest-Day ;  the  Trouble-Time.  Xeir  Edition. 
Is.  paper  ;  Is.  6d.  cloth  limp. 

THE  GIANT'S  ARROWS.     A  Book 

for  the  Children  of  Working  People.  16mo. 
6d. ;  cloth,  Is. 

CHILDREN  AT  CHURCH.     Twelve 

Simple  Sermons.  2  vols.  Is.  each;  Is.  6d. 
cloth,  gilt;  or  together  in  1  vol.  cloth  gilt, 
2s.  6d. 

LITTLE  LECTURES  FOR  LITTLE 

FOLK.     16mo.     Is. 

PLAIN  PAPERS  ON  THE  SOCIAL 
ECONOMY  OF  THE  PEOPLE.  Fcap, 
8vo.  2s.  fid. 

No.  1.  Recreations  of  the  People. — No, 
2.  Penny  Banks. — No.  3.  Labourer's  (labs 
and  Working  Men's  Refreshment  Rooms, 
—No.  4.  Children  of  the  People.  6rf.each 


New  and  Standard  Publications. 


C6e  Detjotional  Hibratp. 


Edited  by  the  Very  Rev.  W.  F.  HOOK,  D.D.,  Dean  of  Chichester. 

Series  of  Works,  original  or  selected  from  well-known  Church  of  England  Divines,  published 
at  the  lowest  price,  and  suitable,  from  their  practical  character  and 
cheapness,  for  Parochial  distribution. 


HORT   MEDITATIONS    FOR 
EVERY  DAY  IN  THE  YEAR. 

2  vols.  (1260  pages),  32mo.    Cloth, 
5s. ;  calf,  gilt  edges,  9s.  ;    calf  antique,  12s. 

In  Separate  Parts. 

ADVENT  to  LENT,  cloth,  Is.;  limp 
calf,  gilt  edges,  2s.  6d.  LENT,  cloth,  9d. ; 
calf,  2s.  3d.  EASTER,  cloth,  9d. ;  calf, 
2s.  3d.  TRINITY,  Part  I.  Is. ;  calf,  2s.  6d. 
TRINITY,  Part  II.  Is.;  calf,  2s.  6d. 
,*  Large  Paper  Edition,  4  vols.  Fcap  8vo. 
Large  type.  14s.  Morocco,  30s. 

[ELPS-TO    DAILY    DEVOTION. 

32mo.     Cloth,  8d.     Containing : — 
The  Sum  of  Christianity,  Id. 
Directions  for  Spending  one  Day 

Well,  id. 

Helps  to  Self-Examination,  id. 
Short  Reflections  for  Morning  and 

Evening,  2d. 
Prayers  for  a  Week,  2d. 

IDS   TO    A    HOLY   LIFE.      First 

Series.  32mo.  Cloth,  Is.  6d. ;  calf,  gilt 
edges,  3s.  6d. ;  calf  antique,  5s.  Contain- 
ing :  — 

Prayers  for  the  Young.  By  Dr.  HOOK, 
id. 

Pastoral  Address  to  a  Young  Communi- 
cant. By  Dr.  HOOK.  \d. 

Helps  to  Self-Examination.  By  W.  F. 
HOOK,  D.D.  id. 

Directions  for  Spending  One  Day  Well. 
By  Archbishop  SYNGE.  jd. 

Rules  for  the  Conduct  of  Human  Life. 
By  Archbishop  SYNGE.  Id. 

The  Sum  of  Christianity,  wherein  a  short 
and  plain  Account  is  given  of  the  Christian 
Faith;  Christian's  Duty;  Christian  Prayer; 
Christian  Sacrament.  By  C.  ELLIS.  Id. 

Ejaculatory  Prayer;  or,  the  Duty  of  Of- 
fering up  Short  Prayers  to  God  on  all  Occa- 
sions. By  R.  COOK.  2d. 

Prayers  fora  Week.  From  J.  SOHOCOLD. 
2d. 

Companion  to  the  Altar ;  being  Prayers, 
Thanksgivings,  and  Meditations.  Edited 
by  Dr.  HOOK.  Cloth,  6d. 

%*  Any  of  the  above  may  be  had  for 
distribution  at  the  prices  affixed ;  they  are 
arranged  together  as  being  suitable  for 
Young  Persons  and  for  Private  Devotion. 


THE  CHRISTIAN  TAUGHT  BY 
THE  CHURCH'S  SERVICES.  (490 
pages),  royal  32mo.  Cloth,  2s.  6d. ;  calf, 
gilt  edges,  4s.  6d. ;  calf  antique,  6». 

In  Separate  parts. 

ADVENT  TO  TRINITY,  cloth,  Is.;  limp 
calf,  gilt  edges,  2s.  6d.  Till  \  ITY,  cloth, 
8d. ;  calf,  2s.  2d.  MINOR  FESTIVALS, 
8d. ;  calf,  2s.  2d. 

%*  Large  Paper  Edition.  Fcap.  8vo.  Large 
type.  6s.  6d.  Calf  antique,  or  morocco, 
11s.  6d. 

HALL'S      SACRED     APHORISMS. 

Selected  and  arranged  with  the  Texts  to 
which  they  refer,  by  the  Rev.  R.  B.  EXTOW, 
M.A.  32mo.  cloth,  9d.;  limp  calf,  gilt 
edges,  2s.  3d. 

DEVOUT  MUSINGS  ON  THE  BOOK 
OF  PSALMS.  2  vols.  3*mo.  Cloth,  5s.; 
calf,  gilt  edges,  9s.  ;  calf  antique,  12s.  Or, 
in  four  parts,  price  Is.  each  ;  limp  calf,  gilt 
edges,  2s.  6d. 

AIDS  TO  A   HOLY   LIFE.  Second 

SERIES.     32mo.     Cloth,  2s.;  calf,  gilt 

edges,  4s. ;  calf  antique,  5s.  6d.  Contain- 
ing:— 

Holy  Thoughts  and  Prayers,  arranged 
for  Daily  Use  on  each  Day  of  the  U 
3d. 

The  Retired  Christian  exercised  on  Di- 
vine Thoughts  and  Heavenly  Meditations. 
By  Bishop  KEN.  3d. 

Penitential  Reflections  for  the  Holy  Sea- 
son of  Lent,  and  other  Days  of  Fasting  and 
Abstinence  during  the  Year.  6d. 

The  Crucified  Jesus ;  a  Devotional  Com- 
mentary on  the  XXII.  and  XXI II.  Chap- 
ters of  St.  Luke.  By  A.  HORNECK,  D.D. 
3d. 

Short  Reflections  for  every  Morning  and 
Evening  during  the  Week.  By  N .  SPINCKES, 
2d. 

The  Sick  Man  Visited ;  or,  Meditations 
and  Prayers  for  the  Sick  Room.  By  N. 
SPIXCKES.  3d. 

%*  These  are  arranged  together  as  being 
suitable  for  Private  Meditation  and  Prayer: 
they  may  be  had  separately  at  the  prices 
affixed. 


16 


Messrs.  Bell  and  Daldy's 


DEVOTIONS  FOR  DOMESTIC 
USE.  32mo.  Cloth,  2s.;  calf,  gilt  edges, 
4i. ;  calf  antique,  5*.  6d.  Containing : — 

The  Common  Prayer  Book  the  best  Com- 
panion in  the  Family  as  well  as  in  the 
Temple.  3d. 

Litanies  for  Domestic  Use.     2<f. 

Family  Prayers  ;  or,  Morning  and  Even- 
ing Services  for  every  Day  in  the  Week. 
I'.v  the  Bi&hop  of  Salisbury;  cloth,  6d.; 
calf,  it. 

Bishop  HALL'S  Sacred  Aphorisms.  Se- 
lected and  arranged  with  the  Texts  to  which 
th.'v  refer.  BytheRev.R.B.ExTON,M.A.; 
cloth,  9d. 

\*  These  are  arranged  together  as  being 
suitable  for  Domestic  Use ;  but  they  may 
be  had  separately  at  the  prices  affixed. 

THE  HISTORY  OF  OUR  LORD 
AND  SAVIOUR  JESUS  CHRIST;  in 
Three  Parts,  with  suitable  Meditations  and 
Prayers.  By  W.  READING,  M.A.  32mo. 
Cloth,  2*. ;  calf,  gilt  edges,  4s. ;  calf  antique, 
5t.6d. 

THE  CHURCH  SUNDAY  SCHOOL 
J I Y  M  \  BOOK.  32mo.  cloth,  Qd. ;  calf, 
gilt  edges,  2s.  6d. 

%*  A  Large  Paper  Edition,  for  Prizes, 
&c.  1*.  6d. ;  calf,  gilt  edges,  3s.  6d. 


SHORT   MEDITATIONS   F01 
EVERY  DAY  IX  THE  VKAh 

Edited   by  the  Very  Rev.  W.  1 

HOOK,  D.D.  New  Edition.  4  vols.  fca| 
8vo.,  large  type,  14s. ;  morocco,  30s. 

THE  CHRISTIAN  TAUGHT  Bl 
THE  CHURCH'S  SERVICES.  Edite 
by  the  Very  Rev.  W.  F.  HOOK.  D.E 
Aeu)  Edition,  fcap.  8vo.  large  type,  6s.  60 
Antique  calf,  or  morocco,  lls.  6d. 

HOLY  THOUGHTS  AND  PRAYERS 

arranged  for  Daily  Use  on  each  Day  of  th 
Week,  according  to  the  stated  Hours  o 
Prayer.  Fifth  Edition,  with  additions 
16mo.  Cloth,  red  edges,  2s. ;  calf,  gil 
edges,  3s. 

A  COMPANION  TO  THE  ALTAR 

Being  Prayers,  Thanksgivings,  and  .Medi 
tations,  and  the  Office  of  the  Holy  Com 
munion.  Edited  by  the  Very  Rev.  \\ .  F 
HOOK,  D.D.  Second  Edition.  Handsomelj 
printed  in  red  and  black.  32mo.  Cloth 
red  edges,  2s.  Morocco,  3s.  6d. 

THE  CHURCH  SUNDAY  SCHOOL 
HYMN  BOOK.  Edited  by  W.  F.  HOOK, 
D.D.  large  Paper.  Cloth,  Is.  6d. ;  calf, 
gilt  edges,  3s.  6d. 

*„*  For  cheap  editions  of  the  above  Five 
Books,  see  List  of  the  Devotional  Library, 


Ig>etiotrical0. 


OTES  AND  QUERIES  :  a  Me- 

dium    of   Intercommunication    for 

Literary  Men,  Artists,  Antiquaries, 

mealonsta,  &c. 

Publishfd  every  Saturday.  4to.  4d. 
Stamped,  bd. 

Vols.  1 .  to  X II.  Second  Series,  now  ready. 
U>..  6d.  each. 

•»•  General  Index  to  the  First  Series, 

OJ. 

Second  Series. 

5*. 

THE  GOSPEL  MISSIONARY.    Pub- 


;atiou 
at 


lished  for  the  Society  for  the  Propagati 
of  the  Gosj>el  in  l-orei-n  Parts,  Monthly  „, 
4</.     VoU.   11.  to  XI.  in  cloth,   Is.  each. 
(Vol.  I.  iaout  of  print.) 

CHURCH    IN    THE    COLONIES, 

consisting  chiefly  of  Journals  by  the  Colo- 
iiril  liisliiipti  of  llu-ir  Progress  and  Special 
\j-it.-iitiiiis.  Published'  occasionally  at 
prices  varying  fn.iu  ?//.  t<>  i,.  &/.  'c!ic\t 
riot.  1  to  37  are  already  pubhsi,..,!. 


MISSIONS   TO   THE    HEATHEN; 

being  Records  of  the  Progress  of  the  Kli'orta 
made  by  the  Society  for  the  Propagation  of 
the  Gospel  in  Foreign  Parts  for  the  Con- 
version of  the  Heathen.  Published  occa- 
sionally in  a  cheap  form  for  distribution,  at 
prices  varying  from  Id.  to  Is.  <jd.  each. 
Nos.  1  to  43  are  already  published. 

THE  MISSION  FIELD  :   a  Monthly 

Record  of  the  Proceedings  of  the  Society 
for  the  Propagation  of  the  Gospel.  Yols. 
II.  to  VI.  post  8vo.  3s.  each.  (Vol.  J.  is 
out  of  print.)  Continued  in  Numbers,  2<f. 
each. 

THE    MONTHLY    MEDLEY  FOR 

HAPPY  HOMES.  A  i\ew  Miscvllany 
for  Children.  Conducted  by  the  Rev.  J. 
ERSKINE  CLAUKE.  Price  id."  Volumes  for 
1860  and  1861,  Is.  6d.  each. 

THE  PARISH  MAGAZINE.     Edited 

by  J.  ERSKIXE  CI.ARKK,  M.A.,  D.T!".-. 
Monthly,  Price  id.  Volumes  for  1859, 
1860,  and  1861,  Is.  6d.  and  2s.  each. 


New  and  Standard  Publications. 
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(ftiasstra. 

Series  of  Greek  and  Latin  Authors.  With 
h  .Notes.  8vo.  Edited  by  various 

Scholars,  under  the  direction  of  G.  LONG, 
. i .  A .,  Classical  Lecturer  of  Brighton 

College;  and  the  late  Rev.  A.  J.  MACI.I  AM  , 

M.A.,    Head   Master   of  King   Edward's 

School,  Hath. 

AESCHYLUS.  By  F.  A.  PALEY, 
JRV  M.A.  18s. 

""  CICERO'S     ORATIONS. 

Edited  by  G.  Lose;,  M.A.  4 vols.  Vol. 
I.  16s. ;  Vol.  II.  14s. ;  Vol.  III.  16s. ;  Vol. 
IV.  18s. 

EMOSTHENES.  By  R.  WHISTON, 
M.A.,  Head  Master  of  Rochester  Grammar 
School.  Vol.  I.  16s.  \ol.ll.preparing. 

URIPIDES.     By  F.  A.  PALEY,  M.A. 

3  vols.     16s.  each. 

[ERODOTUS.      By.  J.  W.  BLAKES- 

i.i;y,l».D.,  late  Fellow  and  Tutor  of  Trinity 
College,  Cambridge.  2  vols.  32s. 

:ESIOD.      By  F.  A.    PALEY,  M.A., 

10s.  6d. 

[GRACE.  By  A.  J.  MACLEANE, 
M.A.  18*. 

UVENAL    AND     PERSIUS.       By 

A.  J.  MACI.KAXK,  M.A.     14s. 

OPHOCLES.  By  F.  H.  BLAYDES, 
M.A.  Vol.  I.  18s.  Vol.  II.  preparing. 

ERENCE.      By   E.  St.  J.    PARRY, 

M.A.     Balliol  College,  Oxford.     18s. 

IRGIL.      By  J.  CONINGTON,  M.A., 

Professor  of  Latin  at  Oxford.  Vol  I.  con- 
taining the  Bucolics  and  Georgics.  12s. 
Vol.  II.  in  the  press. 

LATO.     By  W.  H.  THOMPSON,  M.A. 

Vol.  I.  [Preparing. 


Series  of  Greek  and  Latin  Authors. 
.Newly  Edited,  with  English  Notes  for 
Schools.  Fcap.  8vo. 

CAESARIS   COMMENTARII 

DE  HELLO  GALLICO.    Secoml 
I  .iltion.       By    G.    LONG,    M.A. 


CAESAR  DE  BELLO  GALLICO, 

Hooks  1  to  3.      \\it\i    Knirlisli    \. 
Junior  Classes.    Hy  G.  LONG,  M.A.  Vs.Gd. 

M.     TULLII     CICERONIS     CATO 

MAJOR,  Sive  de  Scnectute,  Laelius,  Sive 
de  Ainicitia,  et  Epistolac  Selectae.  Hy  G. 
LONG,  M.A.  4s.  t></. 

QUINTI  HORATII  FLACCI  OPERA 

OMMA.     By  A.  J.  MA(I.IANK.     6s.  (W. 

P.  OVIDII  NASONIS  FASTORUM 
LIHR1  SEX.  Hy  F.  A.  PALEY.  5«. 

C.  SALLUSTII  CRISPI  CATILINA 
ET  JUGURTHA.  By  G.  LONG,  M.  \. 
5s. 

TACITI  GERMANIA  ET  AGRI- 
COLA.  By  P.  FROST,  M.A.  3s.  Gd. 

XENOPHONTIS  ANABASIS,  with  In- 

troduction ;  Geographical  and  other  Notes, 
Itinerary,  and  Three  Maps  compiled  from 
recent  surveys.  By  J.  F.  Macmichael, 
B.A.  New  Edition.  5s. 

XENOPHONTIS        CYROPAEDLA. 

By.  G.  M.  GORHAM,  M.A.,  late  Fellow  of 
Trinity  College,  Cambridge.  6s. 

Uniform  with  the  above. 

THE      NEW      TESTAMENT      IN 

GREEK.  With  English  Notes  and  Pre- 
faces by  J.  F.  MACMICHAEL,  B.A.  730 
pages.  7s.  6d. 


(GJwrtt  antj  Uattn 


THIS  Series  is  intended  to  supply  for  the 
use  of  Schools  and  Students  cheap  and  accu- 
rate editions  of  the  Classics,  which  shall  be 
superior  in  mechanical  execution  to  the  small 
German  editions  now  current  in  this  country, 
and  more  convenient  in  form. 

The  texts  of  the  Uiblwtheca  Classica  and 
Grammar-School  Classics,  so  far  as  they  have 
been  published,  will  be  adopted.  Tin  so 
editions  have  taken  their  plaae  amongst  scho- 
lars as  valuable  contributions  to  the  Classical 
Literatim'  of  this  country,  and  ari1  admitti  ,1 
to  be  good  examples  ot  the  judicious  and 
practical  nature  of  English  sc'.n>larship  ;  and 
as  the  editors  have  formed  their  texts  from  a 
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careful  examination  of  the  best  editions  extant, 
it  is  believed  that  no  texts  better  for  general 
use  can  be  found. 

The  volumes  will  be  well  printed  at  the 
Cambridge  University  Press,  in  a  16mo.  size, 
and  will  be  issued  at  short  intervals. 

ex   novissima  re- 
censione F.  A.  PA  LEY.    3s. 
OESAR       DE      BELLO 

GALL1CO,  ex  recensione  G.  LOXG,  A.M. 

2*. 

CICERO,  DE  SENECTUTE  ET 
DE  AMICITIA  ET  EPISTOL.E  SE- 
LECT.E,  ex  recensione  G.  LONG,  A.M. 
l$.6d. 

EURIPIDES,  ex  recensione  F.  A. 
PALEV,  A.M.  3  vols.  3s.  6d.  each. 

HERODOTUS,  ex  recensione  J.  W. 

ULAKLSLJ  v,  S.T.B.     2  vols.     7s. 

HORATIUS,  ex  recensione  A.  J.  MAC- 
LEAXE,  A.M  2s.  6d. 

LUCRETIUS,  recognovit  H.  A.  J. 
MVXRO,  A.M.  2s.  6d. 

THUCYDIDES,  ex  recensione  J.  G. 
DONALDSON,  S.T.P.  2  vols.  7s. 

VERGILIUS,  ex  recensione  J.  Co- 
XINGTOX,  A.M.  3s.  6d. 

XENOPHONTIS  ANABASIS,  ex  re- 
censione J.  F.  MACMICHAEL,  B.A.  [Shortly. 

NOVUM  TESTAMENTUM  GRAE- 
(  I  M  TEXTUS  STEPHANICI,  1550. 
Accedunt  variae  Lectioneseditionum  Bezae, 
Elzeviri,  Lachmanni  Tischendorfii,  Tregel- 
lesii,  curante  F.  H.  SCRIVENER,  A.M. 
4«.  6d. 

Also,  on  4to  writing  paper,  for  MSS. 
Half  bound,  gilt  top,  12*. 


,-fTorrign  (Elassirs. 

W  ith  English  Notes  for  Schools.  Uniform 
with  the  Grammar  School  Clatsict.  Fcap. 
8vo. 

VENTURES       DE       TELE- 

MAQl  E,   par  FESEI.OX.      Edited 
by  ('.  J.  DELILI.E.     Second  Kdition, 
toed.     4*.  6.1. 

HISTOIRK   DK  CHARLES  XII.  par 
IR>.     Edit.-d  by  L.  Dintv.     Second 
I  ,lirian,  miifd.    .V  6d. 


SELECT   FABLES    OF    LA   FON 

TAINE.     Edited  by  F.  GASC,  M.A.     Se 
cond  Edition,  revised.     3s. 

"  None  need  now  be  afraid  to  introduce  thi 
eminently  French  Author,  either  on  account  c 
the  difficulty  of  translating  him,  or  the  occasion! 
licence  of  thought  and  expression  in  which  he  in 
dnlges.  The  renderings  of  idiomatic  passage 
are  unusually  good,  and  the  purity  of  Euglis 
perfect." — Atheiueum. 

PICCIOLA,  by  X.  B.  SAIXTIXE.    Edi 
ted  by  Dr.  DUBUC.     3*.  6d. 

This  interesting  story  has  been  selects 
with  the  intention  of  providing  for  school 
and  young  persons  a  good  specimen  of  con 
temporary  French  literature,  free  from  thi 
solecisms  which  are  frequently  met  with  ii 
writers  of  a  past  age. 

THE  WALLENSTEIN  OF  SCHIL 

LER,  with  Notes  by  Dr.  A.  BUCHHEIM. 
[Immediately 


(Classical 


8\o. 


5OTABILIA     QILEDAM :      or 

the  principal  tenses  of  such  Irreju 
lar  Greek  Verbs  and  such  Elemen 
tary  Greek,  Latin,  and  French  Construe 
tions,  as  are  of  constant  occurence.  1*.  6d 

GREEK  ACCIDENCE.  By  the  Rev 
P.  FROST,  M.A.  Is. 

LATIN  ACCIDENCE.  By  the  Rev 
P.  FROST,  M.A.  Is. 

LATIN  VERSIFICATION,     is. 

THE  PRINCIPLES  OF  LATtt 
SYNTAX,  is. 

HOMERIC  DIALECT:  its  leading 
Forms  and  Peculiarities.  By  J.  S.  BAIRD 
T.C.D.  Is.  6d. 

A      CATALOGUE      OF      GREEK 
VERBS,  IRREGULAR  AND  DEFEC- 
TIVE; their  leading  formations,  • 
use,  and  dialectic  inflexions  ;  with  a  copious 
Appendix,  containing  Paradigms  forconju 
gation,  Rules  for  formation  of  tei. 
&c.   ByJ.S.  BAIHD,  T.C.D.    Xeic  Edition 
revised.     3s.  6d. 

RICHMOND  RULES  TO  FORM 
THE  OVID1AN  DISTICH,  &c.  l!y  J 
TATE,  M.A.  New  Edition,  revised.  It.  6d 


ATLAS    OF    CLASSICAL 
GEOGRAPHY,   contain 

Maps;  constructed  by  \V.  HIT. Hts, 

and  edited  by  G.  LONG.  AVii-  Kdiiian, 
with  coloured  outlines,  and  an  Index  oi 
Places.  12*.  6d. 


Educational  Books. 
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GRAMMAR  SCHOOL  ATLAS  OF 

<  i.  \s>ir  XEROGRAPHY.  The  .Maps 

constructed  by  W.  HUGHES,  and  edited  by 
G.  LONG.  Imp.  8vo.  5s. 

IRST    CLASSICAL    MAPS,    with 

Chronological  Tables  of  Grecian  and  Ro- 
man History,  Tables  of  Jewish  Chronology, 
and  a  Map  of  Palestine.  By  the  Rev.  J. 
T.VIK,  M.A.  Third  Edition.  Imp.  8vo. 
7s.  Cxi. 

HE  CHOEPHORAE  OF  ^SCHY- 

LI'S  AND  ITS  SCHOLIA.  Revised  and 
interpreted  by  J.  F.  DAVIES,  Esq.,  B.A., 
Trinity  College,  Dublin.  8vo.  [In  the  press. 

LATIN     GRAMMAR.       By    T. 

HKWHT  KLV,  M.A.,  F.R.S.,  Professor  of 
Comparative  Grammar,  and  Head  Master 
of  the  Junior  School,  in  University  College. 
Third  Edition,  revised.  Post  8vo.  8s. 

SHORT  LATIN  GRAMMAR,  for 
Schools.  By  T.  H.  KEY,  M.A.,  F.R.S. 
Third  Edition.  Post  8vo.  3s.  6d. 

ATIN  ACCIDENCE.  Consisting 
of  the  Forms,  and  intended  to  prepare  boys 
for  Key's  Short  Latin  Grammar.  Post  8vo. 
'2s. 

ULES  FOR  THE  GENDERS  OF 
LATIN  NOUNS,  and  the  Perfects  and 
Supines  of  Verbs ;  with  Hints  on  con- 
struing, &c.  By  II.  HAINES,  M.A.  Is.  6d. 

[ATERIALS  FOR  LATIN  PROSE 
COMPOSITION.  By  the  Rev.  P.  FROST, 
M.A.,St.  John's  College,  Cambridge.  .Se- 
cond Edition.  12mo.  2s.  6d.  Key,  4s. 

HE  WORKS  OF  VIRGIL,  closely 
rendered  into  English  Rhythm,  and  Illus- 
trated from  British  Poets  of  the  16th,  17th, 
and  18th  Centuries.  By  the  Rev.  R.  C. 
SINGLETON,  M.A.  2  vols.  Post  8vo.  18s. 

UINTUS  HORATIUS  FLACCUS. 

Illustrated  with  50  Engravings  from  the 
antique.  Fcap.  8vo.  5s.  Morocco,  9s. 

ELECTIONS  FROM  OVID :  Amo- 

res,  Tristia,  Heroides,  Metamorphcses. 
\\ith  English  Notes,  by  thfi  Rev.  A.  J. 
MACLEANE,  M.A.  Fcap.  8vo.  3s.  6d. 

\BRINAE  COROLLA  IN  HOR- 
TU.IS  REGIAE  SCHOLAE  SALOPJ- 
ENS1S  contexuerunt  tres  viri  floribus 
legendis.  Editio  Altera.  8vo.  12*.  Mor- 
occo, 21s. 


A   FIRST    CHEQUE    BOOK   FOR 

I, A  I  IN  \  EliSE  MAKERS.  By  the 
Rev.  F.  Giu/i  ION,  Stamford  Free  Grammar 
School.  1».  6J.  Key,  2».  6d. 

This  little  volume  contains  about  60  seta 
of  verses,  graduated  in  difficulty : — the  ex- 
ercise is  to  be  torn  out  by  the  Master,  and 
the  paper  is  to  be  handed  up  by  the  boy 
when  ne  has  written  the  Latin  Version 
underneath. 

REDDENDA  ;  or  Passages  with  Pa- 
rallel Hints  for  translation  into  Latin  Prose 
and  Verse.  By  the  Rev.  F.  E.  GRETTON, 
Crown  8vo.  4s.  6d. 

AUXILIA  GRAECA:  containing 
Forms  of  Parsing  and  the  Greek  Trees,  the 
Greek  Prepositions,  Rules  of  Accentuation, 
Greek  Idioms,  6cc.  &c.  By  the  Rev.  H. 
FOWLER,  M.A.  12mo.  3*.  6d. 

RUDIMENTARY   ART    INSTRUC- 

TION  for  Artisans  and  others,  and  for 
Schools.  FREEHAND  OUTLINE. 
Part  I.  OUTI.IXE  EROM  OUTLINE,  or  from 
the  Flat.  3s.  Part  II.  OUTI.IXE  FROM 
OBJECTS,  or  from  the  Round.  4s.  by 
JOHX  BELL,  Sculptor.  Oblong  4to. 

A  GRADUATED  SERIES  OF  EX- 
ERCISES IN  ELEMENTARY  ALGE- 
BRA, with  an  Appendix  containing  Papers 
of  Miscellaneous  Examples.  Designed  for 
the  use  of  Schools.  By  the  Rev.  G.  F. 
WRIGHT,  M.A.,  Mathematical  Master  at 
Wellington  College.  Crown  8vo.  3s.  6d. 

THE  ELEMENTS  OF  EUCLID. 
Books  I.— VI.  XI.  1—21;  XII.  1,  2 ;  a 
new  text,  based  on  that  of  Simson,  with 
Exercises.  Edited  by  H.  J.  HOSE,  late 
Mathematical  Master  of  Westminster 
School.  Fcap.  8vo.  4s  6d. 

A  GRADUATED  SERIES  OF  EX- 
ERCISES ON  THE  ELEMENTS  OF 
EUCLID:  Books  I.— VI. ;  XI.  1— SI ; 
XII.  1,  2.  Selected  and  arranged  by 
HENRY  J.  HOSE,  M.A.  12mo.  1». 

THE     ENUNCIATIONS     AND 

FIGURES  BELONGING  TO  THE 
PROPOSITIONS  IN  THE  FIRST  SIX 
AND  PART  OF  THE  El. EVEN  lit 
BOOKS  OF  EUCLID'S  El. I. MI. MS, 
(usually  read  in  the  Universities,)  prepared 
(or  Students  in  Geometry.  By  the  Rev.  J. 
BRASSE,  D.D.  Netc  EtfitiM.  Fcap.  8vo. 
Is.  On  cards,  in  case,  5s.  6d.  •  without  the 
Figures,  6rf. 
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A  NKW  FRENCH  COUHSE,  BY  MONS. 
F.  E.  A.  GASC,  M.A. 

Fn*ck  Matter  at  Brighton  College. 

PETIT   COMPAGNON:    a 

I'r.-nch  Talk-book  for   Little  Chil- 
dren.     With  numerous  woodcuts, 
loino.    3*.  6d.  [Shortly. 

FIRST  FRENCH  BOOK;  being  a 
New,  Practical,  and  Easy  Method  of 
Learning  the  Elements  of  the  French  Lan- 
guage. Xttc  Edition.  Fcap.  8vo.  Is.  6d. 

FRENCH  FABLES,  for  Beginners, 
in  Prose,  with  an  Index  of  all  the  Words 
at  the  end  of  the  Work.  Fcap.  8vo.  2s. 

SECOND  FRENCH  BOOK  ;  being  a 
Grammar  and  Exercise  Book,  on  a  new 
and  practical  plan,  exhibiting  the  chief 
peculiarities  of  the  French  Language,  as 
comjwred  with  the  English,  and  intended 
as  a  sequel  to  the  "  First  French  Book." 
Fcap.  8vo.  2t.  6d. 

A  KEY  TO  THE  FIRST  AND  SE- 
(OMJ  FRENCH  BOOKS.  Fcap.  8vo. 
3t.6d. 

IIISTOIRES  AMUSANTES  ET  IN- 

>1  ill  (  T1VES  ;  or,  Selections  of  Com- 
s  of  the  best  French  Authors, 
who  have  written  for  the  Young.  W  ith 
English  .\oti-s.  AY  a-  Ldit'um.  Fcap.  8vo. 
&. 

PRACTICAL  GUIDE  TO  MODERN 

•til  ((>. \\KHSAT1OA:  con- 
-•:—!.  The  most  current  and  useful 

Phrases  in  Every-day  Talk;  II.  Every- 
ssary  Questions  and  Answers 

in  'I  ravel- Talk.     Fcap.    2s.  6d. 

FRENCH      POETRY     FOR     THE 

^  '  M   N(i.     With  English  Aotes,  and  pre- 
:    by   a   f,-w   plain   Rules  of  French 
Prosody.     Fcap.  8vo.    2*. 

MATERIALS     FOR     FRENCH 

OMPOSIT10N:  or, Selections 

rom    die    best   English    Prose    Writers. 

>ith  copious  Foot  .Notes,  and  Hints  for 

Idiomatic  Rendering!.  AW  Ldiiw,,.  Fcap. 

8vo.     4*.  Gd.     Kt-v,i,s. 


AUTRESOR:    or,  French 
ni«nion:de«giiedtofecflitBte 

•h  int..    French  at 

^sat 


HE  FRENCH  DRAMA  ;  beir 

a  Selection  of  the  best  Trasrr-di 
and  Comedies  of  MOLII  RE,  R.M-IN 
P.  CoRMiLr.E,  T.  CORNEILLE,  and  Vo 
TAIRE.  \Vith  Arguments  in  English  at  t; 
head  of  each  scene,  and  Notes,  Critical  ai 
Explanatory,  by  A.  GOMBERT.  18m 
Sold  separately  at  Is.  each.  Half-boun 
Is.  6</.  each. 

COMEDIES  BY  MOI.IEKE. 

Le  Misanthrope. 

L'Avare. 

Le  Bourgeois  Gentilhomme. 

Le  Tartuffe. 

Le  Malade  Imaginaire. 

Les  Femmes  Savantes. 

Les  Fourberies  de  Scapin. 

Le  Precieuses  Ridicules. 

L'Ecole  des  Femmes. 

L'Ecole  des  Maris. 

Le  Medecin  Malgre  Lui. 

M.  de  Pouceaugnac. 

Amphitryon. 

TRAGEDIES,  &C.  BY  RACI.VE. 

La  TliebaVde,  ou  les  Freres  Ennemis. 

Alexandre  le  Grand. 

Andromaque. 

Les  Plaideurs,  (Com.) 

Britannicus.    - 

Berenice. 

Bajazet. 

Mithridate. 

Iphigeuie. 

Phedre. 

Esther. 

Athalie. 

TRAGEDIES,  &C.  BY  P.  CORNKII.T.E. 

Le  Cid. 

Horace. 

Cinna. 

Polyeucte. 

Pompte. 


Ariane. 


BY  T.  CORNULLE. 


PLAYS  BY  VOLTAIRE. 

Brutus. 

Zaire. 

Alzire. 

Orestes. 

Le  Fanatisme. 

M  trope. 

La  Mort  de  Ctsar. 

Semiramis. 

HANDBOOK     OF     THE      SLIDI 

RULE:  showing  its  applicability  to  Atith 
nictic,  including  Interest  and  Annuities 
Mensuration,  including  Land  Sur\.-\  ii;;; 
W  ith  numerous  Examples  and 
Tables.  By  W.  II.  BAYLEY,  H.  .M.  F.as 
India  Civil  Service,  liimo.  6s. 


Books. 
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^  TABLE  OF  ANTI-LOGARITHMS; 

containing  to  seven  places  of  decimals, 
natural  numbers,  answering  to  all  Logar- 
itlims  from  '00001  to  -99999  ;  and  an  im- 
proved table  of  Gauss'  Logarithms,  by 
•which  may  be  found  the  Logarithm  of  the 
sum  or  difference  of  two  quantities.  With 
an  Appendix,  containing  a  Table  of  An- 
nuities for  three  Joint  Lives  at  3  per  cent. 
Carlisle.  By  H.  E.  FILIPOWSKI.  Third 
Hdition.  8vo.  15s. 

PHE      MECHANICS     OF     CON- 

>  I  I ;  I  ( '  Tl ( )  \  ;  including  the  Theories  on 
the  Strength  of  Materials,  Roofs,  Arches, 
and  Suspension  Bridges.  With  numerous 
Examples.  By  STEPHEN  FENWICK,  Esu., 
of  the  Royal  Military  Academy,  Woolwich. 
8vo.  12s. 

^  TEST-BOOK  FOR  STUDENTS: 

Examination  Papers  for  Students  preparing 
for  the  Universities  or  for  Appointments  in 
the  Army  and  Civil  Service,  and  arranged 
for  General  Use  in  Schools.  By  the  Rev. 
THOMAS  STANTIAI.,  M.A.,  Head  Master  of 
the  Grammar  School,  Bridgwater.  Part 
I. — History  and  Geography,  2s.  6d.  Part 
1 1 . — Language  and  Literature,  2s.  6d.  Part 
III. — Mathematical  Science  ,2s.  6d.  Part 
IV. — Physical  Science,  Is.  6d.  Or  in  1 
vol.,  Crown  8vo.  7s.  6d. 

PABLES    OF    COMPARATIVE 

CHRONOLOGY,  illustrating  the  division 
of  Universal  History,  into  Ancient,  Medi- 
aeval, and  Modern  History  ;  and  containing 
a  System  of  Combinations,  distinguished  by 
a  particular  type,  to  assist  the  Memory  in 
retaining  Dates.  By  W.  E.  BICKMORE,  and 
the  Rev.  C.  BICKMORE,  M.A.  Third  Edi- 
tion. 4to.  5*. 

^  COURSE  OF  HISTORICAL  AND 

CHRONOLOGICAL  INSTRUCTION. 
Bv  W.  E.  BICKMORE.  2  Parts.  12mo. 
3s.  6d. 

\.  PRACTICAL  SYNOPSIS  OF 
ENGLISH  HISTORY:  or,  a  General 
Summary  of  Dates  and  Events  for  the  Use 
of  Schools,  and  Candidates  for  Public  Ex- 
aminations. By  ARTHUR  BOWES.  Third 
Edition,  enlarged.  8vo.  2s. 

PHE  STUDENTS  TEXT-BOOK  OF 
ENGLISH  AND  GENERAL  HIS- 
TORY, from  B.  c.  100  to  the  present  time. 
With  Genealogical  Tables,  and  a  Sketch  of 
the  English  Constitution.  By  D.  BEAI.K, 
Sixth  Ettition.  Post  8vo.  Sewed,  2*.  Cloth, 
2s.  6d: 

"  This  is  very  much  in  advance  of  most  works 
we  have  seen  devoted  to  similar  purposes.  We 
can  award  very  high  praise  to  a  volume  which 
may  prove  invaluable  to  teachers  and  taught." — 


TIIF,  I.I.KMI.MS  OF  THE 
t.iHi    I.A\<;I  .\<;i;    KOI; 
ANDCOLLEO1  ADAMS, 

Ph.  D.  University  College  School.  \rm 
Edition, enlarged.  PoetSvo.  [Immtd'uHelii. 

THE      GEOGRAPHICAL     TI.XI- 

BOOK ;  a  Practical  Geography,  calcu- 
lated to  facilitate  the  Study  of  that  Useful 
Science,  by  a  constant  reference  to  the 

Blank  Maps.  By  M .  E  . . .  S 12mo.  «*. 

II.  The  Blank  Maps  done  up  separately, 
4to.     2s.  coloured. 

THE    1862  EDITION  OF  UNDER 

(i()\ T.KN.ViKN  J':  an  Olli.-ial  Key  to  th- 
Civil  Service,  and  Guide  for  Candidate 
seeking  Appointments  under  the  Crown. 
By  J.  C.  PARKINSON,  Chief  Accountant's 
Office,  Inland  Revenue,  Somerset  House. 
Cr.  8vo.  3*.  6d. 

GOVERNMENT  EXAMINATIONS; 

being  a  Companion  to  "  Under  Govern- 
ment," and  a  Guide  to  the  Civil  Service 
Examinations.  By  J.  C.  PARKINSON.  Cr. 
8vo.  2s.  6d. 

THE  MANUAL  OF  BOOK-KEEP- 

ING.  By  an  Experienced  Clerk.  12mo. 
Eighth  Edition.  4s. 

DOUBLE    ENTRY    ELUCIDATED. 

By  B.  \V.  FOSTER.     4to.    8s.  6d. 

PENMANSHIP,  Theoretical  and  Prac- 
tical, Illustrated  and  Explained.  15y  15. 
F.  FOSTER,  lirao.  -Yea-  Edition.  2s.  6d. 

GOLDSMITH'S  (J.)  COPY  BOOKS : 

five  sorts,  large,  text,  round,  small,  and 
mixed.  Post  4to.  on  fine  paper.  6*.  per 
dozen. 

THE  YOUNG  LADIES'  SCHOOL 
RECORD :  or,  Register  of  Studies  and 
Conduct.  12mo.  6a. 

A  SHORT  EXPLANATION  OF  THE 
EPISTLES  AND  GOSPELS  OF  THE 
CHRISTIAN  YEAR,  with  Questions  f,,r 
Schools.  Royal  32mo.  2s.  Cd. ;  calf,  4s.  6d. 

MANUAL     OF    ASTRONOMY:      i 

Popular  Treatise  on  Descriptive,  1' 

and  Practical  Astronomy.    BV.'OIIN  l)iu\\, 

F.R.A.S.    Second  Edition,    Fcap. }. 

THE  FIRST  BOOK  OF  BOTANY. 

Being  a  Plain   and  Brief  Introduction   to 
that  Science,  for  Schools  and  Y«.i; 
sons.     By  Mrs.  Lot  DON.     lllustra- 
36   Wood   Engravings.       Second    t'.ditiuit. 
18mo.    Is. 

A  HANDY  BOOK  OF  THE  CHE- 
MISTRY OF  SOILS.  By  JOHN  Srmiinv, 
M.B.  Crown  8vo.  [In  tht  prtu. 
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Messrs.  Bell  and  Daldy's  Educational  Books. 


ENGLISH  POETRY  FOR  CLASSI- 
CAL SCHOOLS;  or,  Florilegium  Poeti- 
cum  Anglicanum.  12mo.  Is.  6d. 

HINTS  AND  HELPS  FOR  YOUTHS 
LEAVING  SCHOOL.  By  the  Rev  J. 
8.  GILDERDALE,  M.A.  Fcap.  8vo.  5*. ; 
calf,  8*.  6d. 


Bell  and  Daldys  Illustrated  School 

Books.     Royal  l6mo. 
ICHOOL  PRIMER.     6d. 
SCHOOL  READER,     is. 

[Shortly. 

POETRY   BOOK  FOR  SCHOOLS. 
1*. 


Course  of  Instruction  for  the  Young, 
By  Horace  Grant. 

SXERCISES    FOR   THE    IM- 
PROVEMENT     OF     THE 

SENSES;    for  Young   Children. 

18mo.     1*.  6d. 

GEOGRAPHY  FOR  YOUNG  CHIL- 
DREN.    Kew  Edition.    18mo.    2s. 

ARITHMETIC  FOR  YOUNG  CHIL- 
DREN.    New  Edition.    18mo.    Is.  6d. 

ARITHMETIC.    Second  Stage.     AViv 
Edition.     18mo.     3s. 


Col!, 


LARKE'S  COMMERCIAL 
COPY  BOOKS.  Price  4d.  A 
liberal  allowance  to  Schools  and 

•es. 


The  FIRST  COPY-BOOK  containse/emenfary 
turns,  with  a  broad  mark  like  a  T,  which 
divides  a  well-formed  turn  into  two  equal 
parts.  This  exercise  enables  the  learner 
to  judge  of  form,  distance,  and  proportion. 

The  SECOND  contains  large-hand  letters, 
and  the  means  by  which  such  letters  may 
be  properly  combined  ;  the  joinings  in 
writing  being  probably  as  difficult  to  learn 
as  the  form  of  each  character.  This  book 
also  gives  the  whole  alphabet,  not  in  sepa- 
rate letters,  but  rather  as  one  word ;  and,  at 
tli>- 1  nd  of  the  alphabet,  the  difficult  letters 
are  repeated  so  as  to  render  the  writing  of 
the  pupil  more  thorough  and  uniform. 

The  THIRD  contains  additional  large-hand 
practice. 

The  FOURTH  contains  large-hand  words, 
commencing  with  unflourished  capitals ;  and 
the  words  being  short,  the  capitals  in  ques- 
tion receive  the  attention  they  demand.  As 
Large,  and  Extra  Large-text,  to  which  the 
fingers  of  the  •  learner  are  not  equal,  have 
been  ilispi-nsi-d  with  in  this  series,  the  popu- 
lar objection  of  having  too  many  Copy-books 
for  the  pupil  to  drudge  through,  is  now 
fairly  met.  When  letters  are  very  large, 
the  scholar  cannot  compass  them  without 
*ti>|i|>ini;  to  change  the  position  of  his  hand, 
H  hich  deft  r out  the  Jreeaom  which  such  writ- 
ing i«  intended  to  promote. 

The  Firm  contains  the  essentials  of  a 
useful  kind  of  mall-hand.  There  are  first, 
u  in  large-haud,  five  easy  letters  of  the 


alphabet,  forming  four  copies,  which  of 
course  are  repeated.  Then  follows  the  re- 
mainder of  the  alphabet,  with  the  difficult 
characters  alluded  to.  The  letters  in  this 
hand,  especially  the  o,  c,  d,  g,  o,  and  q,  are 
so  formed  that 'when  the  learner  will  have 
to  correspond,  his  writing  will  not  appear 
stiff.  The  copies  in  this  book  are  not  mere 
Large-hand  reduced. 

The  SIXTH  contains  small-hand  copirf.  with 
instructions  as  to  the  manner  iii  which 
the  pupil  should  hold  his  pen,  so  that 
when  he  leaves  school  he  may  not  merely 
have  some  facility  in  copying,  but  really 
possess  the  information  on  the  subject  ol 
writing  which  he  may  need  at  any  t'uture 
time. 

The  SEVENTH  contains  the  foundation  for  a 
style  of  small-hand,  adapted  to  females, 
moderately  pointed. 

The  EIGHTH  contains  copies  for  females; 
and  the  holding  of  the  pen  is,  of  course,  the 
subject  to  which  they  specially  relate. 

This  Series  is  specially  adapted  for  thost 
who  are  preparing  for  a  commercial  life.  Jl 
is  generally  found  when  a  boy  leaves  schoot 
that  hi>  unt'ing  is  of  such  a  character  that  it 
is  some  months  before  it  is  available  for  book- 
keeping or  accounts.  The  special  object  oj 
this  Seriesof  Copy-Books  is  to  form  his  irnti»< 
in  such  a  style  that  he  may  be  put  to  the  tn>rJ 
of  a  counting-house  at  once.  By  folloirin^ 
this  course  Jrom  the  first  the  writing  is  kep 

free  and  legible,  whilst  it  avoids  unnecessary 

^flourishing. 

Specimens  of  hand-icriting  after  u  fhor 
course  may  be  seen  on  application  to  the  Pub 
lishert. 


Messrs.  Bell  and  Daldys  Publications. 


Preparing  for  publication.       Imperial  4to. 

Jerusalem  ejrplorefc ; 

Being  a  Description  of  the  Ancient  and  Modern  City,  with  upwards  of  One 
Hundred  Illustrations,  consisting  of  Views,  Ground- 
plans,  and  Sections. 

BY    DR.    ERMETE    PIEROTTI, 

ARCHITECT-ENGINEER  TO  HIS  EXCELLENCY  8OORRATA  FASHA  OF  JERUSALEM, 
AND  ARCHITECT  OF  THE  HOLT  LAND. 


HIS  important  work,  the  result  of  a 
scientific  study  of  subterranean  Jeru- 
salem, prosecuted  on  the  spot,  during 
nee  of  eight  years,  by  one  qualified  by 

professional  education  to  turn  his  opportu- 
ities  to  the  best  account,  will  supply  the 
iblical  Student  with  that  which  has  been  the 
reat  desideratum  of  all  recent  archaeologists, 
ad  will  furnish,  for  the  first  time,  accurate 
ata  for  a  reconstruction  of  the  city  of  Solomon, 
id  for  an  identification  of  its  topographical 
'atures  as  described  by  Josephus  and  other 
icient  authors,  sacred  and  profane. 

The  various  remains  of  Jewish  and  Chris- 
an  architecture  will  be  fully  illustrated  by 
igravings,  and  in  particular  the  subterranean 
mduits,  aqueducts,  and  cisterns  excavated 
i  the  rock  within  the  Temple  area,  and  other 
irts  of  the  Ancient  City. 

The  appointment  of  Dr.  Pierotti  as  architect- 
igineer  to  the  Psha  of  Jerusalem,  involving 
is  professional  employment  in  the  Haram-es- 


Sherif — the  Temple  Close— ^has  allowed  him 
free  access  to  all  the  buildings  aud  substruc- 
tures within  the  sacred  enclosure,  to  which 
the  European  traveller  has  been  permitted,  at 
the  most,  only  a  hurried  visit ;  while  his 
operations,  in  all  parts  of  Jerusalem,  as  sur- 
veyor of  the  various  Christian  communities, 
and  agent  for  the  purchase  of  land,  have  put 
him  in  possession  of  a  fund  of  information 
bearing  on  the  ancient  topography  of  the  city. 

It  is  hoped  that  this  work,  while  of  the 
greatest  value  to  the  scientific  archaeologist, 
will  not  be  of  less  interest  to  the  general 
reader,  as  its  copious  pictorial  illustrations 
will  serve  to  explain  such  technical  details  as 
may  be  found  necessary  for  the  elucidation  of 
the  subject. 

The  work  will  be  published  in  imperial 
quarto,  and  the  price  to  Subscribers  will  not 
exceed  four  guineas. 

[Preparing  for  publication. 


LAN  DE   JERUSALEM  ANCIENNE  ET   MODERNE.      Par  le  Docteur 

ERMETE  PIEROTTI.     On  a  large  sheet  41  in.  by  29  in. ;  with  numerous  details.     Price  10*. 

[\oic  ready. 


RITISH  SEAWEEDS.      Drawn  from  Professor  HARVEY'S  "  Phycologia 
Britannica,"  with  Descriptions  by  Mrs.  ALFRED  GATTY.    4to.  [Shortly 

'Ihis  volume  contains  a  drawing  of  every  species  of  British  Seaweed,  with 
magnified  sections  where  necessary,  in  803  figures,  accurately  coloured  after  nature. 

RITISH  MOTHS  AND  BUTTERFLIES.  Transferred  in  195  plates  from 
CURTIS 's  "  British  Entomology ;"  with  Descriptions  by  E.  W.  JANSON,  Esq.  Secretary  of  the 
Entomological  Society.  4to.  [Shortly. 

RITISH  BEETLES.  Transferred  in  259  plates  from  CURTIS'S  "  British 
Entomology;"  with  Descriptions  by  E.  \V.  JANSON,  Esq.  Secretary  of  the  Entomological 
Society.  4to.  [Shortly. 


BELL  AND   DALDY'S 

POCKET     VOLUMES. 

A   SERIES   OF   SELECT   WORKS    OF 
FAVOURITE    AUTHORS. 

HE  intention  of  the  Publishers  is  to  produce  a  Series  of  Volumes 
adapted  for  general  reading,  moderate  in  price,  compact  and  elegant  in 
form,  and  executed  in  a  style  fitting  them  to  be  permanently  preserved. 
They  do  not  profess  to  compete  with  the  so-called  cheap  volumes. 
They  believe  that  a  cheapness  which  is  attained  by  the  use  of  inferior  type 
and  paper,  and  absence  of  editorial  care,  and  which  results  in  volumes  that  no 
one  cares  to  keep,  is  a  false  cheapness.  They  desire  rather  to  produce  books 
superior  in  quality,  and  relatively  as  cheap. 

Each  volume  will  be  carefully  revised  by  a  competent  editor,  and  printed  at 
the  Chiswick  Press,  on  fine  paper,  with  new  type,  and  ornaments  and  initial 
letters  specially  designed  for  the  series. 

The  Pocket  Volumes  will  include  all  classes  of  Literature,  both  copyright  and 
non-copyright ; — Biography,  History,  Voyages,  Travels,  Poetry,  sacred  and 
secular,  Books  of  Adventure  and  Fiction.  They  will  include  Translations 
Foreign  Books,  and  also  such  American  Literature  as  may  be  considered  worthj 
of  adoption. 

The  Publishers  desire  to  respect  the  moral  claims  of  authors  who  cannc 
secure  legal  copyright  in  this  country,  and  to  remunerate  equitably  those  whose 
works  they  may  reprint. 

The  books  will  be  issued,  at  short  intervals,  in  paper  covers,  at  various  prices, 
from  15.  to  35.  6d.,  and  in  cloth,  top  edge  gilt,  at  6d.  per  volume  extra,  in  ha 
morocco,  Roxburgh  style,  at  15.  extra,  in  antique  or  best  plain  morocco  (Hayday) 
at  45.  extra. 

Now  Ready. 

The  Robin  Hood  Ballads.     2s.  6d. 

The  Lieutenant  and  Commander.     By  Capt.  Basil  Hall,  R.N.    3s. 
The  Midshipman.     By  Capt.  Basil  Hall,  R.N.    3s. 
Southey's  Life  of  Nelson.    2s.  6d. 
George  Herbert's  Poems.    2s. 
George  Herbert's  Works.    3s. 
Longfellow's  Poems.     2s.  6d. 
Lamb's  Tales  from  Shakspeare.    2s.  6<Z. 
Milton's  Paradise  Lost.    2s.  6d. 
Milton's  Paradise  Regained  and  other  Poems.    2s.  6d. 

Preparing. 

White's  Natural  History  of  Selborne. 

The  Conquest  of  India.     By  Capt.  Basil  Hall,  R.N. 

Sea  Songs  and  Ballads.     By  Charles  Dibdin,  and  others. 

Walton's  Lives  of  Donne,  Wotton,  Hooker,  &c. 

Walton's  Complete  Angler. 

Gray'a  Poems. 

Goldsmith's  Poems. 

Goldsmith's  Vicar  of  Wakefield. 

Jlcnry  Vaughan's  Poems. 

Bimis's  Poems. 

Burns's  Songs. 

Coleridge's  Poems. 

Other  Works  arc  in  preparation. 


'IISWICI  HkKs*:—  FKISTKII   HV   Will  ,!  |N(,  HAM   AWD  WILK.NS,  TOONS  COUHT,  CHANCERY 
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Hymers,   John 

A  treatise  on  the  theory 
of  algebraical  equations 
3d  ed.,  enl. 


Set. 
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